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ABSTRACT

An empirical comparison of static fuzzy relational models
which are identified with different (uzzy implication operators
and inferred by different composition operators is made in
case that all the information is represented by the fuzzy
discretization. Four performance measures( integral of mcan
squared error, maximal error, (uzzy cquality index and mean
lack of shampness ) are adopted to evaluate and compare the
(quality of the [uzzy relational models both al the numerical
level and logical level. As the results, the fuzzy implication
operators  uselul in various fuzzy modeling problems  are
discussed and it is empirically shown that the sclection of
data pairs is another important factor for identifying the
fuzzy model with high quality.

1. Introduction

Ifuzzy relational calculus makes it realizable to handle the
ambiguity of the relationships belween  concepls. Fuzzy
relational cquations( [.r.e for shorl ) can be viewed as Lhe
computalional structure for the calculus and it's cffectiveness
for the approximale reasoning was well illustrated in (1.
The overall presentation concerned with the resolutions and
some applicational issues of them was made by Pedryczl2).
The special statement on the fuzzy modelling was made in
[3). The great importance of the (r.e lies in the fact that
provided with the resolution for the practical usage, the
systemalic and creative analysis of the existing lopics in
fuzzy set Lheory could be made further progress.

Since  Sanchez[4] presented  a  greatest  resolulion  of
sup-min type [re, many resolutions were proposed and
applied to system identification by several authors[5-8). In
general, there are two ways in construcling fuzzy relational
maodel for a process. The first way is to (ormalize the
linguistic description of operator for the process. The second
way s lo dircctly compute the [uzzy relation from the 1/0(
input/output ) data of the process. In both  ways the
definition of fuzzy implication operator( FIO for short )
which is used to quantize and inlerpret. the linguistic rule
IF ~ THEN ~ " is the most important factor which
influences the quality of the fuzzy model idenlificd. Many
authors investigated the influence of FIO on the qualily of
fuzzy model identified in the first way. Kiszkal9] compared

sevenly-two FIOQ's by the performance measures of integral
of mean squared error. Cao and Kandell 10l compared nine
FIO's by
meaning. But is not made yet the practical and general

various performance measures which have practical

investigation of he influence of FIO on the quality of (uzzy
models identificd in the second ways.

The purpose of this paper is twolold, First, an empirical
comparison of some [uzzy relational models which are
identified with the different FIO's and inferred by different
composition operators are made under the criteria of GMIPX(
generalized modus ponens ) and GMTC generalized  modus
lollens ). Sccond, il is elucidated that when the fuzzy sets
arc represented by the use of fuzzy discretization  the
selection of data sct is also an important faclor which
seriously alfects the quality of the identified fuzzy relational
models. To  these purposes, four numerical and logical
performance  measures{  integral of mean  squared  error,
maximal  ervor, fuzzy  cquality index and mean lack  of
sharpness ) are adopled and an cxlensive simulation is
performed for three representative /0 funclions with two
types of data sets. The inputs of dala sets of the first type
are cqually spaced and the inputs of data sets of the second
type are random data uniformly distributed.

In section 2, the forms of luzzy reasoning syslem and the
structures of fuzzy relational model for them are illustrated.
In section 3, the procedures for computing the fuzzy relation
are described. In osection 4, the performance measures
adopted to cvaluate and compare the quality of the fuzzy
relational models at the Iogical and numerical level are given.
In section 5, the comparison of the [uzzy relational models
wilh different composition operators and FIQ’s under the
crileria of GMP and GMT is given by cxamining the
exlensive  simulation  results for the three [/O  [unctions.
Finally, the conclusions oblained in (his paper are discussed
in scction 6.

2 Structures of fuzzy relational model

In any system identification procedure, we can distinguish
three stages.
a) determination of the structure of the systems
b) calculation of the paramelers of the  structure
imposed in the first stage
¢) validation of the model of the syslem
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Dealing with the fuzzy systems which are described by
the fr.e, the structure of the system is mainly determined by
the composition operator used to perform the approximale
reasoning. The paramcters of the sltructure is the fuzzy
relation. The validity of the fuzzy model is examined in two
point  of view:
discussions for the calculation of fuzzy relation and
validation of fuzzy madel will be given in section Tl and IV,
respectively. In this seclion, the structures of (he fuzzy

numerical and logical scnse.  Further

model are discussed.

