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A Study on the Stability Margin of the LQ Regulator

- Time Domain Analysis -

Sang Woo Kim,

Dept. of Contr. and Instr.

ABSTRACT
The stability margin of the LQ regulator is
investigated in the time domain. It is shown that
the same guaranteed gain margin as that of the
frequency doman analysis can be obtained with sim-

ple assumptions for the continuous time systems.

Wook Hyun Kwon,

Eng.

It is also shown that the allowable modelling error

bound can be expressed in terms of system matrices
and Riccati equation solution. Guaranteed gain

margin and the allowable modelling error bound for
the discrete time systems are also obtained by the
similar procedures. In this case, through the some

examples, the gain margin is shown to be less con-

servative than the frequency domain analysis result.

ERE
gle Output )
ol akeig
At er=t.
E
a

7} ol
(Multivariable )
R o N P

A

(Single Input Sin-
(Gain margin) 2t
(Phase margin 25 72 39
t4,2) 9 °
Atale mho)
HE W s
Lo %
2%
perturbation ) °f =§*%
= ejarejg T i
2o 192 YN €19 3
YgelE 702 ok
34 280 e Ag
Ze Al w2
o1e] oL YE ol =T 2 xE
My oWRT U cl% e
GIg ot %
2 o271 Y8 ¥
MaY TR D} piccati W
&

ENGERL

—7}.\_ r:}.l.

Pt ol 137
4 ¥ (Noninteractive
TER LT TS E
ke B S P 2
1347 938 g8 22
2UY 2 elE g
N ICEL I L IR ey
2379 2 3Y BYE NS
"I

&

-
t}g

ol o

&
a2

°l
v

>

I~

A
2
ot
2z
=
~
-

T o

“ Lyapunov $HHE RS
ratel (4] °] *g2
292 oty g

*he)

=

xF

B

1% S

{ Singular value )

Sang Jeong Lee

., Seoul National University

2]

2

Q
re ‘-;g‘

49 e 102U A 2
'ﬂ FFE A Aye A% T
1e YR B 2%
A C

4% 1o 2
Safonov {8] oﬂ —-131".‘“ i‘]%gi

Shaked [9]
*tg

.,.
"
1o
B

0% -4 rg —ok
o Koy

r2d rf anl

It Return Difference

Ala = HEE 9] Eojxg
h=} o g8

g *of o)z o5 % 2l5relg

94 g2 g =% e

= &)

o

O]_Eé_

|

%32

|

& F

o
4
n
n
o2

1o

o
=

g om 4X

-0

mjo
ok

o
=
=)
re
ap

£ 8
o
— n¥ rig
=4

Ha

1o

M

=)

1

o

)
»
i i

o —
—_

<
)

ox O
A L
=

N

2

-2

2

rr T

q,
L
2
2

i

=3

n
o Hoen o

—~o B
b

o _£ 4
mpt =0

e

% Oz 0¥
2

a

—_

Morr gy r
LY

- oo ¢

>

r¥ o

oM

tel g
2o e

o1 & 94g %%

oS

=

r
jm

2]

2
2
s

1o

Ny

o0

-0

4 a5y & 40
ox &2 mpo

N

NewI 12U FYE A%
T YR zYE B4R g R

&
ES
2

HE
w

mE P

Feh

Ax + Bu (2.1)

e

nxn
’ , B

o) SRy 4 (2.2) o Hh BrE oHaE
B 28 7o) 7 °15t.
2 O \u kel

n m nxm
x € R u eR A eR e R o=},

1714
MEXE
iy feYe

©
J =y

A7 o Ran
SEREPE

.

EoR e
(x'Qx + u'Ru) dt

,020°2 Rek

ult) = -R'B'P x(t) = -K x(t)

28 #AE2Z p

B

“I& 9] "4 Riccati

ric

-1
A'P + PA + Q - PBR B'P G



AN (a1 HE N2 ot 23 b
R IREL-E
* = (A + AR) x + (B + AB) u (2.5)

[

T EAHT Y sk TYY e AT 2 )2

A StgF P

=91 g2 (2.5) o M°IF (2:3) & I
2% ¢ Qeta F e "“1] te 3 3t
(S oashaat 22 %1 FE°D

-1
- U (Q+PBR "B'P)
a(8B) S S 3 (2.86)
5 m) S (0+PBR 'B'P) (2.7)
= 25(P) G (K) ’

A7 o () & o) & B2, 27 E°|FE
L].E].L“E‘.'

