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Abstract: This two-part paper presents a
control method that allows for stable interaction
of a robot manipulator with the environment. In
part 1, we focus on the input ouput relationships
(unstructured modeling) of the robot and enviro-

oment dynamics. This analysis leads to a general

condition for stability of the robot and enviro-

nment taken as a whole. This stability condition,

for stable maneuver, prescribes a finite sensiti-
vity for robot and environment where sensitivity
of the robot(or the environment) is definéd as a
mapping forces into displacement. According to
this stability condition, smaller sensitivity eit-
her in robot or in environment leads to narrower
stability range. In the limit, when both systems
have zero sensitivity, stability cannot be guara-
nteed. These models do not have any particular
structure, yet they can model a wide variety of
industrial and research robot manipulators and en-
vironment dynamic behavior. Although this approach
of modeling may not lead to any design procedure,
it will allow us to understand the fundamental iss-
ues in stability when a robot interacts with an

environment.,

1. Introduction

Most assembly operations and manufacturing tasks
require mechanical interactions with the environ-
ment or with the object being manipulated, along
with "fast'" motion in free and unconstrained space,
In constrained maneuvers, the interaction force
must be accommodated rather than resisted. Two
methods have been suggested for development of com-
pliant motion. The first approach is aimed at con-

trolling force and position in a nonconflicting

nstrained and free to move.

way [Mason. 1981; Paul, Shimano, 1976; Raibert,

Craig, 1981; Whitney, 1977 ]. 1In this method,force
is commanded along those directions constrained by
the environment, while position is commanded along
those directions in which the manipulator is unco-
The second approach is
focused on developing a relationship between the
interaction forces and the manipulatcr position |
llogan, 1985; Kazerooni, 1986b; 1986¢; Salisbury,
1980]. By controlling the manipulator position

and specifying its relationship with the interaction
forces, a designer can emnsure that the manipulator
will be able to maneuver in a constrained space
while maintaining appropriate contact forces. This
chapter describes an analysis on the stability of
the robot and environment taken as a whole when

the second method is employed to control the robot
compliancy. This analysis leads to a general con-
dition for stability of the robot and environment
taken as a whole. This stability condition, for
stable maneuver, prescribes a finite sensitivity
for robot and environment where sensitivity of the
robot(or the environment) is defined as a mapping
forces into displacement. Using structured model,
the stability condition for the direct drive robots
has been achieved in terms of the Jacobian and robot
tracking controller. This condition has been ver-
ified via simulation and experiment on the Minnesota

direct drive robot.

In Section 2, the motivation of compliant motion
control is addressed. In Section 3, the unstruct-
ured model of the robot and environment is discussed.
In section 4, a general criteriom has been derived

using the unstructured models for the robot and

environment to guarantee the stability of robot



manipulators in constrained maneuvers. In Section
5, the compensator to be designed is discussed and

analyzed.

2. Motivation

The following scenario reveals the crucial need
for adaptive compliance control(Impedance Control)
[Hogan, 1985; Kazerooni, 1986b,c] in manufacturing.
Consider an assembly opetation by a human worker.
There are some parts to be assembled on a table.
Each time the worker decides to pick up a part,
she/he can contact the table with non-zero speed,
that is, the parts can be sweptup by the person.
The worker also assembles the parts with a non -
zero speed; meaning the parts are assembled while
still moving. The ability of the human hand to
encounter the unknown and unstructured environment
with non-zero speed, allows for a higher speed of
operation. This ability in human beings indicates
the existence of a compliance control mechanism
in biological systems. This mechanism guarantees
the "stability" of contact forces in constrained
maneuvering, in addtion to high speed maneuvering
in unconstrained environment. With the existing
state of technology there is no integrated sensory
robotic assembly system that can encounter an un-
structured environment as a human worker can. No
existing robotic assembly system is faster than a
human hand. The compliancy in the human hand all-
ows the worker to encounter the environment with
non-zero speed.

The above example does not imply

that we choose to imitate human level physiologi-
cal/psychological behavior as ocur model to develop
an overall control system for manufacturing tasks
such as assembly and finishing processes. We st-
ated this example to show 1) A reliable and optimum
solution for simple manufacturing tasks such as
assembly does not yet exist; 2) the existence of
and efficient, fast compliance control system in

human beings that allows for superior and faster
performance, We bilieve that compliance control
is one of the key issues in development of high sp-
eed manufacturing operations.

