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AN APPLICATION OF A PERIODICALLY TIME-VARYING DIGITAL FILTER TO A FILTER FOR SCRAMBLE SPECTRUM
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Abstract: This paper proves that a filter for
scramble spectrum is realized by a periodically
time-varying digital filter. Further, we propose a
design method of this filter by wusing a bi-
frequency map. As an example, we implemented this
filter with Digital Signal Processor.

1. Introduction

Generally, a periodically time-varying digital
filter has a spectrum exchange characteristics in
real time. That is, an input signal with a certain
frequency is exchanged to A signal with different
frequency through a periodically time-
varying digital filter. This means that
spectrum of an input signal is divided into some
frequency regions and those frequency regions are
exchanged each other by a periodically time-
varying digital filter. A periodically time-
varying digital filter can be employed as a filter
for scramble spectrum.

This paper proposes a design method of a filter
for scramble spectrum. Since the periodically
time-varying digital filter is a bi-frequency
system, the relationship between spectra of an
input signal and of an output signal can be
represented by a bi-frequency map. |In this paper,
the design of a filter for scramble spectrum is
derived by using this map.

Finally, we implemented this filter with
Digital Signal Processor(MB8764) and confirm this
effect.

2. Preliminary

One model of a periodically time-varying
digital filter is shown in Fig.1. This model is
named polyphase model. This model is implemented
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Fig. 1

A polyphase model
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by connecting some t{ime-invariant filters in
parallel. The number of time-invariant filters is
equal to the period of a periodically time-varying
digital fiiter. The output signal is obtained by
selecting one of these output signals of these
filters. The selection of a output signal
corresponds to the sampling time. If the period
is P, the number of time-invariant filters s
equal to the period 'P’. Let an impulse response
of each filter be hy(n) ( m=0, 1,-'* ,P-1). The
subscript m is assumed to indicate the filter
number. The output signal y(n) of a periodically
time-varying digital filter is written as follows;

v = 2 0y mogp(n-OXCO W
k=t

where x(k) is an input signal. Since hy(n) s are
periodic with respect to m, they can be
transformed by Discrete Fourier Series (DFS) with

respect to m. Then a pair of DFS of order P are
obtained by following equations.
N P-1 .
Rp(n= = hpndei20rn/P ()
m=0
1 P-lA .
hg(n)= —- Z A (n)ed2nrn/P (3
P r=0
where ﬂr(n) is DFS of hp(n).  Substituting
Eq.(3) into Eq.(1) yields
i P-1 .
y(m=—- = Rn-0x(k)edZwrn/P )
P r=0

From Eg.(4), the z-transform of an output y(n) is

1P-1
Y(z)=—-~j{ﬁr(ze'Jzﬂr/P)X(ze-Jan/P),
P r=0

(5

vhere ﬁgz) and X(2) are z-transforms of ﬂr(n) and
x(n), respectively. From Egs.(4) and (5), the
input signal x(n) is filtered by ﬁr(n) and spectra
of these obtained signals are shifted by each
exp(j21trn/P). The output signal is obtained by
summing P spectrum shifted signals.



3.Characteristics of Periodically Time-Varying
Digital Filters

Spectrum Y(ed™Wy ) of an output signal of a
periodically time-varying digital filter can be
obtained by inserting z=edWyinto Eq.(5)

. rpP-r ]
Y(ed¥Wi= — Z H (edWx )X(eIWn) (6
P r=0

In Eq.(8), the relationship between wy and Wy is
expressed as follows;

Wy =Wy — 2Tr/P + 2mTL )

n= 0’ j-_l,.-..-

The frequency axis wyis changed to wy by this
filter. wy and wy are employed as x-axis and y-
axis, respectively. This characteristics can be
represented with a bi-frequency map. Fig.2 is an
example of this map of the period P=4. There are
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Fig. 2 An example of a bi-frequency map
for P=4
four lines ( r=0, 1, 2, 3) on the map. The
frequency characteristics of 'ﬁr(n)s are only
defined as points on line r. Eq.(8) is also
realized by the structure of Fig.3 [2]. A filter
for scramble spectrum is an application of this
structure. 1If each‘ﬁr(n) is a bandpass filter, the
spectrum of an input signal is divided to some
frequency regions. A signal in each frequency
region is filtered with ﬁr(z). Each output signal
is multiplied by exp(j2Trn/P). This means that
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Fig. 3- A fitter for scramble spectrum
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spectrum of the output signai is shifted. So, we
can exchange spectrum of a signal.

