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Abstract- This report proposes a novel inethod of iden-
tification of continuous time-delay systems from sampled
input-output data. By the aid of a digital pre-filter, an
approximated discrete-time est:mation model is first de-

rived, in which the system parameters remain in their '

original form and the time delay need not be an integral
multiple of the sampling period. Then an identification
method combining the common linear least squares (LS)
method or the instrumental variable (IV) method with the
genetic algorithm (GA) is proposed. That is, the time-
delay is selected by the GA, and the system parameters
are cstimated by the LS or IV method. Furtherniore, the
proposed method is extended to the case of multi-input
multi-output systeins where the time-delays in the indi-
vidual input channels may differ each other. Simulatlion
results show that our method yields consistent estimates
even in the presence of high measurement noises.

1 Introduction

Since many practical systems have inherent delays, the
problem of identifying such a system is of great impor-
tance for analysis, synthesis and prediction. However Lhe
identification of time-delay systemns is greatly complicated,
because the estimation model becomes nonlincar in the
parameters with respect to the time-delays.

Numerous identification methods of time-delay systems
based on the discrete-time model have been proposed!™~.
In the case of the discrete-time model, the sampling period
is required to be very small such that the time-delays are
an integral multiple of the sampling period, whereas if the
sampling period is too small, the identification becomes
very difficult. Morcover, -the parameters in the discrete-
time model usually do not correspond to the physical pa-
rameters. Therefore, the importance of the identification
based on the continuous-time model has been recognized
in recent years?), and we also consider the identification of
time-delay systems based on the continuous-time model.
two typical
continuous-time model.  One approach is based on
the approximation ol the lime-delays in the f{requency
domain by a rational transfer function or the padé
approximation®~7). This approach requires cstimation of
mote parameters bacause the order of the approximated

There are approaches based on the

system model is increased, and it is not easy to separate
the parameters concerned with the time-delays from those
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concerned with the dynamics of the system. Moreover the
unacceptable approximation error occurs when the system
has large time-delays.

The other approach is based on the nonlinear estimation
method like nonlinear least squares method, etc.®~1? In
this approach, unfortunately the estimates of the time-
delays and the system parameters often converge to local
optima il we do not choose suitable initial values of the
parameters and forgetting factor. Moreover, this method
is infeasible when the measurement is corrupted by a high
level noise.

In the above mentioned works, the identification of time-
delay systems which have multi time-delays are seldom
considered. Since the identification of such a system be-
comes more difficult, to the best of author’s knowledge,
few works which deal with the identification of multi-input
multi-output time-delay systems have been reported.

The GA is a probabilistic search procedure based on
the mechanics of natural selection and natural genetics'®.
Recently the GA has received considerable attention in
various fields!'®| because it has high ability for global
optimization.

[n this report, we propose a niethod of identification of
continuous time-delay systems {from sampled input-output
data combining the LS or IV method with the GA. At first,
by the aid of a digital pre-filter, we get an approximated
discrete-time estimation model, in which the systgm pa-
rameters remain in their original form, and the time-delay
need not be an integral multiple of the sampling period.
Then, candidaies of the unknown time-delay in this model
are coded into binary bit strings, and the system param-
elers are estimated based on the LS or IV method using
each of candidates of the decoded time-delay which is se-
lected by the GA. Furthermore, reproduction, crossover
and mutation are repeated such that the filness value of
the population increases. In this case, the fitness values
arc represented by the function of the leasl squares errors
calculated using the estimates of the parameters. Thus the
estiinates of the tiine-delay and the system paraineters can
be oblained. 1t is shown by simulations that the method
combining the IV method with the GA gives consistent es-
timates cven in the presence of high measurement noises.
[furthermore we extend the proposed method to the identi-
fication of multi-input multi-output continuous time-delay
systems, and show that our method is very valid for such
a systenn.