In general, manipulation consists of two cate-
gories. In the first category, the manipulator

end-point is free to move in all directions. 1In
the second, the manipulatpr end-point interacts
mechanically with the environment. Most assembly
operations and manufacturing tasks require mechan-
ical interactions with the environment or with the
object being manipulated, along with "fast" motion

in free and unconstrained space. Therefore the
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object of the control task on this robot is to de-
velop a control system such that the robot will be
capable of "handling" both types of maneuvers with-

out any hardware and software switches.

The design objective is to provide a stabilizing
dynamic compensator for the robot manipulator such
that the following design specifications are sati-

sfied.

(1) The robot end-point follows an input-command
vector, r, when the robot manipulator is free to
move.

(2) The contact force, f, is a function of the
input command vector, r,whem the robot is in cont-
act with the environment.

The first design specification allows for free
manipulation when the robot is not constrained, If
the robot encounters the environment, then according
to the second design specification, the contact for-

ce will be a function of the input command vector.

Thus, the system will not have a large and uncontrollable

contact force. Note that r is an input command
vector that is used for both uncomstrained and con-
strained maneuverings. The end-point of the robot
will follow r when the robot is unconstrained, while
the contact force will be a function of r(prefera-
bly a linear function for some bounded frequency
range of r) when the robot is constrained.
Note that the above notation does not imply a

force control technique [Whitney, 1977]. We are
looking for a controller that guarantees the trac-
king of the input-command vector when the robot is
not constrained, as well as the relation of the
contact-force vector with the same input-command
vector when the robot encounters an unknown envir-
onment.

Unstructured Model of the Robot
and Environment

3.
The general from of the non-linear dynamic
equations of a robot manipulator with positioning
controller is given by two non-linear vector func-
tions G and § in equation (1).

y = G(e) +S(d) 92
where:
d = n x 1 vector of the external force on the



robot end-point
e = n x 1 input trajectory vector
G = robot dynamics with positioning controller
S = robot manipulator sensitivity
y = n x 1 vector of the end-point position

e is the n x 1 input trajectory vector that the
robot manipulator accepts via its position contro-
ller. The fast that most manipulators have some

kind of positioning controller is the motivation
behind our approach. Also a number of methodo-

logies exist for the development of the robust

positioning controllers for direct and non

-direct drive robot manipulators. Using any
controller design method [Vidyasagar and Spong,
1985], one can always arrive at operator G such
that it maps the input command vector, e, to the
robot end-point position, y. The motion of the
robot in response to imposed forces on the end-po-
int is caused by either structural compliance in
the robot or the positioning controller complian-
ce. § represents this compliancy. Note that ro-
bot manipulators with positioning controllers are
not infinitely stiff in response to external forces
(also called disturbances). Even though the po-
sitioning controllers of robots are usually desi-
gned to follow the trajectory commands and reject
the disturbances, the robot end-point moves some-
what in response to imposed forces on the robot
end-points. Although d and e affect the robot in

a nonlinear fashion, equation (1) assumes that the
motion of the robot end-point is a linear addition
of both effects. No assumptions éon the internal

structure of G and S are made.

Figure 1 Enviromment and its dynamics
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The environment can be considered from the view-
point of an unstructured model as shown Figure 1.
If one point on the environment is displaced as
vector of x, with force vector, f, then the dyna-
mic behavior of the environmment is given by equat-

ion(2).

f = E (2)

This equation represents a general mapping from
x to £f. 1If one point of the environment is displ-
aced as vector of x, then f is the required force
to do such a task. E, represents the environment

dynamics, while f and x are n x 1 vector of the

contact force and the envirounment deflection res-
pectively. x, is the initial location of the
point of contact before deformation occurs and

y is the robot end point position(x=y-x.).

The general block diagram of the robot and en-
vironment can be considered as in Figure 2. For
the purposes of our analysis, it is convenient to
consider E to be an odd function; however, in phy-
sical application, f may be zero if x is negative.
For example, in the grinding of a surface, therobot
can only push the surface. 1f one considers pos-
itive f for "pushing" and negative f for "pulling",
in this class of manipulation, then robot manipula-
tor and the environment are in contact with each
other only along those directions. In some appli-
cations such as turning a bolt,the interaction
force can be either positive or negative, meaning
that the interaction torque can be clockwise or
counter-clockwise. The nonlinear discriminator
block diagram in Figure2 is drawn with a dashed-
line to represent the above concept - the bolck
is present when the interaction forces can only

be compressive.

