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Stability of a Generalized Quadratic Functional

Equation
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Abstract

Functional equations are useful in the expermental
science because they play very important role to formulate
mathematical models in general terms, through some not
very restrictive equations, without postulating the forms of
such functions. In this paper we solve one of a
generalized quadratic functional equation

azf(L'aL_—g YA+ AN+ A=) =

2 x—y vtz xX—2
P[AETD) + AEFE) + AE5R))]
and prove the stability of this equation.

l. Introduction

In 1940, SM.Ulam [1] gave a wide ranging talk before a
mathematical Colloguium at the University of Wisconsin in
which he discussed a number of important unsolved
problems. Among those was the following question
concerning the stability of homomorphisms:

Let G, be a group and fet G, be a metric group with
a metic d( -, - ). Given ¢ >(), does there exists a
8 >0 such that if a funcion % : G, — G, satisfies

the inequality d( 2(xy), A(x)R(y))< Sforal x,y
& G, then there is a homomomphism H : G; — G,

with d(h(x), H(x)) eforall x € G,?

For the case where the answer is affirmative, the
functional equation for homomorphisms will be called stable.

The first resuit conceming the stability of functional
equations was presented by D. H. Hyers. He has excellently
answered the question of Ulam for the case where G, and
G, are Banach spaces. In 1978, a generalized version of
the theorem of Hyers for approximately liner mappings was
given by Th. M. Rassias. During the last decades, the
stability problems of several functional equations have been
extensively investigated by a number of authors.
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Y. W. Lee [2] showed the stability of the equation
I (FEE )+ r D+ D+ (2)

= )R (o))
The above equation has a soluton of the form

Q(x) + B, where Q is quadratic and B is a constant.

In this paper we deal with a generalized quadratic
functional equation

e EFOR S OR SO

= o= ) AR ()

In section Il we solve a generalized quadratic functional
equation. In section Il we prove the stability of a
generalized quadratic functional equation. Throughout this
paper ¢ and b are nonzero real constants.

Il. A solution of a generalized quadratic
functional equation

Throughout this section X and Y will be real vector
spaces. Given a function fF: X — Y, consider the
following equation.

2 H(EELE N+ f (D +F () +£(2)
o552 (22255 o

for dl x,y,z = X. The following lemma is similar to
S. H. Lee’s result [3].

Lemma 2.1. lf an even function /: X — Y satisfies (1) for
al x,y,z € X, then £(x)— £(0) is quadratic.

Proof. |. The case 4+ 3 + 342

Puting x = y= z =0 in (1) we have (a®+3)7(0)
=36°f(0). Hence f(0) =0 since @”+3 + 35
Puting z = xand y = ( in (1) we have

PA%) = @
foral x = X. Puting y = z = () in (1) and using
(2) we have

Zf(E) = ®
foral x  X. From (1), (2) and (3) we have

fla—y—2+f(x)+f(»+f(2)
= flax—»+f(y+2)+f(x—2) @
for dl x,y,z X. Puting z = —y in (4 we
deduce 2f(x)+2f(y)=Ff(x+y)+f(x—y) for all
x,y € X since f is even This show that £ is quadratic.

Il. The case a?+3 = 38%

Lt QXx) = f(x)—f(0) for al x = X. Then
Q0) =0 and Q satisfies (1). As a similar way to the
case |, we have @ is quadratic. O

Lemma 2.2. if an odd function f:X — Y satisfies (1)
foral x,y,2 € X, then fis additive.

Proof. Note that f((0) =0 since fis odd. As in the
proof of Lemma 2.1, we have the equation (4). Putting
x =0 in (4) we have

f—y—2)+ f(y)+ f(z)

=f(—y)+fy+2)+f(—2),
or
y+2)=fAy)+f(z) ford y, zeX.
Therefore fis additive. 0

Theorem 23. If a function f:X — Y satisfies (1) for
dl x,y,z € Xad f(0) = 0, then there exists an
addiive funcion A: X — Y and a quadratic function
Q:X — Y suh that F(x)=x)+ A(x) for all

x e X.
Proof. Let A(x) = %(f(x)—f(—x)) for all

x e X Then A(—x) = —A(x) and A satisfies
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Mforal x,y,2 € X. Bylemma 22, A is additive.

Let x) =
Then Q0)=10, Q—x) = Xx) and @ satisfies
(1) for al x,y,z € X. By lemma 2.1, @ is quadratic.
Clearly, we have

Ax) = Qx)+A(x)
foral x = X. O

%(f(x)-i-f(—x)) for all xe X.

fll. Stability of a generalized quadratic functional
equation

Let R ™ denote the set of nonnegative real numbers.
Recall that a funcion H:R *XR *XR* > R *
is homogeneous of degree p > 0 if it safisfies
H(tu, tv, tw) = t°H(u, v, w) for al nonnegative
real numbers ¢, %, v and w. Throughout this section X
and Y wil be a real nommed space and a real Banach
space, respectively. We may assume that H is homogeneous
of degree p. Given a function f: X — Y, we sat
Df(x,y,2)

= o f(FLEE )+ f @D+ F D+ £(2)
L) A ) )]

Theorem 3.1. Assume that 6> 0, then p < (0, 1) and
=0 when p>1. Let an odd function f:X —Y
satisfy
IDf(x, 3,2 || < o+ HlxII,lIIxll,lzl) 6
for al x,y,z = X. Then there exists a unique additive
function A : X — Y such that
I/ D-AWl < 3o+ Ko

21227
for al x € X, where
mx) = 2HUlx I, 1= |l, 21D + H(lI2x 11, 0, 112x ).