2 Identification of single-input
single-output continuous time-
delay systems

2.1 Statement of the problem

Consider the following single-input single-output con-
tinuous time-delay system:

ia,'p""z‘(t) = ib.pm—‘u(t -7) (ag=1) (1)

where p is a differential operator, u(t), z{t) are real] input
and output, and 7 is the time-delay. n and m are assumed
to be known (n > m).

It is assumed that a zero-order hold is utilized such that

u(t) =a(k) (k- 1T <t<kT (2)

where 7' is the sampling period.
Practically the measurement of the output variable is
corrupted by a stochastic measurement noise.

y(k) = (k) + v(k) (3)

Our goal is to identify the time-delay and the system
parameters from sampled data of the input and the noisy
outpul.

2.2 Approximated discrete-time esti-
mation model

An approximated discrete-time estimation model is ob-
tained by the aid of a digital pre-filter in order to avoid
the direct signal derivatives. In this report we introduce a
low-pass pre-filter Q(p) as

1
W) = (1
where a is the time constant which determines the pass-
band of Q(p).

Multipling both sides of Eq.(1) by Q(p) and using
the bilinear transformation based on the block-puise
functions*?1®417) we can obtain the following approx-
imated discrete-time estimation model of the original
system*M6)117);

oplF) + 30 0i() = 3 bbfa e = )+ 7(8)
1=1 =1 (5)

where
(k) = Qo) (3) (14 7Y 0= 27 a(h)

g(n—m-ﬁ)ﬁ(k — ‘T’) =
T n—mn+t ‘ ‘
QN (7)) )

(k) = ;ﬂ.Qo(l—]) (%)I (14 27 (1 — 27" u(k)
oy 1
Qo(27") {a(l-—z_l)*'%(l*‘zkl)]"

Here §i(k) = (1+27")y(k)/2 is the block-pulse approxima-
tion of y(1)*'%41) and 7 is given by

F=7/T=14+A/T 7)
(0<A<T, [:nonnegative integer)

It should be noticed that generally it is desirable that the
time-delay 7 is an integral multiple of the sampling pe-
riod in the identification based on the discrete-time model,
while our approximated discrete-time estimation model
does not require this restriction. Because in the case of
A # 0, we can get E_m4ialk — 7) by the linear interpo-
lation of {nemtira(k — 1) and §n_miia(k — 1~ 1).

Eq.(5) can be written in vector form:

og(k) = 27 (k,7)8 + r(k)
2T (k,7) =
[_glf(k)y Tty —Scns?(k)v f(n—mﬂ)ﬁ(k - 7-)1 Tty Emi(k - ;)]

oT =[a11"')aﬂyb1,"'vbm]

(8)

2.3 Identification of the system param-
eters

Before presenting the identification method of the pa-
rameters including the time-delay, in this section we de-
scribe the identification of only the system parameters in
the case of the known time-delay.

From Eq.(8) the system parameters can be estimated
by the following LS method:

~ kAN kAN

Ors=| 3 Z(k,?)ZT(’C,f)} [ > Z(’Cy?)&ﬁ(k)}
K=k, +1 k=k,+1

(9)

where Eq.(9) is obtained in the sense of minimizing the

following mean squares of the equation error:

| kN
Vis(0rs,7) = v 3 (Goglk) —2"(k,7)8.5)  (10)
k=k,+1

When the noise effects can not be neglected, it is well
known that the LS estimates are biased in general’®. In
this case we can apply the IV method in a bootstrap man-
ner with the filtered input-output data of the estimated
system model as instrumental variables in order to get
consistent estimates. The estimated real output Z(k) can
be obtained by the bilinear transforination:

m n—m+i
Zi’i (;) 1+ Z—l)n—m+i(1 _ z—1)m—i
B(k) = =

ik — 1)

n 7‘ t
Zdi (_) (1 + Z—l)'(] _ z—l)n-x
4 2
=0
, an
where @;, b; are the estimates of the system parameters.
1 is given by Eq.(7) and if A # 0, we have Z(k) by the
above mentioned interpolation.
Define the IV vector as follows:

m?{k,7) =

[—fli(k)v Tt _6“}(1‘7), g(n—m-H)il(k - 71)1 Tty ‘Enﬁ(k - ;)]
(12)