In order 1o perform the approximale reasoning, Zadch(l]
suggested a rule called compositional rule of inference
(CRI for short) There are two forms of CR1, onc is
modus (GMP) and the other s
generalized modus tollens (GMT) which can be represented

generalized ponens
as follows,

B generalized madus ponens( GMP );

antecedent: A is U
antecedent: il A is Uj then B is Y;, i=1,2,..,N 2.1y

consequence: Y = 7
B generalized modus tollens( GMT ).

antecedent: B is Y
antecedent: if A is Ui then B is Y, i=1,2,..,N (2.2)

consequence: U = 7

These two  CRI's are frequently applied (o the
approximale reasoning in decision making, conlrol, prediction
problems, etc. In the approximate reasoning by use of fuzzy
refation eq. (2.1) and (22) are represented by the following

[re's (2.3) and (2.4), respectively.

Y = U-R (2.3)
U Y o R (2.4)

where U e F(U), Y e F(Y) are fuzzy subsels defined
on the respective universe of discourse and R e F(UXY)
(X! cartesian product) is the [uzzy telation representing the
relationship between U and Y. F(+) denotes a family of
fuzzy sets (or relations) defined on a relevant universe of
Cartesian  product  space). In
identification, U and Y represent the physical variables of a

discourse  (or syslem
process to be identified and R represents the stalic behavior
of the process. The notlation e represents the composition
operator which mainly determine the structure of a fuzzy
model. In this paper, three types of composition operalor
which are discussed in [11] are considered
max-prod and max-A composition,

max-min,

The other factors which determine the structure of a
fuzzy model and reclate with the practical use of it arc
fuzzification, defuzzification procedures and representation
procedure of fuzzy sets in eq. (2.3) and (2.4). In this paper,
fuzzification and defuzzification are done by the singleton
method and cenler of gravily, respectively, As the (uzzy sct

representation procedure, the fuzzy discretization[8] is used.
By the fuzzy discretization procedure, . every fuzzy set in
eq. (23) and (24) is represented with respect to  the
reference fuzzy sets defined “on the underlying universe of
discourse. For example, let the relerence fuzzy sets defined
onYbe Y,V ... Y%

represented by ils possibility measure as follows.

Then any fuzzy sel y can be

Y=[ Poss(y| Y'),Poss(y| Y%, -, Poss( y| Y] (25

Using this approach to the approximation of any fuzzy
sets can greatly reduce the burden of memory capacity and
make the unified  treatment  of fuzzy and  nonfuzzy
information possible in the fuzzy modelling problem and
other applications  of fre. In addition 1o the above
advantages, the relation between the fuzzy reasoning by the
fre and that by the implication statements can be easily
clucidated. That is, each reference fuzzy set can be thought
as a fuzzy set corresponding to a linguistlic label. Thereflore,
a set of implication statements can be induced from the

fuzzy relation R in eq. (2.3) as (ollows.

IF wis U' THEN wvis V!
IF wis U THEN yisY?

IF wis U THEN wvis Y™

where ¢y and ¢y are the numbers of reference fuzzy scts for
the input and output of the process. Then cachi clement of R
can be thought as representing the (ruth degree of
corresponding  statement,

3 Fuzzy model identifcation procecures.

In the fuzzy modelling problem based on the fre
approach, the fuzzy model identification  procedure  is
concerned with the calculation of fuzzy relation R in eq. (2.3)
and cq. (24). In off-line fuzzy modelling problem, the
procedure is performed for the seiected /O data and in
on-line fuzzy modelling problem, for the I/O data observed
in real-time operation. The FIO plays central role in the
fuzzy model identification procedures and has most serious
influence on the quality of the fuzzy model identificd.

