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ABSTRACT - A compact type LDPE autoclave reactor is
analyzed with respect to the effects of the initiator feed
concentration and the rate of heat transfer by employing the
mixing-cell model with backflow. Singularity theory is applied
for the single-cell model so that one can construct all the
possible bifurcation diagrams. Since the single-cell model may
not be adequate for the actual reactor, a two-cell model is also
treated to predict the dynamic behavior of the reactor. As the
rate of heat transfer increases, various multiplicity patterns and
oscillatory motions are found. Apparently, the monomer
conversion can be substantially increased with proper heat
removal and initiator supplement scheme. For this, however,
the complex dynamic features accompanied must be taken into
consideration in the reactor design.

INTRODUCTION

After the LDPE was first synthesized by ICI(Imperial
Chemical Industries) in the 1930's, various processes for the
production of the LDPE have been proposed by many chemical
companies. The processes, however, can be distingushed
mainly by the reactor pari and the other parts of the processes
are almost alike. Two kinds of LDPE reactors, the tubular
reactor and the autoclave reactor, are in use. The former
shares the world-wide production of the LDPE by 55 %, and
the latter by 45 %. While the behavior of the tubular reactor
has been well examined by various authors{2,3,15], the
characteristics of the autoclave reactor is left unexplored on
the whole although a few pioneerig works[6,11,14] have been
reported in the area of reactor simulation.

There are two different types of autoclaves: one is the
slim reactor introduced and developed by ICI and the other is
the compact type which was developed by Du Pont[7]. Both
types are operated at 1000 ~ 3000 atm and 150 ~ 300 °C.
Fig. 1(a) shows a compact type reactor. This type of reactor
has an L/D ratio of between 2 and 5, well-stirred reaction
chamber, and the agitator motor located outside the reactor.
The compact reactor does not lend itself for division into
compartments due to its geometrical structure.

As autoclaves are characterized by smaller conversion than
tubular reactors, attempts have been made to increase the
conversion by removing some of the reaction heat with the aid
of internal cooling device consisting of a liner with cooling
coil for the passage of coolant[cf. Fig. 1(b)].

Here we shall present a detailed analysis of the steady state
and dynamic behavior of a compact type LDPE autoclave
reactor. In particular, the heat effect caused by the internal
cooling tube on the reactor performance will be elucidated.

MODEL DEVELOPMENT

Although the LDPE polymerization reaction takes place at
high pressure and temperature, the reaction is regarded to
follow the conventional free radical mechanism. FElementary
reactions considered in this study are initiation, propagation,
termination, and chain transfer to monomer. The analysis of
stability and dynamics does not depend or the polymer
molecular weight distribution(MWD) since the moment
equations have no feedback on the reactor dynamics. Although
these equations are included in some calculations, the MWD
results are not presented in this study but will be presented in
the future work.

Due to its small L/D ratio the compact type reactor may
be represented by the single-cell model or the two-cell model
with backflow. For the two-cell model as shown schematically
in Fig. 2, the mass balances of monomer, initiator, and total
living polymers and the energy balance yield a set of eight
ordinary differntial equations which can be put in dimensionless
form as follows:

fdxy/dr = o + Bx2 - (@+B8) x1 - 4 Rx1 (1)
g dyi/dr = a + 8yz - (a+B) y1 - 4 By1 (2)
u dzi/dr = Bzz - (a+B) 21 - p# Rz (3)
i dwy/dv = a + Bwz - (a+B) w1 - 4 Rwi (4)

for the cell 1 and

Fig. 1. Schematic diagrams of (a) a compact type reactor and
(b) a reactor with internal cooling device[13].
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Fig. 2 Schematic diagram of the two-cell model
for the compact type autoclave reactor.

