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Fuzzy Measures Defined by the Semi-Normed Fuzzy

Integrals
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In this paper we investigate for how to define a
fuzzy measure by using the semi-normed fuzzy integral
of a given measurable function with respect to another
given fuzzy measure when t-seminorm is continuous.

let (X,F,9 be a fuzzy measure space,
heL°(X), and T be a continuous t-seminom.

Then the set function y defined by

u(A)=fAth foo ay AeF is a fuzzy

measure on (X, F).

|. Introduction

In recent years, artificial intelligence, behavioral science,
and human engineering, etc. which originated in
cybemetics have found many applications in all fields of
engineering. Together with this tendency, a variety of
problems on human subjectivity which was studied first
mainly in psychology have become problems in
engineering.

Problems on human beings have caught a general
interest also in the field of systems engineering, where it
is often pointed out that control systems shoud be
regarded as essentially man-machine systems. One of the
reasons for these facts would be that human abilities of
judgement, analogy based on exprience,and adaptation to
any unfamiliar environmentetc. have become again

considered important compared with computers.

Conceming subjectivity among the characteristics of men
which are superior to those of machines, L . A . Zadeh
presented in 1965 the concept of fuzzy sets [16], which
has given us a powerful means to deal with subjectivity
by methods of mathematics as well as engineering.

Since his proposal, fuzzy sets theory have been widely
applied in the fields of automata [2]{5]{7], linguistics
[13],[16], algorithm [8], pattern recognition [15], and so on
[12].

Sugeno [12] defined a fuzzy measure as a measure
having the monotonicity instead of additivity. Since fuzzy
measure does not satisfy countable additive, it gained
recognition of its practical value. And a fuzzy integral
which is an integral with respect to fuzzy measure is
applied to make a synthetic evaluation about arbitrary
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objects. The concept of the seminormed fuzzy integral
which is generalized fuzzy integral was proposed by
Suarez and Gill [10)[]11]. In this paper, we investigate
some properties of semi-normed fuzzy integral, and for a
continuous t-seminorm we discuss how to define a fuzzy
measure by using the semi-normed fuzzy integral of a
given measurable function with respect to another given
fuzzy measure.

ll. Preliminaries
In this section, we infroduce some notions which will be

used in this paper, and investigate elementary properties
of Fuzzy measure and seminormed fuzzy integral.

Let X be a nonempty set, ¥ be a g-algebra of-

subsets of X, and g: F — [0, 1] be a set function.

A set function g:F — [0,1]is caled a fuzzy

measure if

(1) (@) = 0 (vanishing &t @) ;

(2)AseF,BesF,ad ACB imply
&(A) C g(B) (monctonicity);

(3) Forany A, C F,with A, C A,C -,

ad \JA, <5 my
lim &(A,) = g(J 4,)

(continuity from below);
(4) Forany A”C?‘—, WimAlDAzD"',

and fle,, e F imply
lim g(A,) = g([) A,)
(continuity from above).
We cal (X,%, g) a fuzzy measure space if g is
a fuzzy measure on a measurable space (X, F). The

main difference between fuzzy measures and dassical
measures is the lack of additivity of the former. However

each dassical measure is a fuzzy measure. Since the
fuzzy measure loose additivity in general, they appear
much looser than the dlassical measures.

A real-valued function %: X —[0,1] is said to be
measurable with respect to F and 2 (measurable, for
shont, if there is no confusion) if

R (B)={xIhx)es B e F foxay Be 0,
where Q is the ¢-algebra of Borel subsets of [0, 1].
The definition of measurability of function is the same as
in the theory of Lebesgue integrals.

From now on, let us consider the set
LX) = {h: X—[0,1]| & is measurable with
respectto F and Q}. For any given e LYUX),
we wite H,= {x| h(x) = a}, where a < [0, 1].
lt Ae F, he LX) . The fuzy integral of %
with respect to g, which is denoted by fA hdg . is
defined by
fAh dg = sup .eqo.1y [a/N\g(ANH].

When A=X , the fuzzy integra is denoted by
fA hdg . Sometimes the fuzzy integral is also called
Sugeno's integral in the literature.

A t-seminorm is a function T:{0,1]x[0,1] —
[0, 1] which satisfies ;
(1) Foreach x<[0, 11,
' T(x, 1) =T, x) = x;
(2) For each x,xy, x5, 2,[0, 11,  x,<x,,

xp=<xy, then T (x,x2) < T(x3,xy).

Example 2.1. The following functions are ¢ - seminorms;
(1) T(x, ») = z/\y
(2) T(x, » = xy
3 T N =0V (x+y=1).
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Let T be a tseminom. For all he LY%X) the
seminormed fuzzy integral of /; over A e F with
respect to the fuzzy measure g is defined as

fAh Tg=sup 4efo1y Tla, g(AMNH,)]

In what follows, fX 1T g wil be denote f hTg for

short. The seminormed fuzzy integral contains as a
particular case the fuzzy integral of Sugeno with
T(x, %) = x/\y.