LN

E
¢ L e

Figure2 The block diagram of the robot

and environment



Figure 3 shows the system whem compliance com-

pensator, H, is incorporated in the control stru-

cture. The input to the compensator, H is the

contact force. The output of the compensator 'is
subtracted from the input command vector, r. Note
that when the robot is in interaction with the en-
vironment, f = -d and x =y - x,. There are two
feedback loops in the system. For brevity, we

refer to the SE loop as the natural loop because
this represent the internal manipulator and envi-
ronment dynamics and to the HE loop as the compl-
lance loop because it contains the compliance

compensator.

I1f the robot and the environment are not in

contact, then the dynamic behavior of the system
reduces to y = G(r). When the robot and the envi-
ronment are in contact, then the value of the

contact force and the end-point position of robot

are given by f and y where the following equations

are true:

y = G(e)-S(D (3)
f = E®) (4)
e = r - H(f) (5)

I1f all the operators of Figure3 are linear

transfer function matrices,

f=[E'l + S+GHI'1G r (6)

{I, + SE+GHE}1G r

(7

y

-1

H

compensator

Figure3 Addition of a compliance compensator

to the robot and environment dynamics
4.

Stability Condition

The objective of this section is to arrive at a
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sufficient condition for stability of the system
in Figure3. This sufficient condition leads to the
introduction of a class of compensators, H, that

can be used to develop compliancy in the system of
Figure3. 1In the approach that follows, we first

simplify the contrel structure in Figure 3 su-~

by
bstituting a function, V, which is the mapping from

the command position, e, to the contact force, f.

Next, we use the small Gain Theorem to derive the

general stability condition. Then we show the st-

ability condition when H is chosen as a linear op-
erator (transfer function matrix) while V is a non-

linear operator.

The V operator is defined as a mapping from e to
f and is a general relationship that encompasses
the G,S8, and E operators within Figure 3. If G,S,
and E represent linear, multivariable transfer fun-
ctions, and B = O, the transfer function, V, from
equation(6) is given by

V = E[l, +SEI-1 G (8)

Moreover, the V operator can be obtained from sim-
ulation or experiment. The following proposition
(using the Small Gain Theorem references [Vidyasa-
1985]

stability condition of the closed-loop system sho-

gar, 1978; Vidyasagar, Spong, ) states the

wn in Figure4.

Figure4 Manipulator and the environment with

force feedback compensator, H
If conditions I, II and IIX hold:
I.V is a Ly - stable operator, that is
a) V:LBy LMy (9)
b) V@ iz<saqllell + B4 (10)

O. H is chosen such that mapping H is L,-stable,

that- is
a) H:LB- L0, (11)
by HH® [2<aslifil2+Bs (12)



. and agos <1 (13)

then the closed-loop system(Figure 4) is L, -stable.
The proof is given in reference [Kazerooni, Tsay;
1988].

where || +|| represents the P-norm of a function(see
Appendix A). Substituting for [|[f]], from inequality
(10) into inequality (12) results in inequality(14)

(Note that f = V(e))
Il H(V(e)) ll2 < agasiiellz + asBa+ Bs14)

o40Ls in inequality (14) represents the gain of
the loop mapping, H(V(e)). The third stability

condition requires that H be chosen such that the
loop mapping, H(V(e)), is linearly bounded with

less than a unity slope.

If H is chosen as a linear operator (the impul-
se response) while the other operator is nonlinear,

then:

Il Hv(e) llz< vl V(e) iz (15)

where: ¥ = Omax (N) (16)
Omax indicates the maximum singular Valuel, and
N is a matrix whose ij-th entry is supgfHij). In
other words, each member of N is maximum value of
(Hij) over allwe [0}”). Considering inequality

(15), inequality (14) can be rewritten as:

i HV() 2yl V(&) llz2 < yoallellz +vBa(17)

Comparing inequality (17) with inequality (14), to
guarantee the closed loop stability,?Y (g must be
smaller than unity, or, equivalently:

Y <
g

(18)
To guarantee the stability of the closed loop system,
H in Figure 4 must be chosen such that its "size",
as indicated by Yy, is smaller than the reciprocal
of the "gain" of the forward loop mapping, as ind-

icated by 4.