(1-p) dxz/dr = (1-a) + (a+B)x1 - (1+8) xz - (1-g) Rxz (5)
(1-at) dyz/dv = (1-a) + (a+B)y1 - (1+8) yz - (1-) Ryz (6)
(1-4) dzz/dv = (a+8)z1 - (1+8) zz - (1-p) Rzz (7)
(1-p) dwz/dt = (1-a) + (a+B)wy - (1+8) wz - {1-4) Rez (8)

for the cell 2, where

Rxj = - Daj x;j exp(ra(wj-1)/w; ) 9)
Ry; = - 2f¢Da; x; exp(ra{wj-1)/w; )

- Dap yj zj exp(rp (wi-1)/wj )

- Daem yj 2zj exp(rim (Wi-1)/w; ) (10)
Rzj = 2f¢Dai xj exp(ra (wj-1)/w; )

- Dat 2j2 exp(yt (wi-1)/wj ) (11)

Rej = Bp Dap yj zj exp(re (wj-1)/wj )
+ Be Dat 22 exp(re (wi-1)/wj )
- 8(wi-we) + ¢ (12)

in which the subscript j on x, y, z or w denotes the cell
number. The dimensionless groups used in the above equations
are defined as

x3 =1 71t Yi = Mj /Mg 2j = Gy /Mt
wi =T; /Tt we = Te /T¢ ¢ = Is /M¢
T=t/0 ¢ = PO/VepCpTt & = UAtO6/V1pCp
74 = E4/RT¢ 7p = Ep/RTt 7+ = Eu/RT¢
7tm = Een/RTs e = q1 /qo B=4q" /q0

u=Vy Ve = Ap /Ae
Dai = kdo exp(-74)0
Dar = keo M exp(-7¢)0
Bp = (-AHp)Mi/ pCp Tt
where 6 = V¢ /qo

Dap = kpo Mg exp(-7p)0
Datm = Kemo Mr exp(-7tm)0
Bt = (-AHe)Mg / pCp Tr

Thus xj, yi, and z; represent the dimensionless concentrations
of the initiator, monomer and total living polymer,
respectively, in each cell and wj and wc stand for the
dimensionless temperatures of the j-th cell and coolant,
respectively. We also include the heat released by agitating
the reaction mixture by the term ¢. The correlation for the
power consumption P is taken from Dickey[4]. Note that g
denotes the volume fraction of the first cell and the mean
residence time 6 is defined for the entire reactor system.

Table 1 The standard operating conditions
for the LDPE autoclave reactor.

ITEMS Numerical values
Ts, K 300
Te, K 400
f 1
qo, q1. l/sec 20
9, sec 20
q’, l/sec 60
Vi, 1 160
V2, 1 240
p, &/1 407.64
Cp, cal/g-K 0.583

The numerical data used for the simulation of compact
type reactor are given in Table 1. The initiator feed
concentration and the heat tranfer coefficient will be taken
as the parameter.

In this study, the singularity theory[1,8], a sort of global
analysis method, is applied to the single-cell model. For the
two-cell model, however, one can only rely on the numerical
method. To study the steady state, it is 0*=n convenient to
examine the dependence of the solution upc distingushed
parameter; i.e., the bifurcation parameter. The bifurcation
theory[9,10] will be of great help for the comprehensive
analysis of a nonlinear system. Here we use the software
package "AUTO" written by Doedel{5] with which we can
follow the entire steady state branch except for the isolated
one. This program can also compute the loci of limit points
dividing the multiplicity regions on the parameter plane and
the loci of Hopf bifurcation points from which emerges the
periodic solution branch.

RESULTS AND DISCUSSION

Equations (1) through (4) with a=1, 8=0, and u=1 give
the equations for the single-cell model. These equations can
be combined to give a single steady state equation for the
temperature if the pseudo steady state assumption is introduced
for living polymers and the minor terms are eliminated. With
the dimensionless initiator, monome. ~ad living polymer
concentrations given by

1/(1 + Dai exp(rd (w - 1)/w)) (13)
1/(1 + Dap exp(7p (w - 1)/w) 2) (14)

2 f ¢ Dai x exp(ya(w-1)/w)
2 = (15)
Dat exp(yt(w-1)/w)

respectively, the steady state equation for the dimensionless
temperature may be rearranged to give



F(w,p) =1 - w + Bp Dap exp(7p (v - 1)/w) y 2
- 8(w-we) = 0. (16)

To obtain the bifurcation set and the bifurcation diagram,
we must solve the equations for the hysteresis variety as well
as for the isola variety; i.e.,