29 (a2 P2 ¥2) 2VE (2.5) ) MY
(2:3) ¢ @7
x = (A - BK + AA - ABK) x (2.8)

°] 52 ryapunov % ctg 2 ho] oo

AR
TE

ShHMEE =y
vV = x'Px (2.9)
i) AB =0
v = 2%'P% = 2x'P(A-BK+AA) x

= -x'(Q+PBR 1B'PB-AA'P-PAA) x
02013 MeWe AL

S 0 <> O+PBR 'B'P-AA'P-PAA 2 O

< 20(M) 5(P) £ g(Q+PBR 'B'D)

i) aa =09 F%
V¥ = 2x'P(A-BK-ABK) x

= -x' (Q+PBR_1B'P+PABK+K'AB'P) X 50

<=2 3(s) 3(») 3(k) S o(Q+PBR 'B'P)
(2-6) ¥g 2R ootrg 2% g TG
gz 17 % 4 J% IS4 o] A2 (0%
272 R N ) AT 21 k7 HNA
4B &) THAVF 2e ZFOpY TR R e A2 g
2|2 9]4} (Ninimum Phase ) 91 A% k& 9=
IMG ¢ Qe ST A a9 N
B et 5 21822 g9 Rg MEEY =)
o 2T 2] ZAE 4 R ope}p Teh

-
AR EIEE

AU T2 2 YUY N8

A2 Ee
T o

X = {p - BLK) x (2.106)
Sf aAEY S4 1e pYUAT O
¥ W (Noninteractive) 91 BL O 1 =
dlag(ll, rn) 2§ “p=pha QlEh

2 RO T PIY T2 2P (210 M
Lol B g3 2ol w gk
(c>09 3%)

126

-1
K SR - 0lQ =00 779 )
L2 1 i 112 12%22 127, 0,
XKy Ry
7 _ r = di
A7 kv = (k) 61, k) = diag (Kj .-l K
o] 2 ' -
! uiu =0y 9p
€12 %2 °h
z3 = X'Px
= 2x'Px = 2x'BP(A-BLK) x
= -x' (Q+K' (RI+LR-R}K) x 20
- <> Q+K' (RL+LR-R)K Z G
2 2
[0, ¥2KRL-KIR ),
26
913 92
©2K2RL—K2R+Q -0.. 0.7 0! G
1 1772117 %12 22 *12
2 > 2 - - ]
T OAGRL 2 KR - 000,70y, sz 215 Im
« 2R - g, - on
L it T %79, 99 @
i 2
Xy By
°12t Z°] {a,B,Q,r} N SA¥ "R Y HFT
AP o279 95458 I% 4 =2
0>0 A% EE WHN g 3T &+ U7
. -1
- (0)=g ©1 A2 oL _ ') =
der(@)=0 ¥ "INt g(Q,-9,, 2,, 9,500
ol 2% 1,23 °1 ¥ R SR 9
oY Fe ol 2T 4 Uk °IE NG ¢ Yl
e 2 A et
3. Ot A2 FoMY o2 NIy GEE A%
oltFE A2 FgoE Jgrrde] Te e
FEEORAE R %) 2 2pe) FHHer oz g2 7Y 2
RS S I - Bl K= £
xk+l = Axk + Buk (3.1)
28 AHSY X, € r", u e R', Be g™" , pe R™T
°IFh o Ala o] =i%H (3.2) A9 H b T+ g
qaw MEg elge AP eh
® 1] 1
Jg= ¥ xp 0% +ul Ru ) (3.2)
4N 9e R"™ , 020, Re RO, R 56 %
°l=f Ml e
-1
= - A t = -
uk {R+B'PB) B'PA xk ka {3.3)
°og 452 P T}g o] 4 Riccati WAL iz
3 e},
P=A'PA + Q - A'PE(R+B'PB) TB'PA  (3.4)
5 3
AN (aB e AT T2 (A0 E 4 TR T
WM 2TEL St g o] & AEH M aa%t 4B
2T g ApE vpEpuic),
xk+l = (A+AA)xk + (B+AB)uk (3.5)



ofy

34

33

13 AAEBE (3.5 o AT G-g A7

5
Tk e en ) A Tg A
Zeh (Saagiest BN 3R FED

C

o (AR) 3

b+ v b2+ ac (3.6)
G(AB) S e/

b+ 7 b2+ ac (3.7)
QNN a= a(P) , b = 0(PA - PBK) ,

¢ =a(g + k'rRK) °|%h
(3.3) 42 (3.5 A°l =qY B

(A - BK + AA - ABK) x (3.8)

»
|

o g
.