The maximum singular value of a matrix A, Oma
(A) is defined as:
laz]

A =
omax( ) max

{z]

where Z is a non-zero vector and {+] denotes

Euclidean norm.
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When all the operators of Figure 4 are linear

transfer function matrices, inequality (18) can

be used as a sufficient condition for stabilicy.

1
Omax [ E(SE + I)-1G ]

Omayx [Hl< forallme (0. o,
Inequality(19) can also be derived using the mul-
1986a].

Similar to the nonlinear case, H must be chosen

tivariable Nyquist criterion [Kazeroconi,

such that Ompay [H] is smaller than the reciprocal

of the maximum singular value of the forward loop

mapping in Figure 5 to guarantee the stability

of the closed loop system.

r e

\j

-1
E(SE+I,) G

H
Figure 5 The Simplification of Figure 3 when
all the operators are linear transfer
function matrices.
5. Compensator Design

The object of this section is to determine the
form of the compensating controller, H, so that
the deflection of the end effector due to interac-
tion forces between the robot end effector and the
environment can be compensated. The stability cri-
teria for chosing the compensator was expressed in
equations(18) and (19). For better understanding
the nature of the stability of a system, linear
case is considered in this section. Since G=Ip
for all w e [0, ®p),(the end point position is appro-
ximately equal to the input trajectory vector e},
the compensator, H, can be designed by

< 1
Omax | E(SE + Ip)-1]

Omax [HI] for all w € [0.w,]00)

Omax [H]l < Opip [EI(SE + Iy)] forall @ e[0,w,](21)

In equation(21), an ideal compensator control law

can be derived as the inverse of the transfer fun-
. -1

ction (Vv = E(SE + In) ) for the natural feedback

loop in Figure 3.

For more understanding about the compensator to
be designed, one degree of freedom system(n=1) is
for all we

considered. Since in many cases G=1

(0, ®,), the stability criterion when n=1 is given



by inequality(22).

H| < |(S+V/E)| for allw e [ 0, o] (22)

where[+] denotes the magnitude of a transfer func-

tion. 1If the environment is very r id in compar-

ison to the stiffness of the robot structure(l/S<<

<< E), the compensator, H, is given by
H <|S] forallwe [0, o]

On the other hand,

(23)

if the enviroament is very soft

in comparison to the stiffness of the robot(1/S

E , the compensator, H, can be designed by
H| < |UE| forglloe [0, o]

In most manufacturing tasks, the end point of

(24)
the robot manipulator 1is in contact with a very
stiff environment. Robotic deburring and grinding
are examples of practical tasks in which the robot
is in contact with hard environment [Kazerooni,

19864d].

There is some compliancy in a robot beca-

use of the compliancy of its mechanical structural

and the tracking controller. Therefore, the comp-

ensator, H, can be designed by equation(23).
As an exaple, if the sensitivity, S, is modeled

as [ks + dg S]_l, where the parameters kg and dg

are the stiffness and damping of the system, the

compensator, H, becomes
L
k
H| < |g—— o e [0, o] (25)
Es—s + 1
S
1
* Atalow frequency, H< =
S
which can also be represented as
Hy
H = (26)
Th s + 1

where H, is compensator gain, and Ty is time cons-
tant. The stiffness and damping df a robot are

nonlinear and time variant, but proper values for
H0 and Ty can be chosen by knowing S. The value

of H within @ e [0, w,] is the designer's choice

and, depending on the task, it can have various
values in different directions [Kazerooni, 1986a;
1986b].

transform of the compensator, H, for equation (26)

For a computer controlled robot the 2

is given Appendix B.

It is clear to show that when the environment

is very stiff, the compensator, H, should be less

than S. Then one must choose a very small H to sat-
the stability of the system when § is "small'.

If-8

isfy
(A good positioning system has "small" §).
approaches to zero, then no H can be obtained to
stabilize the system. To stabilize the system of
the very rigid environment and the robot, theremust
be a minimum campliancy in the robot. Direct drive
manipulators, because of the elimination of the tr-
ansmission system, often have large S. This allows
for a wider stability range in constrained manipul-

ation.