F(w,p) = aF/aw (w,p) = 82F/ow? (w,p) = 0 (17)
or
F(w,p) = aF/aw (w,p) = aF/aA (w,p) = 0O (18)

respectvely. The hysteresis and isola varieties are obtained by
eliminating w and A from Eq. (17) or Eq. (18), respectively.
If we take the bifurcation parameter A as the initiator feed
concentration Is, 3F/g)A always has a non-zero value, so the
isola variety does mnot exist.  Global classification of
multiplicity and uniqueness region in the {(6,Tc)-plane is shown
in Fig. 3. Thus, we have a unique steady state in region 1
and the S-shaped multiplicity in region II.

Comparing the result of the single-cell model with the
numerical result from the two-cell model, we find that there is
no qualitative difference between the two models except for a
new hysteresis phenomenon appearing at the low level of the
coolant temperature and a small kink observed near the
adiabatic condition in the two-cell model. Since most of the
commercial LDPE polymerization reactors are operated
adiabatically, the S-shaped multiplicity pattern would be
commonly encontered.

Operated under high pressure, LDPE autoclave reactor has a
large wall thickness, so the heat removal efficiency is usually
very poor. If the internal cooling device mentioned earlier
could be used, it is naturally expected to obtain higher
monomer conversion within the allowable temperature limit.
In this case, however, various dynamic features are observed
including the limit cycles and the foci which are not observed
in the adiabatic systems.

Now we will analyze the structure of (8,If)-parameter space
with the coolant temperature fixed at Tc = 400 K. Fig. 4
shows the multiplicity regions of steady states and the locus of
Hopf bifurcation(HB) point represented by the dashed line.
The number of steady states increses or decreases by the
number of two when a solid line is crossed over. The
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Fig. 3. Division of the the (8,Tc)-plane into regions of

different multiplicity patterns(based on the single-cell model).
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Fig. 4. Multiplicity regions of the steady states and the locus
of the Hopf bifurcation point in the (8,I¢)-plane.
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Fig. 5. Bifurcation diagram showing the steady state branch
and the periodic solution branch when § = 1.96.
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Fig. 6. Bifurcation diagram showing the steady state branch and the

(b) 2.06, (c) 2.2, (d) 2.22, (e) 2.224, and (f) 3, respectively.

reactor dynamics could be quite complex having up to five
steady states and the dynamic features may appear quite
differently depending on the regions divided by solid or
dashed lines.

It is observed from Fig. 4 that periodic oscillatory motions '

are to appear only for 5-values in the intermediate range. We
do not expect to have in this system the isola of the periodic
solution branch which was observed by Planeaux and
Jensen[12].

First, fixing the value of & at 1.96 and taking If as the
bifurcation parameter, we construct the bifurcation diagram as
shown in Fig. 5. One HB point is present on the upper steady
state branch and the unstable periodic solution branch
emanating from the subcritical HB point die away coalescing
with the homoclinic orbit of an unstable saddle point. The
steady state branch left of this HB point is an unstable
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periodic solution branch when & is equal to (a) 2.04,

focus and that on the right-hand side is a stable focus
attractor.  The bifurcation diagrams with &-values lower
than 1.96 show the similar features as Fig. 5.

The shape of the periodic branch changes as the heat
transfer coefficient increases as shown in Fig. 6. Here the
temperature is chosen as the state variable and other diagrams
having the conversion of monomer or initiator and
concentration of living polymer as the state variables exhibit
the same qualitative features. Note that, in Fig. 6(a), the
periodic solution branch emanating from the HB point starts
out stable and then turns unstable at the turning point called
the tangent bifurcation point, and the unstable periodic solution
branch prevails until it dies away.

When the heat transfer coefficient increases to &
2.06 in Fig. 6(b), the periodic solution branch undergoes a
couple of tangent bifurcations and a homoclinic explosion.
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Fig. 7. Phase plane plot of the limit cycles when & = 2.06
and Ir = 5.1128 x 10-4 mol/l.

So we expect two stable limit cycles and one unstable iimit
cycle. One may note that an unstable limit cycle acts as a
boundary of neighboring attractors like an unstable saddle
point. Typical stable and unstable limit cycles for &
2.06 are shown in Fig. 7. The three limit cycles in Fig.
7 have different periods and different amplitudes.