The implication operators sclected for the compatison
pumpose are summarized in Table 1. I a-operalor) and
15 B-operator) are the FIO's which arc theoretically verified
to provide (he maximal and least solution of fre (2.3),
respectively.  But, they have meaning only when  the
assumplion of solvability is salisfied for all the selected 1/0O
data. Il the assumption is violated, a useless model may
oflen  be Baboshin  and
Naryshikin{7] is the FIO to ensure the least solution of the

obtained. 1o presented by
fre (23). Iv is sclected because the solution by it is asserted
to provide the inferred oulput with low [uzziness il the 1/O
data are properly  sclecled. The other FIO's are those
developed in Jogical and empirical background.
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Table 1 Fuzzy implication operators

-l;uzzy Implication 0]‘)(:1‘:11(7)};~ ]
O B Jif a<b
b a— b= [0 , otherwise
o _ (1 if asb
L - a b= {b , otherwise
. I3 a—> b= anb
Iy a—> b= a-b
I a-> b= 1Al—a+b)
I a—> b= 1l-ata-b
I; a—> b= (0V(iat+b—1)
o= [0 Jif a<b
ls b= {0 , otherwise
_ (b Jif a=1
o a=b= {() , otherwise

In general, the procedure for constructing  the fuzzy
relational models consists of three sleps. First step is the
selection of data pairs to be used for constructing the fuzzy
model from the 17O data pairs of the process. Second step is

the computation of subrelation Ry for each data pair
( Uk, Y, ) with an FIO. Final step is the aggregation of

subrelations to produce R which is performed by one of the
following two aggregation methods.

M M i
R = kLJl Rk = kgl Uk i Yk (3.1

R

I
D
F
I
D

Uk - Yk (3.2)
k=1 k=1

where — represents an implication operator and M is the

number of selected 1/0 data pairs. For the aggregation

pumpose, eq. (3.1) is used [or the implication operators Iy, 1,
and I;~Iy, eq. (3.2) {or the implication operators I, Iy,

Is and. Ig.

4. Performance measures

The model evaluation is an esscntial process in the model
identification  procedurcs, In  the conventional  modelling
exercises, some numerical performance measures between the
madel and data ave usually employed. In fuzzy modelling,
using only the numerical measure may be inadequate and
some more logical measures are required because the (uzzy
model is the model which are constructed at the logical
level, At the same point of view, the ‘mean lack of
sharpness’ is introduced in {12} and (he fuzzy cqualily index
and fuzzy confidence interval are recommended in [13), The
mean lack of sharpness measures the fuzziness of the output
fuzzy set cstimaled from (he fuzzy model. The fuzzy
cquality index measures the sct-theoretic difference between
the estimated outpul fuzzy set and the real output luzzy set.
These performance measures can be thought as reasonable
ones for evaluating the identilied fuzzy madel in fuzzy sense.
But the ullimate purpose of constructing the {uzzy modd is

usually o apply it in the crisp world, thercfore the
evaluation by the numerical performance  measure  is
incvitable.  Another  useful  performance  measure  for
evaluating the identified fuzzy model in numerical sense is
the maximal error of the (uzzy model adopted by Cao and
Kandel[10] to comparc the applicability of FIO's, The
maximal error is very important because it may often cause
serious  problem  when  the  identified  fuzzy  model s
implemented {or the practical use.

In this paper, four performance measures are adopted to
evaluale and compare the representing capability of the fuzzy
relational models  identified  with  different  implication
operalors: integral of mean  squared(IMS) error, maximal
error, mean Jack of sharpness and the fuzzy cquality index.
The detailed descriptions of them are as follows.

IMS crror is computled by eq. (4.1).

m= 2 (% — v )Z/Me (4.1)

where ;k is crisp output estimated from fuzzy model and
Vi is the real outpul. M. is the number of /O data pairs

uscd in the fuzzy model evaluation process.
The maximal error is compuled by eq. (4.2).

pr = max ( ¥ — yi ), k=1,2,....M,

P (4.2)

The mean lack of sharpness of the estimated output
fuzzy sel is compuled by eq. (4.3)

M,
py = kgl (1 — max Y.(G) )/M, (4.3)
Y

where j = 1,2, ¢,

The fuzzy ecquality index belween the estimated output
fuzzy set and real oulput fuzzy set is computed by eq. (4.4).