The following Theorem gives the most elementary
properties of the semi-normed fuzzy integral.

Theorem 2.2. [12] Let (X, F, g) be a fuzzy measure
space, T be a tseminom, and &, k,, he L%(X).
Then we have the following: for any A= F,

(M) If g(A)=0, then fAth=0.
@Ky < by then [ mTg< [ e

@ [ hTg= [ (h-2)Tg where 7, is the
characteristic function of 4.
@ [ aTg = T(aAL &(A)) for any constant

as(0, ).
6 [(avmTe= [ atgV [ hTg

for any constant g=[0, o).

Proof. We only need to prove (3) and (5); the remaining

properties can be obtained directly from the definition of

the fuzzy integral.

For 3), Let H, = {x| (%) = o} and
E,={xl(h-xa(x) 2 a},

then it is easy to show that ANH ,=E .

Hence, we have

JhTe= b setonTI a, gANH )]

= sup as[0,1] T [ a, g(Ea)]
[ 7.
For (5), we have directly

fA(a\/h)ng anTg\/ fAth.
Conversely,

X if a=a
HY={xl(aVE) = a) = {

H' i a<a.
Hence
J(@VDT e = sup wuo yT La, ANHEID ]

= SUP sepp T [, (A ]V
SUp e T [ @, g(ANHE) 1
S SUP sepgq T [ 2, (A 1V
sup e,y T [ @, g(ANHE) ]
= anTgV fAth,
which yields
JlaviTes [ atgV [ hTg.
Hence the condlusion follows.

. Fuzzy Measures Defined by the Semi -
Normed Fuzzy Integrals

in this section, we discuss how to define a fuzzy
measwe by using the seminormed fuzzy integral of a
given measurable function with respect to another given
fuzzy measwe, For each{%,} in L%X) ad
heL%(X), we wite H%={x| h,(x)=2d}, for

a<[0,1]

We also use the symbols " | " (or " 1", "—" to
denote "decreasingly converge to " and " increasingly
converge to", "converge to", respectively) for both function
sequences and number sequences.

Theorem 3.1. [11] Let (X, F, g be a fuzzy
measure space, T be a continuous t-seminom and let
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had h, hy, -~ be F-measurable functions on X.
Suppose that the relations

(1) hl(x) < hz(x) < oo
and

® W2 = lim hy(x)
hold. Then

LLn;fAh”Tg= fAth,

In a similar way, we can prove the following corollary.

Theorem 32 [11] Llet (X,F,g be a fuzzy

measure space, T be a continuous t-seminorm and let

hand %,,h,, - be F-measurable functions on X
Suppose that the relations

1) hi(x) = hy(x) = -

and

@ Wx) = lim h,(x)

hold. Then

}?1—{2: fAh,,Tg = fAth'

The following example shows that the condlusion in
Theorem 3.1 is not true when the continuous condition is
omitted.

Example 3.3. Let X =(0,1],
measure and let for <1

g be the Lebesgue

. 1
a if x>n

1
n

hax) = [
nax if x<
and
Mx) = q fordl X
If we take

xA\y if xVy=1
T(x,y) = [
0 if xVy<1.

Then it is not too difficult to verify that Tis not

ocontinuous and %, 1 k. Since a<1,
fhn Tg =SUDgepo.qTla, (1—%61)]

VSup geoyTla, (1— —g a)]

= 0V0
= 0.

[ hTg=sup sep.aTla, eX)]=a.
Consequently we have
lim [k, Tg=0+a= [ hTg.

Now we discuss how to define a fuzzy measure by
using the fuzzy integral of a given measurable function
with respect to another given fuzzy measure.

Theorem 34. Let (X, F,g) be a fuzzy measure
space, he=L %(X), and T be a continuous t-seminom.

Then the set function 1 defined by 1(A) = fAth

forany A=F is a fuzzy measure on (X, F).

Proof . From Theorem 2.1, we know that 1(¢) =0
and v is monotone. So we only need to prove that v is

continuous. Let B, be an increasing sequence of sets in
Fwith B,1BsF.
Then we have % - xp 1 A+ x5 . From the Theorem
3.1, and the continuity of T, we have
lirrolou(B,,) = 1il’£1° Bth
= lim f (h-xp)Tg
= f (h-xp)Te

- fre

= uB).
Furthermore, for any given decreasing set sequence
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{B,eF with B, | BeF, fom h-xp lh- x5
and Theorem 32 and the continuity of T we have

aso lim »(B,) = W B). Thatis, v is continuous
700

from above. Consequently, v is a fuzzy measure.

O
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