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Abatract:This paper is concerned with a
robust model following control scheme
for manipulators which contains
uncertain terms. Our method consists of
nonlinear compensation and linear
compensation. The former ensures the
robustness of the plant, the later
achieves both the desired model
following response and the desired
initial error convergence.

1.Introduction

In recent years, a number of new
robust control methods have been
developed for a class of nonlinear
systems. These methods can be classified

into the following three types;

(A) Control methods based on the VSS
theoryl{11{2],
(B) Control methods based on the

Liapunov’s method[3][4], and
(C) Control methods based on a method
which is combination of (A) and (B)[5].
However, the methods of (A) and (B)
have some problems; that is,
(1) the resulting control function
becomes discontinuous, or the degree in
continuity of the input function highly

depends on the gpecified control
accuracy.
The main drawback of the method (C), on
the other hands, is that,

(2) the control accuracy can not be
assigned quantitatively.
All these three methods have also the
same problem, that is;

{3) the convergence characteristic
of 1initial error response can not be

specified explicitly.

Furthermore, the class of systems that
can be treated by the method (B) or (C)
does not contain manipulator systems.
For nonlinear mechanical systems
as manipulators, we have already
proposed a robust control scheme[6] by
introducing the effective expression
for the  dynamical model of nonlinear
mechanical systems, and by using the
basic idea of the control scheme
proposed in the paper [5]. It is shown
that the resulting control system has
been able to solve the problems (1) and
(2).

We have also proposed, in the papers
[8] and [9],2 new method named Two-Stage
Robust Model Following Control System
(Two-Stage-RMFCS) for nonlinear mechani-
cal systems. The main idea of the method
is a combination of the nonlinear
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controller treated in {6] and the linear
controller treated in [8]. Consequently,
we have succeeded in solving the
problems (1) to (3) simultaneously.

In this paper, we discuss the
application problem of Two-Stage~RMFCS
to a trajectory tracking problem of a
manipulator.

2.Problem Statement

We describe the problem which will
be solved in this paper. Let us consider
the following system;

Manipulator<S>:

J(q)q+D(q) £(§) +Ha+g(q)=u (1a)
y=q (q(t)=q, for t0) (1b)
Reference mode1<sR>:
qR=IrR (2a)
Y=y (ag(t)=qp, for t40). (2b)
The error signal is defined by
Error:e:y-yR (e(t):e0 for t<0) (3)

where
q:nx1 vector of the joint angle.
J(q):nxn, inertia matrix.

D(q):nxn” matrix defining Coriolis and
centrifugal terms.

H :nxn diagonal matrix of viscous
friction torque.

g(q):nx1 vector defining gravity
terms.

I ‘nxn unit matrix.

0 :nxn zero matrix.

u,rR:nxl vectors of input force.

y :nxl controlled variable.

¥, :nxl controlled variable of refere-
nce model.
and

. .. . . s T
f(q)=1q Qyree+QyQpeeerrQQyye-

<»9.4_ ]
assume Che

In eneral, we can
following assumptions pertaining to the
manipulator whose Jjoints are all ro-~
tational.
[A1] J(a)=Jd(q) >0 for any x. (4)
[A2]) Matrices J(q),D{(q),H and G(q) are

all bounded.

[A3] We can measure the joint angle q
and the joint angular velocity §,and £(Q),
[A4] r is at least two times differ-
entiable.



Now we can state the

considered here as follows.

problem

[PROBLEM] Consider a manipulator with
the assumptions [Al] to [A4]. And
specify the reference model <SR>;
namely,

(8)Gp(s)=1, (5a)
and the convergence characteristic of
e, as,

s+2M
(b)Ge(S)z I (M>0). (5b)
(s+M)

Then, design the control input u so
that the controlled variable of system
<S> may follow the trajectory,

_ -1

¥q=¥p*L (G (s)ey) (6a)
with the arbitrary accuracy of € M
namely,

(eMly-yyli< & for t20. (6b)
Where, Lnl(-) denotes the inverse
Laplace transfor?ation. And.for gsimpli-
city, we set ;=0 (d(t):qd(t)=0 for
t<0).

