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Abstract Robot cngineering is developed
mainly in the field of intelligibility such as a
manipulation. Considering the popularization of
robots in the future, however, a robot should be
studied from a viewpoint of saving energy
because a robot is a kind of machine with a
energy conversion. This paper deals with
minimizing an energy consumption of a
manipulator which is driven in a point-to-point
control method. When a manipulator carries a
heavy payload toward gravitation or the links
are de-accelerated for positioning, the motors
at joints genmerate electric energy. Since this
cnergy can be regenerated to the source by using
a chopper, the energy consumption of a
manipulator is only heat loss by an electric and
a frictional resistance of the motors. The
minimization of the sum of these losses is
reduced to a two-points boundary-value-problem
of an non-linecar differential equation. The
solutions are obtained by the generalized
Newton-Raphson method in this paper. The energy
consumption due to the optimum angular velocity
patterns  of two joints of a two-links
manipulator is compared with conventional
velocity patterns such as quadratic and
trapezoid.
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1. Introduction

It is important to save the cnergy of a robot
manipulator since a manipulator is a kind of
machine with a cnergy conversion. The saving
energy can contribute to keep good caviroument
of the earth and make an actuator to be small
size due to a little heat loss.

There are many reports on velocity pattern of
the joints to minimize the time and energy when
the end effector of a manipulator traces on the
specified path[1] (2] [3][4][5]. P.Marinov and
P.Kiriazov have studied the optimal trajectory
to minimize the time and energy of manipulator
point-to-point motion by using a direct
method [6] . And T.Teramoto and coworkers study on

high-speed motion control of manipulator under a
restriction of average heat generation{7]. In
these papers, the performance index on energy
includes only copper loss by the resistance of
DC motors, but not mechanical loss by nonlinear
friction. And their minimization is obtained
under many restriction on the motiton such as
maximum velocity apnd angle of manipulator
joints. There are little paper on minimization
of energy consumption of a robot manipulator.

This paper deals with minimization of ecaergy
copnsumption of a two-degree-of-freedom
manipulator in point-to-point motion. The
optimal velocity pattern of two joints are
obtained from a two-points boundary-value-
problem technique by wusing the Generalized
Newton-Raphson (GNR) method. Since a robot
manipulator has a strong nonlinecarity, a
starting function for GNR is taken into
consideration so that the optimal solution does
not fall into a local minimum. Last the physical
meaning of the optimal velocity pattern is
explained.

2. Minimization of cnergy consumption of a
manipulator

2.1 Boundary condition in PTP motion and
consumed energy

We consider the motion of a manipulator whose
cnd-effector moves from one specified point to
another with a specified velocity at t=t, and
t=t,. The  vector g ()=[0,(t),==«, 0. ()}
denotes the angle of n joints. The boundary
conditions are represented by the angle and
angular velocity vector at t=t, as

1(0)=0,, 9(0)=Oo (4]
and at t=t, as
o0(t,)=4,, o(tl):ﬂr 2)

4n the other hand, the dynamical model of a
manipulator is given by usiog a matrix of
inertia H(§(t)), a centrifugal and Coriolis
force C(A(t),H(t)), a gravity force G(f(t)) and
Coulomb friction force F,=[F,, (p(t)),--,
F.,(0(t))] as
H(@(t)) § (L+CO (L), (£))+G(0 (t))+F, =K i (t)
3)

whece K=diag(K,,«++,K,) is a matrix of the



torque constants of DC motors and i(t)= [i, (v),
eee,i, (t)]T is an armature current vector.
Driven by a inertia and gravity force due to
link of manipulator, the DC motors can be
generator. If the generated power is fedback
into the electric source, the energy consumption
is written by

J=f " (i "(DRi ()+F, P (1)}dt (#)
where, R=diag(R,,-+-,R,) is a diagonal matrix of
the resistance. The first term of the
performance function (4) is due to Joule's heal
and the second term is due to frictional heat.

2.2 Optimal control problem

Assuming g (t) and §(t) to be x,(t) and x,(t),
respectively, the dynamical equation of (3) is
reWwritten as

%, (t)=x, (t)
X2 (t)=-H(x, (1)) '(C(x,(t),x; (1))
4+ G(x, (L)+F, (x, (1))
sH(x, (t)) 'Ki(t)
)
Under this constraint, the performance index of
(4) should be minimized. By wusing adjoint
variables p,(t) and p,(t), Hamiltonian is
defined as ’
CH,=—i"Ri-F, "X, 4p, "Xy +p, T (-H ' (C+G+F, )+l 'Ki)
(6)
and, the optimal current is ohtained from
i, /2i=0 as
i=(2R) '(H 'K)7p, M
Substituting (7) into (6) and arranging,
H,=—F, "%,+p, "X, -
p, Tl ' {C1GeF, ) +p,TH 'KR ' (H 'K)Tp, /4

