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3RS HEZEA 2%

2ok 873 2 (Maxinum Weighted Path) & c}l& 2} 7ol A 2|%tc),

DEFINITION of MAXIMUM WEIGHTED PATH:

[+

In A Directed Network G=(V,A) with weights w(u,v) associated with

each pair (u,v) of vertices in V and two specified vertices s,teV,

A path P=(Vp,Ap) from s to t is a Maximum Weighted Path iff

There exists no path P’=(Vp’,Ap’) from s to t such that

Z W(U.V) < z W(U,V)
(u,v)eCp (u,v)=Cp’

vhere Cp={(u,v)| v is reachable from u on the path P }.

chge] ofE 2z, WELIZE [291] 2 A2 7 oicojdel oyt Egol [E3]
e} et o wl, odrlojAe] McojE§HEE 1-2-3-6-To]c}.

€& 11 ojr}.

22l o] WE F K

(&3] olr]#re) £-& w(i,J)

2 3 4 5 6 7
11 1} 1§ 2§ O 1
2 1 2 1
3 1 1
4 1
5 1
6 1

ole%t 2R &2 g Fiit A Fel2¥ e Ao

*MATHEMATICAL FORMULATION:

Consider a Directed Graph G=(V,A) with node set V={1,2,..n} and arc set A

whose elements are ordered pair of vertices (i,Jj) indexed by a.

Let C={(ui,vi)..(us,v1)} denote set of pairs of vertices

_13_

in V

and the



w(u,v) denote the weights associated with each pair (u,v)eC.

Let t(a) and h(a) denote the tail and head of arc a then F(i)={a] t(a)=i,
acA} and B(i)={al h(a)=i,acA} are the set of arcs that originate and terminate
at vertex i respectively.

The problem of finding maximum weighted path from s to t is,

Max W= 3 {wlu,v) *#(XXa) = (3XXa)) ———————aa(1)

(u,v)eC aeF(u) aeB(v)
s.t. X Xa - Y Xa = b(i). vieV
aeF(i) aeB(i)
————(2)

Xae{0,1} V ac A
1 for i=s

where b(i)=[: O for all i #s,t = oo (3)
-1 for i=t

4 EA2] %=
YR ERE BAE FolW W= 2l w£BHQ W Se} shmebs NP-hardol
th.  H.G.Gabow,(1976) 52 FF=x]47d 24| (Path with Forbidden Pairs Problem
: PFPP)-§ 7d2)3}3, o] F#|7} NP-Complete & M. git}.
*Path with Forbidden Pairs Problem(PFPP):
Instance -~ Directed graph G=(V,A), Specified vertices s,teV
- A set C={(ui,v1),..(ux,vk)} of pairs of vertices in V
Question - Is there a simple path P=(Vp,Ap) from s to t in G that
contains at most one vertex from each pair in C.
ol PFPPE o] §slo] w84 WEgaojael 2ohRE73% F47} NP-hard &
Hol chg3 7},
Theorem: The Complexity of Maximum Weighted Path in an Acyclic Network
Problem(MWPANP) is NP—hardJ
proof)
- Let w(u,v)=-1 for forbidden pairs and w(u,v)=0 for all other pairs. Then

- 14 -



find the maximum weighted path and the weight W
- If the weight W is less then zero, there exist no path that contains at
most one vertex from each forbidden pairs.
- Hence PFPP is polynomially reduceable to MWPANP. =
el ZeiolMt 7t uhrlgolchtt Ego} A4 dedold MW o)t 2
of, 7t ohclate] Ego] 4o dedofMT Helsl: A SolE NP-hard g 2ol
g3 2t |
Theorem: The Complexity of Maximum Weighted Path in an Acyclic Network
Problem(MWPANP) remains NP-hard even if w(u,v)eZ+.
proof)
- Consider a boolean expression B in 3-conjunctive normal form with m clauses
each of which is the disjunction of 3 literals.
B=(P11 v P12z v P13)a(P21 v P22 v P23)A...~(Pmi V Pmz V Pam3).
A literal Pi; represents either a boolean variable Xx or "Xk.
- From B, we construct a graph G=(V,A). node set V consists of a source s, a
sink t and nodes Vi; for each Pi; in B. arc set A contains all pairs of literals

in consecutive clauses of B. Thus,

A= {(s,Vij)I11=j=3} u {(Vij,Vi+r. &) I12ism, 1<,k<3} u {(Vaj,t)112j<3}.

- Let the weights for all pairs of nodes (Vij,Vk1), 1lsickzm, 1<j,1<3, be.

1 for all pairs that have Pijz"Pu1.
w(Vij, Vi) =[: .
0 for all pairs that have Pi;="Pui.

_15..



- Now find a maximum weighted path from s to t. The total weight of the path
may result in the two cases. One is that the total weight equals to m(m-1)/2 Qnd
the other is that the total weight is less than m(m—l)/é.

- In the case one, the path contains no pair (Vij,Vii) that have Pij="Px1.
Thus.'if we set the value of Pi; corresponding to Vi; which is in the path true,
the value of B become true. In case two, there cannot exist any path without any
pair (Vij,Vk1) that have P;j="Px1. Thus the value of B is false.

- Hence if there exists a path with the total weight is n(m;l)/z, it implies
that the given expression B is satisfiable.

— We can see that the graph G is Acyclic and weights w(u,v)eZ«+.