We conclude that for stability of the environm-
ent and the robot taken as a whole, there must be
some compliancy either in the robot or in the envi-
ronment. The initial complianty in the robot can
be obtained by a non-zero sensitivity function or a
passive compliant element such as an RCC. Practit-
ioners always observed that the system of a robot
and a stiff environment can always be stabilized
when a compliant element (e.g. piece of rubber or an
RCC) is installed between the robot and environment.
One can also stabilize the system of robot and envi-
ronment by reducing the robot stiffness. In many
commmercial manipulators the stiffness of the robot
manipulators can be reduced by decreasing the gain
of each actuator positioning loop. This also results
in a narrower bandwidth (slow response in the uncon-
strained maneuvering) for the robot positioning sys-
tem. The stability criterion alsi shows that no
compensator can be found to stabilize the interaction
of the ideal positioning system (very rigid tracking

robot) with an infinitely rigid environment.
6. Summary

A general stability condition was derived using
unstructured models for dynamic behavios of robot
manipulators and environment. This unified approach
of modeling robot and environment dynamics is exp-
ressed in terms of sensitivity functions. The cont-
rol approach allows not only for tracking the input

-command vector, but also for

A bound for the

compliancy in the
constrained maneuverings. global
stability of the manipulator and environment has
been derived. _ For stability of the enviromment and
the robot taken as a whole, there must be some ini-
tial compliancy either in the robot or in the envi-
ronment. The compensator to be designed was discu-

ssed, an ideal compensator control law can be deri-

8ved as the inverse of the stiffness of the system



of a robot and its environment.

Appendix A : Function Norms

A norm is a function whose range is R® (positi-
ve real), which, roughly speaking, indicates the
size of some quantity. In the same way in which a
norm can be used to measure the '"size" of a
or a matrix,
Norms are can play an important role inm stability
theory by providings measure of the size of vario-
Here some useful definitions are

us quantitfies.

given in this appendix. For more details see Vi-

dyasagar [1978].

Definition 1: For allp € (1,00}, we label as Ln,
the set consistinf of all functions fn[f1ﬁ2,“.ﬂn]T:

[0,00) R ® such that:

oo
0 .
Definition 2: For all T € (0, e0), the function fT

for 1 = 1,2,...4n

defined by:

§iT

is called the truncation of fto the interval [0, T
Definition 3: The set of all functions f=(fy,fs,...,
1,)7: (0,90) —R"™ such that tTe L, for all fini-

te T is denoted by LM, by itself may or may

not belong to L",.

Definition 4: The norm on L is defined by:

vector

the norm of a function can be defined.

n 172
Htlle = 2 2
i=1
where "fdl. is defined as:
oo 1/pP
I tills = Jultil, dt
0
where wjis the weighting factor. w; is particular-

ly useful for scaling forces and torques of diffe-

rent units.
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Definition 5: Let  Vp[):LM,F+ LM,  We say that

operator Yal) is L,- table, if:

&) VtdLn, s L,
b) there exist finite real constants o¢y and By
such that:
IValegd llp ¢ ocpllezllp+ B2 Ve, el

According to this definition we first assume that
the operator maps L%. to Ln“, It is clear that

if one does not show that Vol th > L" the satis-

pe>
faction of condition (a) is impossible since Lh"
contains Ln'. Once the mapping of Vj(1) from

L*e

operator ¥yl

is established,
L,

the resulting output belongs tol®,.

to L“" then we say that the

is ~-stable if wheanver the input
belongs to Lu,
Moreover, the norm of the output is not larger than
©¢g times the norm of the input plus the offset

constant

Definition 63
sts a By
satisfied is called the gain of the operator V,(].

The smallest ofz such that there exi-

so that inequality b of Definition 5 is

Definition 7: Let Vbl g+ Lr . The ope-
rator W[} is said to be causal if:
Vz[EQ]T = V2[92T] ¥ T<ee and v e, € L"’.

Appendix B

For a computer controlled robot, compensator, H,
is designed in the frequency domain, then transfer-
red to the discrete time (z) domain to be realized
Since the computer has a zero order hold

H,

digitally.

output, the Z transform of the compensator, for

equation (26) is given by

Ho z1(1 - eT/1y)
}uZ):

1-z-le-Tigy

The difference equation of the compensator can be

written by
Axp = eTley Axp.p+ Ho (1- eTlty ) fn.1

where n is positive integer, f is the input to the
compensator, and AX is the output of the compensa-

tor. T is the sampling time of the controller.
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