(8)
is induced. Equation (8) leads Euler canonical
cquations

X=X,
%p=—H ' (C+G+F,)+H 'KR ' (N 'K)"p, /2
pi=—il, /X, (&)

pe=—dH. /0%,
The boundary condition of (1) and (2) is
rewritten by

x;(0)=0,, X, (M) =0, (10)

x, (t)=0,, %X, (Y )=0, (rn
The optimal current i(t) can be obtained from
(7) into which the soltution of (9) under these
condition is substituted. However, it is
difficult to obtain p,(t) from the two-points
boundary-value-ploblem because 9) is a
nonlinear differential equation.

3. Generalized Newton-Raphson method

Putting the vector to be X(t)=[x, (t)7 x,(t)7
p ()T py(t)7]7, equation (9) is presented by

2 () -F(X,t) , (12)
This equation can be solved by the generalized
Newton—Raphson(GNR) method. Assuming the m-th
approximated solution of (12) to be X(t).,

equation (12) is linearized about X(t). by
(V) a, 1 =T (K(), ©) (X() 0 -X(E) ) +F (X (1), 1)
(13)
where, J=§F(X(t),,t)/dX(t), denotes a Jacobian
matrix. Putting (m+1)-th solution X(t),,, to be

X(t) again, equation (13) is represented by
X ()=A(t)X(t)+B(t) (14)
where, A(t)=J, B(t)=F(X(t),,t)-JX(1).. This

differential equation is linear but a time

variant system. And the initial condition p(t,)
with respect to the adjoint variable p(t) is not
given, but only x(t,) with respect to the state
variable x(t) is known. Therefore the value of
p(t,) is assumed and is revised so that x(t,)
can satisfy the boundary conditions. This
recurrence technique is called shooting method
of GNR.

. Saving the enecrgy consumption

4.1 One-link manipulator

When a one-link manipulator is moved in a
horizontal plane, the dymanical equation is
given by

W, 8, (E)+F, =K, i ,(t) 15)
Assuming (t) >0, (4) is minimized when
0, ()=t (bctoo)+2(8o-0,)2E" /L,
(U (0 +200)43(06-0,)) %/t Z4a,t+l,
(16)
9.. (t‘):(3t,(9,4—00)46(90-—0,))(’,2/!1,3
={2t, (0 +20,)+6 (D0 )X/t 240,
a7
They are shown in Fig. !{a) when the boundary
condition are
bo=—1/2, 0=2/2, wo=0, 0,=0 (18)
This velocity pattern is a well known quadratic
function which is independent of U, and F,,.
This motion is realized when the current of DC
motor are
i»q(L):K 'H[G(t,(‘,,+0")+2(0"79,))[/t,“
72((:,(0,4-2u0)+3(0"~0,))/t,ZJ—OK val
. a9
These waveforms are shown in Fig. !(b), when F,,
is 1.2. In these quadratic velocity pattern, the
encrgy consumption J, is represented by
Jon=12H,2R, (8, -00) 7/ (K, ?t,°)
+RI (Fyn/](l)ztl“Fv|(0r‘0(l)
(20)
On the other hand, when the velocity pattern is
a trapezoid and F,, =0, the minimum energy
consumption is given by

‘]lh:(27/2)leRl (0|‘0o)z/(K|ztla)

Therefore the energy of the quadratic velocity
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Fig. 1 Optimal motion and current function in a
horizontal plane.



pattern can be less than the trapezoidal one by
na=Jin-Jan)/Jan=12.5% .

4.2 Two-links manipulator

4.2.1 Without friction

Figure 2 shows a two-links manipulator with
g, and ¢, in length. Its ipertia matrix H is
given by

H:Ih,,+m,e.z,cosoz

h,,+my2,¢,c058,/2
hy,+m,g,8,c0s88,/2 h,,
(¢2))

and a centrifugal and Coriolis's force are
written as

C=m,2,£,5i08, [-(§,0:+02%/2)
0.%/2

where h,,,-,h,, and m, are constant values. When
#o=8,=0, the velocity of i-th joint is rewritten
Erom (17) as

oip(t)=‘6(0ll'olu)tz/tla“ﬁ(olt_oln))t/tcz

(23)

This velocity shows that the second joint
rotates forward direction. If the movable range
of the links is not restricted, the following
fim(t)==f,,(t) can also be adopted.