- Finally, G and W can be created from B in pollynomial time. =m

- 16—
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Arerzhs) sharztol WxstA ¥ wl Mg FeAYC

L

lo

5-1 7HAF &
WEsglaste] e ® a=(i,§) of kA 7FAr A& (Pseudo-Veight) Lij & ch&3}

ol Hejeeh.

#DEFINITION OF PSEUDO-WEIGHT:
Pseudo-weight Liy for each arc a=(i,Jj) in A are as follows.
Lij = Max { Z w(u,J)IP in Fi }
uevp

where Pi is the set of all paths that originate at vertex s
and terminate at vertex i.

= llJ + w(is\j)
where lij is the length of the longest path from vertex s to i
with the length of arc in F(k) be the weight w(k,j) for all k<j.

%, obe) a=(i, )9 ZARARE Lise, & vhel4re] B4 Fof uhe] j 2 B30
£eET =AU ¢ o, vt s 28 bl i g ZHsted vl § 7l
dElE R2rh Molula & 4 dE 3 EEe) Hciolch

o] Zte UEY=2] 7 uir) k o4 FHste T X2l ZHelE wk,i)E FI,

¥
rr

0

24 vhe) s & Fef ohel i sbxle) AAREE FU F 23 Aol 1y o wLDE
e iz e

st MY Sy UEYTold HARE AL %3Esh NP-hard olch.
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By WEYIrt u]e8YA A2ofs §2 B(Negative Cycle)o] Zzjs}z] gto vz
7t xeo] Aolo] FXF WARR ¥ APAE AT Y Yok, aleta gjo] oo
A7 RE 0n2) Tol 2% 5= gl = whebd 7t Fol ot A E S-S 0(n2) Tho

Y 5 slich
5-2 ch-2]t 32§ o] &% Absre] A
©h52] T73 2 (K-th Shortest Path) & o] -&slod $E 22| AMttZto] 2 73z S Mg

sted 2 gAsl k. o e chg o

*PROCEDURE for the K-th UPPER BOUNDED PATH:

Let the length of each arc a=(i,j) be -Lij.

- Obtain K~th Shortest Path P from s to t and the length Lp.

Let the length of the path Lp=-Lp.

- Then P is K-th upper boundevaath and L is K-th upper bound.

Hebdo] 74 ol kol slexlof oyt i g} o).
Theorem: In the Procedure for The K-th Upper Bounded Path, Lp is the upper bound

of the total weight of the path P.

Proof)

-Since the network is acyclic, longest path is same as the shortest path with
the length of each arcs are reversed in sign.

—-Pseudo-Weight Li; is the upper bound for the sum of weights which

terminates at node j and covered by a path from s to J through i.

-Hence the sum of Pseudo-Weight of all arcs in a path is upper bound for the

total weight covered by the path. =m

5-3 A oA
THEEE TR E ol fsle] A,slttg W¥Hoz TalrlnalHs)y e

A eAL gt 2.
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*Iterative Bound Method using K-th Shortest Path:
Step O : Obtain Pseudo-Weight Liy for all arc a=(i,j) with weights w(u,J).
Let the length of each arc a=(i,Jj) be -Li;.
Let K=0, pPs={}:Solution, L=+INF:upper bound, W=-INF:lower bound.
Step 1 ¢ Let K=K+l.
Obtain the K-th Shortest Path P and Length Lp. Let Lp=-Lp
Obtain the total weight Wp = ¥ w(u,v).

(u,Vv)eCp
where Cp={(u,v)| v is reachable from u on P }.

Step 2 : If W < Wp then W=Wp, P*=P.
If L > Lp then L=Lp.
If L < W then Return P%, Stop
Goto Step 1.
5-4 o=,
o] ofs xx. FojW YEgae [(2%2] & A2 A ool £F
& [Z4algh Zohstat. o714 $ie) shde A&+ chya Ao

[¥4] vjc)#re] £-§ w(u,v)
2 3 4 5 6 7 8

1l 1} 2] 2| 1} 3] 1] 1
2 1] 4 1| 1} 2
g 2,
3 1] 2 2f 1} 1
4 31 2| 1
5 2l 1} 2
6 2
7 1
{282l EH2
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Step 0: Z} ¥ 2] 7l R g Fst! chg [(2Y3] 2 ZYc}.
L12=11 Ll3=2' L24=3, L25=5p L34=3v L35=3’
L46=8, L47=4, Ls¢=7, Ls7y=3, Leés=7, L;g=6.

[Z2®3] zF 2o 73k g,

Step 0: K=0, P#={}, L=+INF, W=-INF

Step 1: K=1, P1=1-3-4-6-8, L1=20,
W1=(2+2+3+1)+(1+2+1)+(3+1)+2=18

Step 2: L=20, W=18, P%=P1

Step 1: K=2, P2=1-2-5-6-8, 12=20,
W2=(1+1+43+1)+(4+41+2)+(2+2)+2=19

Step 2: L=20, W=19, P%=P2

Step 1: K=3, P3=1-3-5-6-8, L3=19,
W3=(2+1+3+1)+(2+2+1)+(2+2)+2=19

Step 2: L=19, W=19, Px=P2, Stop.

*

atets 2ol g2 1-2-5-6-8 o], olu) 73ze] 2HLE 19 o},

rin

S AHY 29Uz e 2alxo] o=k EHwHo] Fxo] WSsp: m
e 24 Moju|28 23AHEoz A dAYE Lo %o 2)
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