Proof. Puting y = (0, z = x in (5), we have

Hzf(x) —2b2f( )” < &+ H(llxll, 0, lxi) 7)
Replacng x by 2x in (7), we have
ll2A25) — 268425 ll< 5+ H(I2adl, 0, l2adl) - @
foral x e X.
Ptting v = x, 2 =
||—a2f(—’;)+3f(x)—b2f(—2bl)n
< &+ Hllxll, e, lx 1) )

for al xeX. Puing y= —x, z2=x in (5), we
have

x in (5), we have

[#(5)+r -5
< &+ H(llxll, (1=, =D (10)
foral x = X. By (9) and (10), we can see that

|47 — 262125
< 26+ 2H(lx |, =11, 1= 1D )]
foral x & X. By (8) and (11), we also can see that
14 7(x)~2 f(2x) |l
<36+ 2H(lx I, 1=, flx 1)

+ H{12x 11,0, 112x 1) (12
for al x & X. Hence

Hf(x)-

foral x € X, where h(x) =
+ H(llx1l, I}

1 3.1
5 £(22) “s 26+ h(x) (19

H(lx I, el M 1D
= x|l ilx ) + H(2x 1,0, 112 D).

l. The case Q< p<1.
Using (13) we have

|40 a0 |

2 n+1

@2 “
2
3.1 1 7 (p~1)
FRT s+ 1 -2 Wx)y (14
for all x= X and all positive integer # .
For nonnegative integers m and » with m{ #,

<
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, f(2"x)
o

‘i ' L - (»—1k
= 45;,2'@ ty /.Z;Z” W(x) (15)

for al xeX.

j(2 x) H

This show that {_ﬂ%_;‘_xl} is a Cauchy sequence for

each x = X. Therefore, we can define a function
A:X— Yy

A = tim R (16
foreach x  X.
Since f(—x) = —f(x), A(—x) = A(x). Ad
we have
|IDA(x, ,2) ||

= LLQZ‘”IIDJ‘(Z”x, 2%, 2"2) |l
< }gx;[z e+ 2070 llx L My 1l Nz 1D]

=0
for adl x,y,z € X. By lemma 2, it follows that A is
additive. By (13) and (15), we have

[0~ 22

<o S g hn Foo
for al x e X and all positive integers x. Letting
n—oo in (17), we get (6).
Now, let A" X — Y be another additive function
satisfying (6). Then we have
JA(Gx)—A () Il = 27"IA2"x) — A" (2" ||
<27 "(JA(2"x) —f(2"0) |l
+1A'(2"x) = f(2"%) )

sZ‘”[SHﬁiZC)ﬁ—]

for dl x € X and all positive integers 7. By letting

n—ooo weget A(x) = A'(x) forany x & X.

Il. The case pd>1.

Replacing x by i in (13) we have

|r@-2/(5)| <52 7n 09
for al x € X. Using (18) we have
127 A2 ") — 27" f2 =D )|

-
< 22 . 2(1~ﬁ)nh(x) (19)

for dl x & X and all positive integers 7. By (18) ad
(19) we have

lf(x)—2"F(2 "0l
<27 T2 @
for all x & X and all posiive integers #. The rest of
proof is similar to the comesponding part of the case
0<p<1. ]

Theorem 3.2 Assume that 6=0, then pe (0,2) ad
5=0 when p>2. Let an even funcion f:X — Y
satisfy

1D (x, v, 2) Il < 8+ H(lIx I, llxll, =) (1)
foral x,y,z € X ad A0) = 0. Then there exists
a unique quadratic function @ : X — Y such that

17 -Q () Il < &8+ 7 12,,, r(x) @
foral x e X,
where % (x) = H(llxll, Iz, Il ll) + H(, llxll, 0)

+(227 1) Hix 1,0, 1x1)

Proof. Putting z = x in (21) we have
|| @ 7(2) +27G0 + £

o) )|

< 8+ H (lx I, iyl lx 1D (23)
forall x,y € X. Puting y = x in (23) we have

[[at/(5) +are - 25|

<o+ HUx LI, =D 4
frdl xe X.Puting x = 0 ad y = x in ()
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we have
H azf(—g) + £(2) —2b2f(—’,§) H