Using this IV veclor, we can estimate the system pa-
rameters by the IV method:

v =

k4N -t k,+N
Z lll(k,f)ZT(k,?)j\ { Z m(k,%){og(k)}

k=k,+1 k=k,+1
(13)

We should notice that the IV estimates do not mininiize
the mean squares of the equation error of Eq.(10)'™. How-
ever if the IV estimates are consistent, they minimize the
following mean squares of the output error:

1 k,+N

Viv(8v,7) = (k) — Z(k))?

= E [(g(k) - i(k)ﬂ
|

= E[(s(t) - 3®)’] + Elo*(k)
= B (k)]

where E[-] denotes the expectation. Therefore in the
next section we calculate the fitness value {from the mean
squares of the equation error of Eq.(10) for the LS method.
On the other hand, for the IV method we use the mean
squares of the output error of Eq.(14).

2.4 Identification algorithm using the
GA

As mentioned above, in the conventional methods the
estimates may converge to local optima, or are often af-
fected by measurement noises. In this section, to overcome
these problems we propose an identification method using
the GA, by which the estimates of the time-delay and the
system parameters can arrive at the global optimal point
without being locked at local optima. Both the time-dclay
and the system parameters are identified here.

At first we generate an initial population which is con-
sisted of binary bit strings as candidates of the time-delay.
Then the system parameters are estimated by the LS or
IV method for each of candidates of the time-delay which
are decoded from the sirings. And then the fitness values
mapped from the least squares errors are calculated. Fur-
thermore the genetic operations, i.e., reproduction based
on fitness values, crossover, mutation are repeated such
that the fitness value of the candidate population of the
time-delay increases, in-order lo obtain the optimal esti-
mates of the time-delay and the system parameters. The
concrete algorithm is described as follows:

(1) Coding of time-delay 7:
Code the time-delay 7 into binary sirings of L bits.

(2) Initial population:
Generate an initial population of M strings randomly.

(3) System paraimneter identification:

(LS method)

Identify the system parameters {rom Eq.(9) by the LS
method for each of candidates of the time-delay which are
decoded from the strings.

(1V method)

Identify the system parameters from Eq.(13) by the IV
method for each of candidates of the time-delay which are
decoded {rom the strings. The IV vector of Eq.(12) is given
by using the estimated time-delay 7 and the estimated
systen paraneters a;, b:, which have the best fitness value
over all the past generation.

In the early generation, since some output errors of indi-
vidual strings often diverge because some estimated mod-
els are unstable, it is impossible to calculate Eq.(14). In
this case we treat these individual strings as dead genes.
However this treatment may cause early convergence due
to loss of the diversity in a population. Therefore we use
the LS method until prespecified G ¢-th generation, then
the IV method is started at (Gps + 1)-th generation.

(4) Fitness value calculation:

The least squares error is mapped into the fitness value
for each of the strings. That is, maxmizing the fitness
value corresponds to minimizing the least squares error.

(LS method)

Using the mean squares of the equation error, the fitness
value function is given by

JLS(aLSy )=

(15)
(IV method)
Using the mean squares of the output error, the fitness
value function is given by

PO 1

Jiv(Brv,®) = —
pry 3 Gw-iwy 09

k=ke+1

where Z(k) is the estimated real output which is calculated
by the bilinear transformation and 8 in Eqs.(15),(16) is the
constant which adjusts the shape of the curve of the fitness
value function(f is chosen to be 0.01 in the examples). If
the estimated madel is judged to be unstable, let Jy zero.