4. A Filter for Scramble Spectrum

We show filters for scramble spectrum in the
following. This filter is implemented with the
periodically time-varying digital filter whose
period is even number. In the case of period P=8,
an input signal is divided to eight frequency
regions as shown in Fig.4 (a). Let the number of
freguency regions be g (g=0, 1,++*,7). Regions
which correspond to g=0,---, P/2-2 , and P/2-1
represent the negative frequency regions. Regions
which correspond to q=p/2,:--, P-2, and P-1
represent the positive frequency regions. Then q-
th frequency region and (P-1-g)-th  frequency
region are a complex conjugate pair in frequency
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Fig. 4 Spectra of an input signal and an output signal

(a) A spectrum of an input signal
(b),(c) A spectrum of an output signal
(d) A desired spectrum of an output signal



characteristics of filters.

Fig.5 shows the bi-frequency map of this

filter. A horizontal frequency line from -1 toTl
is divided into P freguency regions. Each
frequency region is named with a number. A

vertical frequency line is also divided into P
frequency regions. Numbers upside of the map
indicate input freguency regions. If we assume
that the spectrum shown in Fig.4(d) is the desired
spectrum of an output signal, numbers of
frequency regions in the spectrum of an output
signal are written on the left side of this map.
Complex conjugate frequency regions in an input
signal must be also complex conjugate regions in
an output signal. There is a common region on the
map which is indicated by a number on the
horizontal line and the same number on the
vertical line. in the common region, a line
expressed with Eq.(7) exits. The line in a common
region on this map indicates a passband of each
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Fig. 5 A bi-frequency map of a filter
for scramble spectrum

ﬁ}(n). These are represented by deep lines on the
map. For an example, the characteristics Hg(edW)
of fgln) and Hs(ed & ) of ﬂs(n) are defined
respectively by

0<w< W4 ()

HgCedw) = ip
0 othervise

Hs(edw ) = i P -T/4 sws 0 @
0 otherwise

. 0 i i
By using H3(eJ“’) and H5(e3“’), frequency regions

=3, and g=4 are exchanged to highpass frequency
regions in an output signal. It js shown in
Fig.4(b). Furthermore, ﬁl(eJ“’) and He(ed™) are

bandpass filters whose passband are expressed in
the following.
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fced@) { P~ T/2sws T/ (10)
0 otherwise
) < we T/4 an

Fa .

H7(eJ“") ={ P
0 otherwise

The output spectrum is represented by Fig.4(c).

Similarly,Ho(ed™ ), to(ed ™), Hy(ed™) and Hg(ed W)

are bandpass filters. These characteristics are
expressed as follows;

figled®) =p -3 swe-m2 12
T/2 £ ws 3T/4
0 othervise
fip(edw) =P -mcws-3m/4 (13)
{0 otherwise
figed > =0 (18
(15)

flgced )=fp 3M/4sw< TU
0 otherwise

As results, the desired output spectrum s
obtained as shown in Fig.4(d). In this case, since
all passband of filters are represented in the
gquadrants 1 and 3 on the map, frequency regions in
the positive frequency domain are exchanged to in
positive fregquency domain. Frequency regions in
the negative frequency domain are exchanged to in
negative frequency domain.

Fig.6 shows an example map of a filter for
scramble spectrum, by which freguency regions in
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Fig. 6 A bi-frequency map of a filter
for scramble spectrum



the positive frequency domain are exchanged to in
negative frequency domain and frequency regions in
negative frequency domain are exchanged to in
positive frequency domain. In this case, passhand
of filters are represented in the quadrants 2 and
4 on the map. Fig.7 shows the spectrum of the
output signal of this filter, when the spectrum of
an input signal is shown by Fig.4(a).
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Fig. 7 The spectrum of an output signal
of the filter given by Fig. ¢

5. A Design of Fitter for Scramble Spectrum

At first, we consider a design method of filter
with the following frequency characteristic.