3.Two-stage~-RMFCS for Manipulator

For the purpose of solving the
above problem, we consider the following
two-stage construction of a controller.

(Stage-1) Construct an intermediate

linear model <8,> whose initial

condition coincides with the initial

condition of manipulator <8>. Then,

design a robust tracking compensator
> so that y may follow y

(SQage 2) Regard the intermegiate linear

model <S.,> as a controlled object, and
construc% a two-degree-of-freedom con-
troller for <SM) so that the resulting

system may have the desired properties.

3.1) Stagel:Design of a robust
tracking conpensator(C§

Construct the following n inpu
output stable intermediate linear model
<SM> for the manipulator<S>.

<SM>: qM+k2qM+quM=uM (7a)
(7b)

M=y

k., denote scalar constants,
variable

where, k,,
and 7y, dénoteS the controlled
of intermediate linear model.

Now, Consider the following input
candidate for the solution of the
problem stated in chapter 2.

A .
u=J(q)(-k1q-k2q+uM)
oY . N ~
+D(q)f(q)+Hq+g(q)+uy (8)
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where J(q) &R, D(q)er™"? H™" and
E(q)ER denote the nominal bounded
matrices of J{q), D(q), H and g{(q),
respectively, er® denotes the new
input from the robust compensator to be
designed.
Let us substitute Iq.(8) into <S>
yand define the stat. error as follows:
q-q,
- ‘P1] (9)
q—qMJ
By wusing this notation of state error
and <S,>, we can derive the following
error system:
%:AMZ+BMw . (10a)
w=J(q) lu + 3 C (q)a (10b)
k=1 k
z(t)=0 (t£0) (10c)
where
0 1 J
A T (11a)
M
-k 1 —kzI
Cl(q)=J(q) (D(q)—D(q)) a =f( {(11b)
Cz(q)=J(q) (H~H) ,azzﬁ (11c)
Cyla)=d(a) " (E(a)-g(a)),ay=1  (11d)
. -1a B}
C4(q)—(I-J(q) J(q))k1 18,39 (lle)
_ -14 .
Cs(q)—(I—J(q) J(q))k2 18539 (11f)
- -14 -
Cs(q)-J(q) J(q)-I 1B TUy (11g)
Remarkl:From [A1])],[A2),Egs.(8) and (11},
we can obtain
s =y H o, (12a)

and we can estimate the bounded constant
values which satisfy the inequalities,

-1

Gm(J(q) y>J (12b)
IICk(q)"<Ck (k=1,2..,6). (12¢)
where G (W) denotes the minimum eigen-
value of nxn square matrix W.
Then , from [{6] we can obtain the
following lemma.
[Lemmal] Let z=[z T,zzT]T and consider
the linear system
z=Ayz+Byw (z(t)=0 for t£0) (13a)
v:BMTPz. (13b)
where P’ERZ“xzn is the solution of

Lyapunov equation
T - - s 1}
AM P+PAM_—Q (Any Q—dlag[QlI.Q21]>0).(14)

Then, for any p>0, if there exists
an input w which satisfies



livikp  for 20, (15)

we can obtain the following inequality:

Hz1H<mp for t20 (16)
where m is the scalar constant calcu-
lated from AM,B and Q.