(5) Reproduction

In this report reproduction is implimented as linear
seach through a roulette wheel slots weighted in propor-
tion to the fitness value of the individual string in old gen-
eration. Namely each of old population is reproduced with
the [)[Ohi\.l,)i“ty of JLS(GLSy ;)/JLS or le(al\.r, ;)/jlv
llere J.s and J;v are sums of the fitness valne.

Moreover we use a policy called elitist reproduction
which guarantees that the current string is likely ta survive
from generation to generation.

(G) Crossover

Pick up two strings randomly and decide whether or not
to cross them over according to the crossover probability
Pc.llf crossover is required, exchange strings at a crossing
position. The crossing position is chosen randomly.

(7) Mutation
Alter a bit of string (0 or 1) according to the mutation
probability P,.
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(8) Repeating

(3)~(7) step are repeated from generation to generation
such that the fitness value of the population increases. The
best time-delay is identified as the individual string with
the best fitness value over all the past generation, and
estimates of the system parameters are given by the LS or
1V method with the best time-delay.

3 Extension to multi-
input multi-output continuous
time-delay systems

In this section we extend our method to the identification
of multi-input multi-output systems where the time-delays
in the individual input channeis may differ each other. In
general such an identification problem is considered to be
difficult, and to the best of our knowledge, il scems to be
seldom reported in spite of the practical demand.

Furthermore the enumerative method which searches
multi time-delays at every point one by one in multi-
dimentional solution space is computationally infeasible
in most cases, because the number of candidate of solu-
tion becomes enormous. On the other hand, our method
using the GA is suitable for computation on a personal
computer, because we can search global optimal point by
tens or hundreds of individual strings.

Consider the following multi-input multi-output contin-
uous time-delay system:

21(t) Mulp) MNa(p)  Nu(p) ur(t = 1)
. Di(p)  Di(p) Di(p) .
: Na(®) Na()  Nulp) :
z4(t) Dy(p)  Dylp) Dy(p) | Lwrlt=7)

n
Di(p) =Y ai,p"?  (so=1; i=12,---,q)
=0

Nip) = bigp™™  (i=1,2,---,¢ ; h=1,2,---,7)

(17)
Eq.(17) can be written as a set of multi-input single-
output systems:

n r m
2 aop"ait) = 33 b P T un(t = 1) (a0 =1)
=0 4 h=1j=1

(l: 1521"':(])

(18)
where u,(t), z,(t) are the hth input and the ith real out-
put, and 7 is the time-delay in the Ath input. n and m
are assumed to be known (n > m).

The problem to be treated here is to identify the time-
delays and the systein parameters from sampled daia of
the inputs and noisy outputs.

The approximated discrete-time estimation model can
be obtained in the same way as described in section 2.2:

Cogalk) = 2] (k, 71, -+

,’;:,)0.+T.(k) (izlx?‘v"'i‘l)

(19

where

1]

le(k91=lv“'v7-—r) [—Zz‘;(k m,(k“Tl) ..,7"_“(1c_7_')]

25(k) = [f1g.(k)y - Eng(K)]
2Tk =) = [€nmmanmnk = F), o Ensalk = 7]
(h=1,2,---,7)
G.T = [“.v LR -r]
al = [an,00, -, ai]
bh = [banbina, - obinm]  (R=1,2,000,7)

(20)

An initial population which is consisted of binary bit
strings as candidates of the time-delays 7, (h =1,2,---,7)
is generated randomly, and the identification is carried out
by repeating the genetic operations of the GA. The time-
delays coding and fitness value calculating are as follows
and the remaining genetic operations are similar to those
in section 2.4.