< &+ H(,llxll,0) (5)
foral x = X. Puting y = 0 in (23) we have

||2f(x) 2 bzf( )H < 8+ H(llx 11,0, lIx11) (26)
for dl x & X. From (25) and (26) we have
||a2 (—Z)—f(x)”326+H(0,Hxll,0)

+H(llx[,0,1xID @7
for dl x € X. Replacng x by 2x in {26) and then
dividing both sides of (26) by 2 yields

|| 20 - bzf(—zbi)ﬂ

<27+ 2°H(IAL0, 1)) (28)
for al x = X. From (24), (27) and (28) we have

120 —47 (D | € L+ 8+ () @

for al x & X, where

h(x) = Hxll, Izl lx1D+HO0,lx1l,0)
+@227 1) H(Ix 11,0, 1.
|. The case 0<p<2.
From (29) we have

Hf(x) - L%‘l” < %a+% R(x)  (30)
foral x & X. Using (30) we have

H f(2 "x) _ _f(27" %) H
4n+1

- o= 20

T 4-n 1 5 n6-2
< 84 s+ 42 h(x) (31)

for al x & X and al positive integers ». From (30) and
(31) we have

|20 )
4m 47[

-1 -1
< & Tarer & Lowoduy @

for al x € X and all nonnegative integers 72 and #

with m<n. This show that {f—%‘l} is a Cauchy

sequence for al x = X. Consequently, we can define a
funcion @ : X — Y by

Q) = “E.Lj_(in_xl
foral x € X. Wehave Q(0) =0, Q(—x =
and

IDQ(x, y, 2= lim4 "Il DQ(2 "x,2 "y, 2 "2

Q(x)

< Tim(4 7" 842772 H (I, 151, 121))
=10
for alx = X. By lemma 21, it follows thatQ is
quadratic. Puting »=0 in (32) and leting n—c we
have (22).
Now, let @:X — Y be another quadratic function
satisfying (22). Then we have
(%) — (0
= 47"Q2")—-Q 2" |l
=472 —r2 ")l
+ 1@ (2%)—f(2 ”x) Il)

7 —2n 2
5 2 a+2|4 2,,| k()

foral x € X and all positive mtegers n. Since
7 2n 2
2° a+2——————|4 o7 h(x))

LL’&(3
we can condude that Q(x) = Q' (x) foral x & X.

Il. The case p>2.
Repladng x by % in (29) we have

N4rC7'D)~fD)<277h(x) (3
for al x e X and for all positive integers 7. Using (33)
we have
147 £(2 ") — 4" F(2 7 P |
Sz—pzn(z—p)h(x) (34)
for all x € X. From (33) and (34) we have
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|
14772 "D = f@ | < Z 272479 ()
for dl x € X and all positive integers 7. The rest of
the proof is similar to the comesponding part of the case
0<p<2.

Theorem 33. let 6>0 ad pe(0,0)—{1,2}.
pssure that 6= 0 if p>1 ad ||(a®+3—362)F(0)
= 0 if p>2. f afuncion 7:X — Y satisfy (5) for
al x,y,z € X, then there exists a unique quadrafic
fuion @ : X — Y end a unique additive function
A : X — Y such that

Il () — £(0) — Q(x) — A (DI

< —lﬁa+%u (a2+3—-362)7(0) |l

6
1 hz(x)
o hl(x)+——2|2_zp| . ()
|[FR2HED - s - e ||
< %(6+H(a2+3—3b2)f(0) )
1
+ T . (36)
and
H PR AW “
3, halx)
< 5 5+ 22—27] (37

for al xe=X, where & (x) = H(llxl, llx |1, llx 1D

+H(0,llx 11,00+ (2°7 ' +1) H(lixl,0, llx1l) and
ho(x)=2H(llx 1 1lx I, llx 1) + HClI2x II, 0, l12x 1)

Proof. Let ¢ ,(x) = f—(lﬁzif—xl for al xe X.

Then ¢,(0) = £(0), g:(—x) = q,(x) ad
iDg (%, v, 2) <8+ H(x I, lIvll, llzI1)

foral x,y,2 € X.

let g(x) =¢g,(x)—q;(0) for al x=X. Then

q(0) =0, ¢(—x) = q(x) and
1Dg(x, v, 2) Il
= || Dg(x,3,2) —(@®>+3—=3b6%)¢ (0) |

<|IDg(x,y,2) I +l{a®+3—35%q:(0) |l
<8+ (a?+3—-3b6%q,(0) Il

+ Hllx ff, (v (1 1z 1D
foral x,y,2 € X.
By Theorem 3.2, there exists a unique quadratic function
Q : X — Y satisfying (36).
let g(x) = f—@lzﬂ—‘—’ﬁ for dl xe X

Then g(—x) = —g(x) and

| Dglx, v, 2 Il < o+ Hxll Iyl Hzil)
for al x,y,zeX. By Theorem 3.1, there exists a
unigue additive fundion A :X — Y satisfying (37).
Clearly, we have (35) for dl x & X. O
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