Proof) Solving gq.(14) and substituting

the solution into Eq.(13b), we obtain

zl=-az1+bv. (17)
where
Q. k 2k, k
az—12 50, b=——12 0. (18)
9 +k,Q, Q)+,
Next, consider the positive definite
function
T
L‘z1 21/2. (19)
After differentiation of L along the
solution of Eg.(17), substitution of
Eq.(15) yields
L<—Hzlﬂ(a"21“-bp)- (20)

From Eq.{20) and the condition z(0)=0 ,
if m is set as

m:b/a:Zkl/Ql, (21)
we can obtain Eq.(16). | ]
Remark2:From Eqs.(15),(16) and (17), the
boundedness of Zg can be guaranteed.
[Lemma2] Suppose that the arbitrary

positive constants d, p and the follow-
ing input for system(9) are given:

v 6

——— 2 h fa, 1. (22a)
fvi+d k=0 ® K

Moreover, assume that the following

conditions are satisfied:

1 d
hk>——(Ck+Cmax-——) (k=0,1,..,6),(23a)
J P
where
_ T -1, T
CO-II(BM PBM) BM PAM" (23b)
Cmax=max{co,cl,...,ce). (23c)

Then, we obtain Eq.(15). Here d can be
regarded as the parameter which indi-
cates the degree in continuity of input
function.
Proof) Consider a positive definite
function
LT T -1
Lzv (BM PBM) V.

After differentiation of L along the
solution of Eqs.(8) and (22), and
congideration of Remark 2 derives the
conclusion of the Lemma. | ]

From the above two Lemmas, we can
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reach the following Proposition.
[Proposition 1] Consider a manipulator
<8> and the input function of Eqs.(8)
and (22). Suppose that a suitable
intermediate linear model <S> and Q are
selected, and arbitrary & and d are
given. Moreover, suppose that a scalar m
which appears in Lemmal can be obtained
, and the condition

1 1
hk>__3(ck+cmaxmd';_) (0<kg6) (24)
are satisfied.
Then we obtain
ly-yyllce for t20 (25)
Proof)It is clear from Lemmas. ]
The structure of the proposed

controller is shown in Fig.1l.

3.2)Stage2:Design of two degree

of freedom controller <CL>

In the previous gection, we have
obtained the conclusion that the
controlled variable y of the manipulator

<S> follows the controlled variable vy,
of the intermediate linear model <SM§
with the accuracy &. Next, regarding
<S,,> as a controlled object, let us
construct a linear controller for <S>
such that the resulting system may
satisfy properties of Eqgs.(5a) and
{(6b). To do this, we consider a two
degree of freedom controller for <C,>.
Considering the specifications that %he
desired transfer function is I and that
the convergence characteristic of
initial error is specified by pole
assignment, the structure of such <CL>

can be depicted as Fig.2.
Consequently, the following proposition
can be obtained.

{Proposition 2] Consider the intermedi-
ate linear model (SM> and the input

uM:rR+k2rR+k1rR+bz(rR—qM)+b1(rR—qM).(26)

Then, if
2
k, +b, =M (27a)
k,+b,=2M, (27b)
we can obtain
_ -1
Y=g+l (G (8)ey). (28)

Proof) Fig.2 indicates that the transfer
function from r_ to y, is I. If we set
r_.=0, then the gifferential equation for
tge system can be written as
e+k2e+kle=—b2e-b1e. (29)
we

From Eq.{(29) and the condition é0=0,
to

can get the transfer matrix from e

e(qM) as follows: 0



s+(k, +b,)
Gy (s)= — z 2 I (30)
s +(k2+b2)s+(kl+b1)
This completes the proof.
3.3) Design procedure
From 3.1 and 3.2, the following

theorem can be obtained.

[Theorem] Consider the manipulator <8> ,
the following specification:
(a)Reference model:G_(8)......Eq.(5a)
(b)Convergence characteristic of e
:Ge(s)......Eq.(5g)
(C)ACCUTrBCY: EiivirsecesessessEq.(6),
and the input

u=3(q)(-k1q—k2é+un)

Py o As A
+D(q)f(q)+Ha+g(q)+u, (31a)
v 6
u - ———— 3% hlla . (31b)
R ivied k=0 & K
v=B, Pz (31c)
= R+k2rR+ker
+b2(rR—qM)+b1(rR-qM). (31d)
Then, if the conditions (24) and (27)
hold , we get the equation
ly-yqlice for t20. (32)

Based on the theorem we propose the
following design procedure:

(0) Specification
(1) Selection of GR(s), G (8), ¢, d
e
and Q.
(I) Design of robust cgompensator <C.>
(2) Selection of J(a), D(a), ¥ and
g(q).