(1) Coding of time-delay 7, (h=1,2,---,r)
Code the time-delays 7, into binary bit strmgs of rl
bits as the following.

rLbets
1101.--1010 0110---0101 ... 1001---1100

™ I T

(2) Fitness value calculation:
(LS method)

Using the mean squares of the equation error, the fitness
function is given by

Orsq 71,00, Te) =

1

Jrs(@rsi, e,

q k4N L
P+ Zw- 2 (Gonlk) =2l (k71 -, 7)80s)?
=1 k=k,+1
(21)

(IV method)
Using the mean squares of the output error, the fitness
function is given by

Jiv( @y, 81w, Thy e Ty ) =

1
k4N

ﬁ+—2,w > (k) = Zi(k))?

k=k,+1

(22)

where Z,(k}) (i = 1,2,---,q) are the estimated real out-
puts. (i = 1,2,---,q) in Bgs.(21),(22) are weighting
{actors, which are usually designed to be 1. In the case
when the powers of the outputs are quite different each
other, il is recommendable to adjust w; such that each
output contributes to the fitness function fairly.
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4 Illustrative examples

4.1 Example 1

Consider the following single-input single-output con-
tinuous time-delay system:

1) + ay2(t) + apz(t) = byult — 1)
4 =30, ay =40, b =40, 7=9130

The input signal is output of a zero-order hold driven by a
white signal filtered by a second-order Butterworth filter.
The sampling period is taken to be T = 0.05, and « in
the low-pass pre-filter Q(p) is 0.4. Experiments are car-
ried out through 20 realizations of the measurement noise,
when NSR (noise to signal ratio) are 5%, 20% and 50%
respectively. The simulation results are shown in Table
1~Table 3. Each of tables inc.udes the mean and stan-
dard deviation of the estimates. The design parameters of -
the GA are given as follows:

(1) population size M = 40

(3) generation number G = 30

(Grs = 5 in the IV method)

(4) crossover probability P, = 0.8

(5) mutation probability P, = 0.03
The search range of the time-delay is [0, (2'* ~ 1)/1000] =
[0,16.383], and the resolution is 0.001.

From Table 1~Table 3 it is clear that though the LS
method gives accurate estimates in the presence of low
measurement noise, it does not yield acceptable results
in the case of high measurement noise. However the IV
method is very efficient in this case. As far as we know, the
identification in the presence of such a high measurement
noise is seldom reported. The estimates of the system pa-
ramneters are very sensitive to the time-delay, which sug-
gests an importance of identifying the time-delay exactly.
Furthermore it is shown that the method based on our ap-
proximated discrete-time estimation model gives accurate
results even if the time-delay is not an integral multiple of
the sampling period like this exanple. i

(2) string length L = 14

4.2 Example 2

We identify the Tollowing two-input two-output time-
delay system described by

. I2z£t) b b b
[ + +
. mp 112 - 121pP 122 wl(t =)
pPtanp+ap pttaup+ap
bai1p + bary booip + oz
up{t — 19)

PP+ anp+ax
[G,]] a2 b]]] b]]z blgl b]22]=[30 4.0 1.0 2.0 2.0 30]
[221 @z bar baya bazy bap] =[2.0 2.0 20 1.0 1.0 4.0]
7 =2570 1 =9.130

L p? + ayp+ap

(24)
The inputs us(t) (h = 1,2) are filtered white signals. The
sampling period is taken to be 7' = 0.05, and « in Q(p) is

chosen to be 0.3. Simulation is carried out when the IV
method is utilized and NSR=20%. The results are shown
in Table 4. The design parameters of the GA are given as
follows:
(1) population size M = 80
(3) generation number G = 40
(4) crossover probability P. = 0.8
(5) mutation probability P, = 0.03

The search ranges of 7, 7 are [0,(2" — 1)/1000] =
[0, 16.383] respectively, and each resolution is 0.001.

Table. 4 show that the method combining the IV
method with the GA yields accurale estimates of the time-
delays and the system parameters.

If we attempt to identily this system by searching the
time-delays one by one with accuracy of the resolution
0.001, since 2% =~ 2.7 x 10® times implementations are
needed, it is not computationally feasible. On the other
hand, our method is feasible adequately even on a per-
sonal computer, because it requires only M x G = 3200
times implementations. Moreover in the case when we ap-

(2) string length L = 28
(GLS = f))

ply the noulinear estiination method to the system where
the time-delays greatly differ each other like this exam-
ple, it is very difficult to choose suitable initial values of
the parameters. This fact shows that compared with the
other nonlinear estimation method, our method is much
mote excellent.