In the case of & 2.2, the periodic solution is now
fully stable and terminates at a saddle loop as one can see
in Fig. 6(c). In most cases the homoclinic explosion is
well visualized on a bifurcation diagram; i.e., the
connection to a saddle point can be seen by the maximum
or the minimum amplitude of a periodic solution branch.
But the situation is not so in Fig. 6(c) and this can be
better clarified with the help of a dynamic simulation close
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Fig. 8. Transient behavior of the temperature and the
conversion near a homoclinic orbit when § = 2.2 and It =
5.008910 x 10-4 mol/l.
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to a homoclinic orbit as shown in Fig. 8. The dashed
lines represent the temperature and the conversion at the
correseponding unstable steady state which is a saddle
point. The period of oscillation in this case is about 40
times the reactor mean residence time.

In the bifurcation diagram of Fig. 6(d) for which § =
2.22, we have two HB points and also two homoclinic
explosions by the periodic solution branch from each HB point.
Hence, we expect that there exist a double zero dgenmeracy
between § = 2.2 and 2.22 as one may notice from Fig. 4
which occurs when an HB point and a limit point coincide. If
§ increases a little further to 2.224, two periodic solution
branches appeared in Fig. 6(d) coalesce with each other, or the
two HB points are linked by a periodic solution branch which
has one turning point. This is presented in Fig. 6(e).

If & is increased up to 3, we have a unique steady state
over the whole range of the bifurcation parameter and a unique
periodic solution branch links two HB points as depicted in
Fig. 6(f). When & has a value larger than 3.669414, there is
no HB point on the steady state branch. At first we expected
to have an isola of periodic solution as was observed by
Planeaux and Jensen[12], but in this system the periodic
oscillatory behavior simply fades away as & crosses over the
value of 3.669414.

CONCLUSION

Mixing-cell model with back flow and heat transfer from
jacket side appears to be adequate to predict the dynamic
behavior of the compact type autoclave reactor for LDPE
polymerization. A bifurcation analysis of the model with the
initiator feed concentration as the bifurcation parameter shows
rather complex dynamic features including periodic oscillatory
motion.

As the rate of heat removal increases, one or more
Hopf bifurcation points are present and the periodic
solution branch takes different patterns to give a variety of
oscillatory moiions while the steady state multiplicity
feature becomes simpified. With higher rates of heat
transfer, however, the Hopf bifurcation points tend to
disappear.

Since the dynamic features are sensitive to small changes in
some parameters, a rigorous control policy seems essential in
start-up or even in steady state operation so as not to escape
the stable attraction regions. In particular, one may desire to
avoid the region of limit cycle attractors to maintain
uniform properties of the polymer product.

With sufficient initiator supplement, the monomer
conversion could be substantially enhanced while the
temperature runaway phenomenon accompanied may be
effectively suppressed by installing a proper heat transfer
equipment. For this, however, one should proceed with special
care because the properties of the polymer product could be
significantly affected.



NOTATION

Cp : heat capacity (cal/g-K)

E : activation energy (cal/mol)

f : initiator efficiency

G : total concentration of living polymers (mol/1)

(-AH): heat of reaction (cal/mol)

I : concentration of initiator (mol/l)

k : reaction rate constant : sec-! for initiation,
or 1/mol- sec for propagation, termination,
and chain transfer

M : concentration of monomer (mol/l)

P : power consumption by agitation (cal/sec)

q, q' : flow rates (I/sec)

R : gas constant (1.987 cal/mol-K)
or dimensionless reaction rate

T : temperature (K)

t : time (sec)

V : reactor volume (1)

Greek letters :

7 = E/RTs : dimensionless activation energy
A : typical bifurcation parameter

o : density (g/l)

T = qot/Vy ! dimensionless time

0 = Vi/qo : mean residence time(sec)

Subscripts :

: coolant

: decomposition of initiator
: feed

. initiation

: cell number

. monomer

: propagation or polymer

: termination or total

: chain transfer to0 monomer

g,.ua'_........,,a_o
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