(3) Selection of k, and k (inter-
mediate linear model)

(4) Calculation of m:Eq.(21)

(5) Calculation of J and Ck: Eqs.

(12) and (23)
(6) Calculation of h :Eq.(24)
(7) Implementation of u
(II)Design of two degree of
freedom controller<C. >
(8) Selection of b, and bZ:Eq.P27>
(9) Implementation of Uy

In Fig.3, we show the structure of
the proposed Two-Stage-RMFCS.

4.Simulation

To illustrate the effectiveness of
the controller proposed in this paper, a
simple simulation study has been made.
We have considered a trajectory tracking
problem of the two-link manipulator
illustrated in Fig.4. Here, let 1i’ r.,
m. and H., be the moment of inertia of
iink i &dbout the center of mass, the
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distance from joint i to the center
mass of link i, +the mass of link i
the viscous friction coefficients of
joint i, respectively. The real and
nominal values of the above parameters
are tabulated in Table 1.

Now, let wus consider the specifi-
cations as follows:

of
and

(a) G,(s)=1I
R s+2M
(b) G (s)s ———1 (M>0)
e (s+M)?
(c) &€=0.01
and,
1
(d) rp=- —— sin(47{ t)+t (0<t¢0.5).
4
Next, set d=0.1, k,=1, k, =2, q1:50,
q,=1, and using thesé informations, the
T#o-Stage-RMFCS has been constructed.

The simulated responses of the resulting
system are plotted. In Fig.5(a),

the responses of Ya (reference model)
and y, (real system} are shown in the
case o} M=20,40. This figure shows that

in spite of the existence of difference

between real and nominal values of
physical parameters, y, follows y with
the specified convergence character-
istic of initial error. In Fig.5(b),
the control input u, in the case of M=20
is compared with the ideal input. Where
the ideal input implies that the input
which makes y, follows y_., exactly for
any time. T%is figure 1ndicates that

the proposed control system can supply a
reasonable input. We have also obtained
the similar results with respect to 2nd-

joint. From these results, we can con-
clude that the proposed control system
works effectively.
5.Conclusion
This paper has proposed a design
method of a robust model following con-
trol system for a manipulator. This

method has the following properties,

(1) We can specify a reference model
(G,.(s)), a convergence characteristic
of  initial error (G _(s)) and the accu-
racy (&) explicitly &nd independently.

(2) The control input becomes continuous.
(3) From the property (2), we convince
that this control system can be used in
the situation that there exists a small
parasitical dynamics.

(4) Only the rough information
controlled object is needed for
of the control system.

on the
design

The further problem to be done is
to investigate the robustness of this
controller to the parasitical dynamics.
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parameter (a)real (b)nominal
It 0,208(kgm?) 0.250(kgm?)
I. 0.208(kgn?) 0.250(kgn?)
n 10(kg) 12(ke)
»2 10(kg) 12(kg)
Ha 0.5(Nus) 0.6(N=ms)
He 0.5(Nms) 0.6(Mns)
b3 0.25(m) 0.25(w)
re 0.25(mw) 0.25(w
11 0.5(m 0.5(m
le 0.5(m 0.5(m

(rad)

9,

INPUT TORQUE (Nm)

Table 1 Parameters

0.6
(2)

0.4

0.2 A =20
———— A= 40
\\~-_,¢/ —.—=-- reference
0 - 1
0 0.2§ 0.5
T I M E (sec)
200

-200

A =20

—+——.« ideal input

-400 !
0 0.25 0.5

T I M E (sec)

Fig.5 Simulation results
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