N .
Hi(edW)= (P -Mcws -2, (18)
0 cwsg T2
0 otherwise
figCed®)= P -2 cwso, an
/2 <w<Tl
0 otherwise
2 oraiye B oeojw
Hoded™ )= to(ed™) = 0 for any w as
The bi-frequency map which corresponds to this

spectrum is shown in Fig.8. From the above
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Fig. 8 A bi-frequency map of a filter
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spectrum, each passband of ﬂl(J“’) and ﬂ3(ej“’) is
not symmetric with respect to w= 0. Then, these
transfer functions have complex coefficients.
But,A the following relationship between ﬂl(eJ“’)
and H3(eJ“J) exist from the property of passband
of these transfer functions.
ﬂ3(e~’“’ ) = ﬁI’Zer) (19)
% represents complex conjugate. From Eq.(3), the
relationship between Hy(2) and H.(z), which are z-
transform of hy(n) and f.(n), respectively, are
obtained as foliows;

1P-1 )
Hy(2) == 5 H(2)el2Trn/P (20)
P r=0
So, the Hm(z) is calculated in the case of the

frequency characteristic as shown in Fig.8.

Hp(2) = Rel H(2)edTW2 172 Q1)
The above transfer function has real coefficients.
Then the transfer function can be implemented with
a digital filter.

In general, a filter for scrambie spectrum have
the following property.

Hp_p(2> = F %2 (22)

Therefore, a transfer function of a time-varying
digital filter with real coefficients can he
obtained. This transfer function can . be
implemented.

The above transfer function ﬁl(eJ“’) can be
designed by using a conventional method. At
first, we design a low pass filter H p(2) whose
passband is - T/4 < w < T/4. Inserting zeexp(-

T/4) and zeexp(3 /4) into H p(z), Hy(2) is derived
as follows,

Hy(2)= Hyp(zee 3 /4y + W p(zeed3T/0)  (23)

From ﬁl(z), a transfer function Hy(z) of a

periodicatly time-varying digital filter is
derived.
Hy(2) = Rel {H pCzee™d /%)
+ Hp(zeedd /Dyeei2 w/Py QD

From the above results,
method of a
filter.

(1)Determine a number N of frequency
between 0 and TC.

(2)0btain a period of a periodically time-
varying digital filter; P=2N.

(3)Determine a scramble method of spectrum.

(4)Design a low pass filter Hip(z) with a
passband |w}< T/2N,

we cah summarize a design
periodically time-varying digital

regions



(5)According to the bi-frgquency wap, determine
a passband of each filter H.(z) and obtain these
filters by shifting a center frequency of H p(z).

(6)Calculate a transfer function from ﬂr(z) by
.nverse discrete Fourier series.

6. Implementation of a Filter for Scramble
Spectrum

Ve impiemented a filter for scramble spectrum

with Digital signal processor (DSP MB8764). it is
known th-y a polyphase model in Fig.l can be
implemented by a coefficient varying digital

¥hen each filter in a
realized by a FIR digital

filter shown
polyphase model

in Fig.9
is
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Fig. 9 A coefficient varying model

filter, it is easy to prove that coefficients
ap(m)s equal to hp(n)s. This type of the structure
is implemented easily with Digital Signal
Processor.

Ve show a bi-frequency map of a designed filter

in Fig.10 . A filter H p(2) is designed by Remerz
algorithm. We assume that a passhand is 0 sw<0.1T
and a stopband is 0.122 < w < TC The
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Fig. 10 A bi-frequency map of a filter
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characteristic of this filter is shown in Fig.1l1 .
The order of this filter is 96. The sampling
frequency is 8 KHz. Fig.12 shows a relationship
between a spectrum of an input signal and a
spectrum of an output signal. From Fig.12 , we can
see that a signal of 3.25 KHz is exchanged to a
signal of 1.75 KHz.
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Fig. 11 The characteristic of
a low pass filter
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Fig. 12 Frequency characteristics of
an input signal and an output signal
of an example

7. Conclusion

This paper made it clear that a filter for
scrambie spectrum is realized with a periodically
time-varying digital filter. Moreover, we proposed
a design method of this filter and implemented
this filter by using Digital Signal Processor.
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