Lyapunov F4% & v=
i)y s=0¢ 3%
—x}'((Q+K'RI(-A'PAA—AA'PAH('B'PAA+AA'PBK

- A'PAA ) xk< G

<=0(QHK ' RK) 25 (PA-PEK) T( AA) =0° (43) 3 (P) 20

-b+/b“+ac _ c
a

g(AA) <

b+/b“+ac

ii) aa =02 B%
—X}'((Q+K’RK‘ (K'B'P-A'P)ABK-K'AB' {PBK-PA)

- (ABK) 'P(ABK) ) X =0

o G(Q+K'RK) -2 (88) 5(K) G (PBK-PA) ~0° (£8)
32 E) 2 G

a2 (k)52 (AB)+23 (k) b3 (8B) -c < ©
. c / ok
b+/;2:c‘

o (AB) S -p+/b“+ac _

g(k) a

iy
=] Riccati 'Y
Brg g AY
2o :

DAE 9o 271 VES

?—_}. 8] :]. o].zl x] o].)e :}..

912 a9 BAE
olFT Felq 2

rio

0¥ o¥rg 8

ae 9 M oap

a2
o pgugel dech MEge Aey
3

(3.9)

SpEreRe 1T R S e

- ) 22 2AEC

m

*‘;‘9—]‘—3_- '-!"t]'lf: Shaked )31]%

R )
(191, F= 1)

=t e

o b Sl A T

-1
I + K{(zI - A) B

°l A

F(z) =

g(F(2)) 2 R, > O

L0 lz =1

127

RN

>

o2 (B) g ()

RF2 - — :(R) 1+ — - 5 )

o (R)+0(B'PB) g(R) (1+0(B)
(3.10)

°lg 18 Pt Mg EE Lo YelE U

GML = li < GMH (3.11)

GML = 1 / (1 + Rp) ] (3.12)

GMH = 1 / (1—RF)

gt

G(F(z) B °18 %4 %2 ATINN Mg s
Lo odels 7oE g 2

(3.9) Alago] T 4 Je e Pelk
“tg & =
iy rR° HFPIY T¢
IB, S 1, S UB, (3.13)
1 1 1
LB, = a_|K |-/K2Ra+aa
i 2™ 1 i%2 1%
ap 1Ky
R
a2lKli‘ +v K JRia, + aay
UBi = a lK |
1 Kyl
a = G(B'PB) , a, = a;*R

_l .
ay = 9001179, ) 23!

SRRt ML
(3.14)

LB! £ 1, £ UB!
i i i

Z 2 =
2§Kli\—/xli(g (Ri+22, g(R) ~a 0 (R)) +a a,

ALY

13

i = - 4i
47M  Ku [Kl ol . Ky diag (K /- K
O Ll
12 ufou =1 9, Qp
22 Y °r=t

(3.9)9] A2 =9 “1*% Lyapunov 4 &
aipx oo
AV=-x! (Q+K')RL¥LR-R~ (L-1)B'PB(L-T))K = ©

vV =

<-—Q+K'(RL+LR-R—(L—I)2<-5(B‘PB))K z0

<u'Qu+ Ki(RL+LR-R-(L—I)ZE(B‘PB))Kl clzo

G o
A . 2= o

M(L)= Q11+K1(RL+LR—R—(L—I) o(B PB))K]_Q:|2 20
912 P
2_

s - - - L}

Kl(RL+LR R-(L-I) o(B PB))K1+Qll

-1
- L
212 9 %0




2 3%

R o] t:“ :p’}.

M(L) 2 G

e

i) pd

2 2=,
=K [ (21;R R~ (1,-1) "5 (B'PB))