M

pr = 2 /M. (4.4
where
=0 Yx=Yd = min [ TeG) = Yili)] 45)
J
where = denotes the fuzzy cqualily index belween two

fuzzy quantities and pointwise computation of it is performed
by cq. (4.6)

1+ T ()= Y(i)
Vif TR (ICYL()
[ .G = Y =1  if T.()=Y.(G) (46
I+ Yi(h— Y (i)
i TG YG)

The [Tuzzy cquality index of cq. (45) is called as a
pessimistic  one. Il we  use  max-operator  instead  of
min-operator, an optimistic fuzzy cqualily index is oblained.
If we take the avernge of pointwise fuzzy equalily indices,
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the average type {uzzy cquality index is obtained. The other
definitions of Tuzzy cquality index are obtained by using
different. definitions of  @-operator{pseudocomplement).  The
characteristics of other delinitions of fuzzy equality index are
well discussed in (141

5 Comparison resulls

The fuzzy model identification procedures may ollen show
different.  performance  according o the process o he
idenlified. In order to make the comparison more practical
and gcneral, in this paper, following three /0 functions
which can be thought as the representative characteristics of
the process are identified.

Fi. vy= u 6.0
Fy. v= " —2u+1 (5.2)
Fy, » = e “sin(4mi) (53)

Il a fuzzy relational model identified with one of the
F10's suffices o represent above three /O funclions, the
FIO would be an usclul one for the fuzzy modelling of the
real processes. Simulation conditions are as (ollows.

In all the cases, the universes of discourse are defined as
[0,1] for u and y. The number of reference fuzzy sets is 9
for u and y. The shape of membership funclions are
symmetrical triangular and the centers of reference fuzzy
sets are cqually spaced by the amount of 0.125 as in Fig.l.
Two types of data sets are used for the identification of the
/O functions. The data sets of the first type are the ones of
which u’s are cqually spaced. The data scts of the sccond
type are the ones of which u’s are uniformly distributed.

D1 and D2 are the data sets pertaining Lo the first type.
D1 consists of nine data pairs(M=9) and u of cach data pair
is equal to lhe center of each reference fuzzy sel. D2
consists of seventeen data pairs(tM=17) and u's of D2 are
equally  spaced by  0.0620. These data scts  are  [or
emphasizing the importance of selection of 1/0 data sct.

Sixty dala sets pertaining Lo the second type are uscd for
the comparison  purpose  in more  praclical and  general
situation of modelling problem. The average and standard
deviation of u's of each data set are about 05 and 0.24,
respectively. They  are grouped into three( D3, D4, D5 )
according (o the numbers of dala pairs of data sets. Each
group consists of twenty  data sets. The numbers of data
pairs of cach data set pertaining to D4, DS and D6 are 100,
000 and 1000, respectively. The evaluation of the identified
fuzzy models are perforined for the data scl which consists
of 101 1/0 data pairs(M.=101) and u’s of it is cqually spaced
by the amount of 0.01. Especially for the D3, D4 and DD,
each porformance measure is averaged by the number of
data sets, that is, Gwenty.

The simulation resulls for the fuzzy models identified in
the structure  of  max-product  composilion  operator  are
summarized in Table 2 and 3 where R represents the fuzzy
relational model  identified with FIO L The comparisons
between the fuzzy relational models identified with different
FIO's and between the composition operators are as follows,

In order to simplify the discussions on the comparison, at
first, we describe the performance of fuzzy models Ry, Re
and Re identificd with all the data sets and [fuzzy models
Ra~Rs identified with data set DI

For the [/O function 7y, all the fuzzy models identificd
with data set D1 and inferred by all the three composition
operators perfectly satislfy the [re's (23) and (2.4). Al the
fuzzy models identified accord with the intuitional linguistic
rules Tor I7i0 only the diagonal clements of fuzzy relation are
unity. For the 1/0 function [ and [, all the fuzzy maodels
excepl  for Ry shows equal  performance in the same
composition operator. For the I the (uzzy models with
max-product composition operator shows best  performance
followed by those with max—min composition operator. FFor
the I, the Tuzzy models wilth max-min composilion aperator
shows best performance {ollowed by those with max-product
composilion  operator.  The [fuzzy models  with  max-a
composition operator shows worst performance for both 1/0
functions, From these facts it can be said that once the
composition operalor is decided and data set like DI s
selected the definition of FIO does not influence on  Lthe
quality of fuzzy models identified.

For the VO funclion F;, R and Rz show hest
performance for all the data sets, But, for the /O function
2 and Fs e wilth all the data sets, Re with all the data
scls except for DU and Ry with all the data sels except lor
D1 and D2 show worst performance so as not to be
applicable in practical usage. As can be scen from the
definition of FIO 1o, the rcason for bad performance of Ra
with random data scts is that a [easible Tuzzy model cannot
be obtained until the data pairs of which u's are cqual to
the centers of rfs does not occur. Trom the above
discussions for the fuzzy models Ry, Rz and Re and the fact
that the data set like D1 and D2 hardly can be obtained in
practical modelling problem, it can be concluded that the
FIO's LI, I and o are inadequate in the fuzzy relational
modelling which dircctly compule (he fuzzy relation from the
1/0 data.

