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Abstract

"iree network consisting of communicating pro-
cessors is cousidered. The objective is to mini-
mize the computation time Ly distributing the
processing load to other nodes. The effect of
the order of load distribution on the processing
time is addressed. An algorithm which opti-
mally determines the order of load distribution
is developed. It is shown that the order depends
only on the channel capacity between nodes but

not on the computing capability of each node.

1 INTRODUCTION

Suppose that a processor, the root node, of the
tree network of communicating processors re-
ceives a burst of processing load. In order to
process the load in a minimal amount of time,
all the nodes of the tree network share the pro-
cessing load given to the root node for utiliz-
ing the distributed computation. The process-
ing load is distributed to each child node from

its parent node.
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The problem of optimal distribution of the
processing load among the nodes in the tree net-
work was discussed by Cheng and Robertazzi[1].
They proposed a bottoni-up algorithm for an
optimal distribution of processing load, in the
sense that it minimizes the total processing time.
Their algorithm is based on the fact that in or-
der to obtain maximum parallelism and a min-
imum time solution all processors must stop
computing at the same time. But they failed to
recognize that different load distribution order

can change the total computing time, Actually

“their algorithm results in the optimal load dis-

tribution when the order of load distribution is

determined a priori,

In this paper we extend their results by
considering the load distribution sequence and

propose an optimal load distribution algorithm.

2 Problem Statement

Consider a tree network consisting of commu-
nicating processors as shown in Figure 1. It is

assumed thal every node in the tree network
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Figure 1: Example of Tree Network
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Figure 2: Subtree of Tree Network

can communicate with only its parent node and
children nodes and a node cannot communicate
with more than one node at the same tine, In
general, each node in the network has different
computing capability and the channe] capacity

between every two nodes is different.

Suppose a huge amount of processing load
is given to one processor, the root node. In
order to process the load effectively, so minimize
the total processing time, the load is distributed
over the whole nodes for utilizing the distributed
computing. The root node in top level first keep
some fraction of the total processing load and
distributes the remaining load to its children
nodes in the next lower level. The nodes in

the lower level keep some fraction of what they

have received and distribute the remaining load
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to their children nodes in the next lower level,
and so on. This distribution proceeds until the

nodes in the bottom level are reached.

Consider a subtree of the tree network con-
sisting of one parent node, ng, and k children
nodes, ny,ng,...,n; as shown in Figure 2. The
parent node, ng, which has received some load L
from its parent node keeps ayp fraction of L for
itself to process and distributes the remaining
load to its k children nodes one by one in a spe-
cific order. Define d; as the ith distributed child
node. For example, if parent node distributes
some amount of L to the child node n; in the
ith place then d; = n;. Note that dy = ne. Sup-
pose the ith distributed child node d; receives a
fraction o; of L. On receiving the «; fraction of
L, the ith distributed child node d; keeps ; frac-
tion of what it has just received and distribute
the remaining load to its children nodes. Note
that index ¢ of a;s and f;s correspond to not
the position of node as in [1] but the order of
distribution. In {1} «; is the fraction of L which
node n; receives and §; is the fraction of what

node n; has received which node n; keeps.

With these differently defined coefficients
Cheng and Robertazzi’s load distribution algo-
rithm [1] for the tree network can be given by

following equations:

ool = 0121 Tem + w1 B1 Tep (1)
w0 BT = aip12i1 Tom + ci1ip1 i Ty,

for i=1’2"."’k‘1 (2)
atart+-tap=1 3)

Here w; is a coefficient inversely proportional
to the computation speed of the ith distributed
child node d;, z; is a coefficient inversely propor-
tional to the chaunel speed between the parent
node and the child node d;, T, is the time it
takes for one node to process the entire process-
ing load when the corresponding w is equal to 1,

and T, denotes the time to transmits the entire
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processing load over the channel when the cor-
responding z is equal to 1. Since it is a bottom-
up algorithm, values of §;s have been previously
obtained from the next lower level using (1)-(3)
where ; corresponds to «g of the subtree which

has node d; as its parent node.

The equations (1)-{3) can be rewritten by

following equations:

a; = Yo, for i=1,2,....k (4)

éa; =1 (5)
where |

% = a‘b-:b.azl-):-bzma:’:lb;w“ (6)

“ & z;% (7

b 2 wif, for i=1,2...k (8)

h 2 1 {9)

For given values of Tom, Ttp, 2i8, w;s, and
B:s, the optimal load distribution, i.e. a8 can
be determined by the equations (4)-(5). Once
os are obtained, the total processing time, which
is just the processing time of the root node is
given by aowyT,,. Note that it can be consid-
ered as a function of aqg ouly, for given wy and
T.,. Now, what if we change the order of dis-

tribution? Can we expect to have a different,
hopefully smaller, value of ay? The next exam-

ple will answer this question.

Evpample 1: Coneider a subtree network shown
in Figure 3. The corresponding values of a;s
and b;s for each child node are given. First,
assume that the parent node ny distributes its
processing load to its children nodes in turn
from left to right, that is, d; = n,, d3 = n,,
d3 = nj, and dy = ny. This is the distribution
order Cheng and Robertazzi considered. In this
case, a; = 20, a3 =410, a3 =5,a,=1,and b =
by = by = by = 1. From (4)-(5), a5 = 0.9496.
Next, consider another distribution order, from
right to left. Then, d; = nq, d3 = n3, dy = ny,

and dy = ny. In this case, 6, = 1, a; = 5,
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Figure 3: Subtree with 4 Children Nodes

63=10,d4=20,ﬂnd61=bg=63=b4=
1. This results in a smaller ap = 0.6284 than
the previous one. So we can process the total

processing load faster.