_l |
*0(01779), 255 Q) 20
2 2 2 2
- - <
1(1]._a11.1 leiazli + Klia a3 £ 0

2
ol de it 19 Welg 7 P

ROl Y ok g

M(L) 2 G

<K 2(81, g(R) -5 (R) - (1. 1) 25{B'PB)
115732070 it e

2 G

—1 '
00,701, 95, 9y 2

2 2 2 -
- - <
Ky 1812373320 ¥K (G R) +a ) -ay S 6
°l Jg ?%ﬁ%liﬂ HYE 20D ¥
(3-13) 3 (3.14) 4g #afed g
T PIY I Lo 5 de 9eg 7
U ¥4 A derig =0 Y B9
e a; =062 s ¥ ol ¢
VA4 AW 32 MY 9gves vy
¥ dde 2977 gt (311 99
Shaked 2] 3 J% (3.13) 42 3 He = 79
TP 0 MM o mg FI ¥H 4
TEA M2 g 2 AL opEet Beh
41 A= [0c.9512 ¢ B =[4.877 4.877
9 6.9648 -1.1895 3.569
0 G.GG5 3 L,
o 0.02
R G.333 G .
G 3
(LB,uB] [lc.2245, 2.4355 G.4653, 1.6331
6.3730, 7.5667 ¢.6457, 1.3927
[GML,GMH] || ¢.7758, 1.4c64 ©.7894, 1.3628
100 1, 6.61 G 1 G
o 6.0001 o )
I ' ° 1,
o 6.6l
.4434, 1.557 -3. ,9.
G.4434, 1.5570 3.8319,9.8439 | o ool 0 e
6.6787, 1.3217 | ¢.7818, 1.2583
¢.8113, 1.3632 [-6.9245, 1.689 | 6.8755, 1.1658
H2: a={1 c.o8015 B = [0.663396
¢ 6.6313 6.663G8
1 G
© o o )
-5
R 2 x1677 2 x16-5
[LB,UB} [|¢.6695, 1.9745 6.1839, 1.8252
[GML, GMH] " ¢.6763, 1.9184

128

F’ 3 3 1 Y] 3 3
.01 3 5

2 x1673 1

3 5 0
(_

2 x1673

0.0083, 1.9936 G.4143, 1.9262 ¢.1812, 34.756

G.8343, 1.2478 G.6819, 1.8747 G.5073, 34.9149

[G.9512 o o o

qM3: a-=

o] G.9048 G.0669 G.0226

o G G.8825 @]

G G G G.9048

[4.877 4.877 ]
-1.1895 3.569
o o
L G o
diag(G.05,6.02,G, G)
R diag (0.333,3)
1.9925

14
(G.333,3)
1.5824

diag

¢.6675, 0.4262,

[LB,UB]

G.5362, 7.40G35 0.5949, 1.5187

[GML, GMH] G.7762, 1.4051 0.9033, 1.1199

diag(1,1,0.61,0.01) 106 I

diag (0.333, 3) 12

—
1.4845

1.4582

G.5281, 1.5558

0.6554,

©.4446,

¢G.6794, 1.321C

| G.9280, 1.0842 ¢.8113, 1.30632

o
- —_
0o r% ool

~

-—

UL o I
Shaked 2 2 &% %

2
=

$¥6 {0 fg goarQ

o A
TT o
st o
w

d
9% 7t -6aB
ap & BN

£
i

°1& 4] (Gain reduction )
e op A 4
Pz

LS ]

o] st

ajo
e
2
n
-



[1]

[2]

(3]

(4]

(5]

(6]

171

(81

(9]

£ L)
il
4> o
4
£
8 &
o 1o
1
rin
ox
o
=2

Ho > rir o

s
e
oxd 0 @

M.G. Safonov and M.Athans, "Gain and Phase
Margin for Multiloop LQG Regulators," IEEE
T-AC, Vol. AC-22, Apr. 1977.

N.A. Lehtomaki, N.R. Sandell and M.Athans,
"Robustness Results in Linear Quadratic
Gaussian Based Multivariable Control Design,"
IEEE T-AC Vol. AC-26, Feb. 1981.

E.Soroka and U.Shaked, "On the Robustness of
LQ Regulateors," IEEE T-AC, Vol. AC-29,
July 1984.

R.V. Patel, M.Toda and B.Sridhar, "Robust-
ness of Linear Quadratic State Feedback
Designs in the Presence of System Uncer-
tainty," IEEE T-AC, Vol. AC-22, Dec. 1977.
Zz.Liang and R.K. Yedavalli, "Reduced Con-
servatism in the Ultimate Boundedness
Control of Mismatched Uncertain Linear
Systems," Proc. of American Control Con-
ference, June 1985.

R.K. Yedavalli, "Improved Measures of
Stability Robustness for Linear State Space
Models," IEEE T~AC, Vol. AC-3G, June 1985.
R.K. Yedavalli and Z.Liang, "Reduced Con-
servatism in Stability Robustness Bounds
by State Transformation," IEEE T-AC, Vol.
AC-31, Sep. 1986.

U. Shaked, "Guaranteed Stability Margins
for the Discrete-Time Linear Quadratic
Optimal Regulator," IEEE T-AC, Vol. AC-31,
Feb. 1986.

H. Kwakernaak and R.Sivan, Linear Optimal
Control Systems, John Willey & Sons, Inc.
1972.

129