Now we compare the performance of Ra~Rs identificd
with the diata sets D2~D5,

6.1 Comparison belween  fuzzy relational  models  with
max-min composilion operalor

For the 1/0 funclion I, Rs and Ry identified with the
data scts D2 perfectly and Re nearly perfectly satisly  the
[re's (23) and (24). Rz, Ry and Re shows good performance
in crisp sense, but nol in fuzzy sense. When the data sets
of D3, D4 and DS we used, Rz nearly perfectly satisfly the
fre’s (23) and (24). The performances of Rs and Re gelting
better as the number of data pairs increases. In this lincar
relationship casc, the increment of the data pairs does nol
make scrious influence on the performance of the identified
fuzzy model except for Rs and Re For the 1/O function It
which is a nonlinear funcltion, I and Ry show  best
performance followed by Ra and Rs. For the 170 function Fa,
Rs and Rs show best performance (ollowed by Ra and Ry

52 Comparison  hetween  fuzzy  relational  models  with
max-product composilion operator
The relalive comparison  results  between  fuzzy  models

with max-producl  composition  operator is  similar Lo the
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previous ones in subsection 5.1 except that the performance
ol Ra is better than that of Rz The comparison between
max-min  and  max-product composilion operators  is  as
{ollows.

For the /O function [, the fuzzy models except Ry show
better numerical  performance  than those  with  max-min
composition  operator,  In logical  sense, the f{uzzy models
except R and Ry show better performance than those with
max-min composition operator. For the /O function /4 and
1% the numerical performance v and o of he fuzzy models
with max-product composition operator are better than and
the logical performance o and py are worse than those of
fuzzy models with max-min composition operator.

A notable thing is that the fuzzy models e and 1%
identificd with data sel DD and  max-product  composilion
operator nearly perfectly represent the /O function &,

5.3 Comparison  between  [uzzy  relational  models  with
max-A composition operator

In this model struclure, (he relalive comparison resulls
between (uzzy models shows  somewhat  different pattern
from the above two comparison resulls, Ry and 7 show best
performance in this model structure. The overall performance
of fuzzy models in this structure excepl for soine cases are
worse  han those of fuzzy models in the other two
structures. Ra ond  Rx shows  hetter  performance  being
compared with those wilth max~min composition operator,

5.4 Sunmarization ol comparison results

From the above discussions, il can be scen (hat it is
very dilficult to decide which FIO is mosl adequate for all
the environment in system identification. But we think the
recommendalion  of  FIO  adequite for  some  restricied
cnvironmenl is available. In this paper, we recommend 1IF10)'s
for some cases in modeliing problem,

AL first, Is is most adeqguate FIO for the case that 1O
relationship of a process is very nonlinear and a lot of data
pairs are available. But, s and I are expecled 1o show
similar performance when a ot of data can not be obtained.
AL second, Iy is most adequate FIO for the case that the 1/0
relationship  of o  process is  somewhat  nonhinear  and
monotone and a few 1/OQ data pairs are available. In this
case Iy is also a probable FIO, bul it shows worse logical

performance than Iy

6. Conclusions

An empirical comparison ol fuzzy relational models which
are identified with different FIO's and inferred by different
composition  operators  is  made  in  case  that  all  the
information is represented by the fuzzy  discretization. The
[FI0’s which are adequate for the identification of fuzzy
relational model are recommended for some cases in system
identification.  Four performance measures  are  adopted  to
cevaluale and compare the fuzzy relational models not only at
the numerical level but also al the logical level. IMS and
maximal estimation error is employed for the comparison at
the numerical level, and fuzzy cquality index and mean lack
ol sharpness for the compatison at the logical level TU is

also shown that the sclection of data pairs s another

inportant factor for the identification of  fuzzy  relational
madel of high quality.
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Table 2 Performance of stalic fuzzy relational models

(GMP, Max-product composilion)

Table 3 Performance of static fuzzy relational

models (GMT, Max-product composition)
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