5 Conclusions

In this report we have proposed the identification al-
gorithin combining the LS or 1V method with the GA
for single-input single-output continuous time-delay sys-
teins, and extend our method to the identification of multi-
input multi-output continuous time-delay systems which
has been considered to be difficult in general. In our ap-
proximated discrete-time estimation model, the time-delay
need not be an integral multiple of the sampling period.
Due to the advantage of the GA, the estimates of the time-
delay and the system parameters can reach global optimal
point without being locked at local optima. Simulation re-
sults show that the method combining the IV method with
the GA gives consistent estimates even in the presence of
high measurement noises.
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Table 1: Estimates of the time-delay and system parame-

ters (NSR=5% )

L S method I V method

[ W 1000 2000 1000 2000
9.130 [ 9130 9.131 9.130
7 (9.130) | 40.003 | £0.002 | +0.003 | £0.002
3.0066 | 3.0032 | 3.0214 ] 3.0139
) (3.0) | +0.0264 | £0.0180 | £0.0270 | 0.0187
40069 | 4.0025 | 4.0219 | 4.0131
@2 (4.0) | +0.0370 | +0.0243 | +£0.0373 | +0.0272
4.0121 | 40058 | 4.0292 ] 4.0182
by (4.0) | £0.0367 | £0.0248 | £0.0374 | £0.0267

Table 2: Estimates of the titne-delay and system parame-
ters (NSR=20% )

L.§ method 1 V method J

N 2000 4000 2000 | 4000 ]

, 9.120 9.119 9.131 9.131
7 (9.130) | +£0.006 | & 0.004 | #0.005 | £0.004
2.8462 | 2.8358 | 3.0356 | 3.0239

@1 (3.0) | £0.0580 | £0.0381 | £0.0597 | +0.0368
3.8321 | 3.8311 [ 4.0267 [ 4.0253

G2 (4.0) | £0.0819 | +0.0547 | +0.0808 | +0.0523
- 3.8188 | 3.8111 | 4.0415| 40373

by (4.0) | £0.0845 | £0.0574 | +£0.0834 | £0.0533

Table 3: Estimates of the tinie-delay and system parame-
ters (NSR=50% )

( LS method | 1V method |
[ N 2000 4000 | 2000 [ 4000 |
9.081 9.081 9.133 [ 9.132
7 (9.130) | +0.015 | £0.012 | 40.014 | +0.008
2.2795 | 22669 | 3.0774 | 3.0463
@) {3.0) | £0.0997 | £0.0690 | £0.1527 | +0.0867
3.2804 | 3.2983 | 4.0521| 4.0468
@ (4.0) | £0.1469 | £0.1036 | £0.2076 | £0.1223
3.1858 | 3.1702 | 4.0861 | 4.0736
by (4.0) | £0.1548 | £0.1086 | +0.2122 | +0.1252

Table 4: Estimates of the time-delays and system param-
eters (N=2000)

7 72
(2.570) | (9.130)
2.571 9.130
+0.005 +0.005 B
@ (3P bin bi1y bin b122
(3.0) | (4.0 (1.0) (2.0) (2.0) (3.0)
2.9804 3.9003 1.0113 1.9381 2.0077 2.9176
+0.0466 | £0.2008 | £0.0279 | +0.1076 | £0.0417 | £0.1675
iy a2 bon baia ba2y b222
(2.0) (2.0) (24[)) (1.0) (1.0) (4.0)
2.0197 2.0123 2.0117 1.0092 0.9871 4.0347
$0.0393 | £0.0359 | £0.0302 { £0.0456 | £0.0381 i0.0BGSJ