From the above example, it can be ob-
served that the order of load distribution over
the children nodes is an important issue when
we consider the distributed computing for the
tree network. If a parent node has k children
nodes, there are k! possible orders of load dis-
tribution. In the next section an optimal load
distribution algorithmn obtaining the fastest pro-
cessing speed is presented.

3 Optimal Distribution of

Processing Load

The main objective of this paper is to achieve
the minimum total processing titne by determin-
ing the optimal order of load distribution from
the parent node to children nodes. If a pavent
node 1o has k children nodes, there are &! pos-
sible sequences of load distribution. Since the
total processing time is just the processing time
of the root node agqwoT,, and wo aud Ti, are
known values for each given subtree, the objec-
tive is equivalent to find the optimal distribution
order resulting in the minimum «¢ among the

k! possible orders.

As shown in Example 1 we can consider
o9 88 & function of distribution sequence I =

{11, ..., I}, ao(I) for a given subtree. If the
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parent node of subtree in Figure 2 distribute
the processing load from left to right, that is,
dy = ny, dy = ng, dy = ng, dy = ny then I =
{1,2,3,4}. Define an operator S;; on sequence

I as follows:
Si (1) 2{L,.. olhion i Ligay - Lo I
Ij+h' . -»Ik}

That is, S;; swaps the ith and the jth entries
of I.

(10)

Lemma 1 For any subiree consisting of one
parent node, no, and k children nodes, n,, na,
..., ni and o given sequence of load distribution

order I, if a; > ajy, then

ao(1) 2 ao(Siina(I)), for i=1,...,k=1
(11)

The equality is satisfied when a; = a;4y.

Proof: From equations (4)-(5), ao(l) can be
given by

ao(I) = .1%‘; (12)
where
q27]+72+...+7k (13)
= axb-:b‘u’°+ a‘b_:b‘ a’ll:h’wo-i-...
b
+a1 l-)i b a,[:- b, o a,-)+lb..w°
bi~— Ii
+a1 b—: by agi‘- b @ +1b,- a.’+1)b.~+1 wot...
a b: by (121: by o akbk;_lbkwﬂ (14)

Let I' = Sii41(I). Then ao(I') can be written

by
1

= — 15
o) = 5z as)
where
bo by by
! = oot ...
= orn et a i ha i
+ bo by biy
ai+biaz by agy b
bo by bi..x bi+1 wo
ar+biart+b  ayp Fbhpait+b
bo by L
.. w, 16
+ +(11+b104+b2 a4 by o (16)
From equations (14) and (16)
1
N-al'Y= ——(¢ ~ 17
ao(I) ~ ao(I') (1+q)(1+q’)(q q) (17)
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and
' - bﬂ bl . bi-—l
179 % G ¥bhath atb
1
(@ —aiyy)  (18)

aip1 + bigy

Therefore ao(I) 2 ao(I') when ai > ajy1 and

ao(l) = ao(I') when a; = a;iy,. [ ]

Now, we can establish an optimal load dis-
tribution algorithm achieving the fastest pro-

cessing speed. It is stated as follows:

Load Distribution Algorithm

Step I. Determine the distribution order such
that the child node having smaller a;,
t.¢. faster channel speed receives the
fraction of processing load first all the
way through.

Step 2. Calculate the fraction of processing load
a; for each child node d; by using equa-

tions (4)-(8).

Note that once the distribution is deter-
mined according to Load Distribution Algorithm,
a; € a3 < ... £ ax. Between a;s and b;s of
children nodes only a; values, especially the rel-
ative magnitudes of a;s, determine the optimal
order of load distribution. That is, we don’t
need to counsider the computation speed of the
child node to determine the load distribution

sequence.

Theorem 1 Load Disiribution Algorithm pro-
vides the optimal load distribution order in the

sense of minimizing the total processing time.

Proof: We can prove this by contradiction.
Witliout loss of generality we can assume that
all a;s are different each other. Suppose that
any distribution order except the one with as-
cending order of magnitude of a;s results in the
smallest ag among all the possible k! distribu-
tion sequences. Since this distribution sequence

is not distributed in the ascending order all the
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way through there always exists at least one pair
of neighboring node where a; > a;4;. Therefore
from Lemma 1 we can have larger value of ay
by swapping that neighboring nodes d; and d;4,.
This contradicts the original assumption of an
optimal load distribution sequence. n

4 Conclusion

Load distribution problem for tree network of
communicating processors is considered. The
processing load is distributed to the other nodes
to utilize the distributed computing. Cheng and
Robertazzi's algorithm for optimal load distri-
bution to minimize the total processing time

is generalized by considering the order of load
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distribution sequence. The effect of the order
of distribution on the computation time is dis-
cussed and the optimal load distribution order
minimizing the total processing time is derived.
It is shown that the order depends only on the
channel capacity between nodes, but not on the

computing capabilities of each node.
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