0|m(t)=6(0i1‘alo)tz/tta“6(ol1'010))t/t12

(24)

Conventional velocity functions are §,,(t) and
0., (t) which both the first and second joint are
rotated forward. In this case the energy
consumption J,, is obtained by a dot dash line
in Fig. 3. These values are calculated for
several (8,,-0,,) under the condition of
020=0,,=0. On the other hand, when only the
second link is rotated backward by a function
f..(t) of (24), the energy consumption J,, turns
into a broken line in Fig. 3. When (#,,-0,,) is
more than !{rad], the energy is apparently saved
by using §,,(t) rather than §,,(t). A backward
rotation of the scecond joint makes the inertia
small because the elements of (21) become
minimum values at §,=x .

Consequently the trajectory with a small
inertia causes the saving energy.

27)

4.2.2 With friction

The energy consumption due to Coulomb
friction is given from (4) as

Jo=F, § o' '8, (D) ]dt (25)
If the sign of §(t) does not change during [0
t.] as (23) and (24), equation (25) is rewritten
into

Jei=F i (000~0.40) (26)
Therefore the increment of energy consumption is
AJi=(Fr./Kt)antl*Fyl(911_010) (27)

The total energy consumption is crepresented by

2
AJp= 20 (F, (JK)*R, U 4F,  (0,,-0,0)+2x F,,
i

(28)
for a backward motion, and
2
A= 32 (F, /K2Rt +F,  (0,,-0,,) (29)
i 1

for a forward motion of the second joint.
Consequently the broken line in Fig. 3 is
lifted up more than the dot dash line by 2xF,,.

Fig. 2 Two-links manipulator in a horizontal
plane.

5. Optimal trajectory

The above mentioned §,, (t) and §,.(t) not
always make the energy consumption minimum.
However they satisfies the boundary conditions.
Therefore §,,(t) and §,.(t) can be good starting
functions for GNR method. The optimal velocity
function is obtained by GNR method by using
8:.(t) and §,.(t) as the starting functions.
Then the energy consumption is decreased as
shown by the mark () in Fig. 3. On the other
hand, when §,,(t) and §,,(t) are used as the
starting functions, the energy consumption is
also lessened as the marks @ in Fig. 3. It is
seen from the figure that the trajectory based
on a backward rotation of the second joint is
the best except for (§,,-0,,)<0.7[rad].

Fig. 4(a) shows the angle and angular
velocity functions of two joints which can make
the energy consumption J,,,,=21.1[J] at (§,,.-
#,0)=1.5[rad]. The bold and thin of solid lines
are §,(t) and §,(t), and ones of broken lines
show §,(t) and §,(t), respectively. §,(t) is
similar to a trapezoidal function not a
quadratic one. This slow velocity when
f,(t)= x can keep the state of small inertia in
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Fig. 3 Encrgy consumption for various
velocity functions.



a long time. Fig. 4(b) shows the trajectory
described by 4, (t) and 8, (t) of Fig. 4(a).

When the energy consumption is
Jowe =102.32[J] at (§,,-0,0)=1.5[rad], the angle
and angular velocity functions are shown in Fig.
5(a). It is remackable that the velocity of the
second  joint is zero when cosf,(t) is lower.
Fig. 5(b) shows the trajectory described by
g,(t) and §,(t) of Fig. 5(a).

When Coulomb friction force is Fr=[2.4 2.4]7,
the angle and the angular velocity function are
turned 1into Fig. 6(a) from Fig. A(a). The
velocity function is changed slightly from
symmetric into asymmetric about t=0.5. And it is
seen from Fig. 6(b) each current is increased by
F,,/R,. The trajectory is also shown inm Fig.
6(c). The increments of energy consumption are
calculated by (27) as 4J,=9.36[J] and

(a]

’ . oy |
i = Pime [sec]

(b)

(c)

Fig. # Minimun cnecgy J mese at (8,,-8,0)=1.5
(a) velocity and angle of two joints
(b) current of two joints
(c) trajectory

4J,=20.84[J]. They are nearly equal to the
resutt of the simulation.

6. Conclusion

The energy consumption of a two-degree-of-
freedom manipulator in point-to-point motion has
been taken into consideration. The energy can
be saved extremely without the restriction of
the second link. The optimal velocity pattern of
two joints are obtained from a two-points
boundary-value-problem technique by using the
Generalized Newton-Raphson method. It is seen
from the optimal velocity pattern that the
velocity of the second joint should be lowered
50 that the state of the small inertia can be
kept as long as possible.
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Fig. 5 Minimun cnecgy J,.,e at (8,,-0,4)=1.5
(a) velocity and angle of two joints
(b) current of two joints
(c) trajectory
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