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Abstract

In this paper, a memoryless H, coutroller for linear sys-
tems with state and input rleln&s is presented. The pro-
posed controller is a delay independent stabilizer which
reduces the H,, norm of the closed loop transfer function,
from the disturbance to the controlled output, to a pre-
cribed level. The controller is obtained by solving a mini-

mization problem involving linear matrix inequalities.

1 Introduction

The state space approach to the H,, control prob-
lem has attracted attentions of many researchers owing
to its simplicity [1], [2]. Recently, the H,, controller de-
sign methods have been extended to deal with delayed
systems(3]. In (3], a modificd Riccati equation was pre-
sented to obtain Hy, controller for systems with dclays in
state. On the other hand, a convex optimization method
was proposed to design a stabilizing delayed state feedback
control for similar systems [4].

In this paper, we consider linear systems with multiple
delays in both state and input, and then preseat a mem-
oryless stabilizing state feedback controller which reduces
the H,, normn of the closed loop transfer function, from
the disturbance to the controlled output, to a precribed
level. The proposed controller is obtained by solving a
minimization problein involving LMI conditions. Several
recently developed convex optimization algorithms can be

applied here[5).

2 Main Result

Let us consider a linear system with state and input

delays
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Aox(t) + 37 Ar(t ~ hyt) + Byu(t)
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T
+ 3" Bju(t — hy;) + Du(t)
7=:1

z2(t) = Ez(t) (1)
where ®(t) € R" is the state, w(t}) € ™ is the control,
w(t) € R*is the disturbance, z € R the coutrolled output,
and hy;, hoj > 0 are delays in the éystem. In addition, A,
A;, By, Bj, D, and I are constant matrices with appro-
priate dimensions. In this paper, i and j denote indexcs
i=1,...,pand j =1,....q, respectively.

We shall design a memoryless linear state feedback con-
trol

u(t) = Fx(t) (2)

where F € R™" is a constant matrix.” The closed loop

transfer function T}, from the disturbance w to the output.

z is given by

14
T:..,(s) = E{QI — (A(] -+ B(|F) — ZA,‘C“ shii
LR

v
=S B Fe D, (3)

i=1

Our aim is to find the H,, controller which stabilizes
the delayed system (1) and guarantees the Hy, norm bound
v of the transfer function .., namely, [T..fl. < v, where -

7 is a positive constant.
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The following lemma gives a suflicient condition for the

stability of the closed loop system with the control (2).

LEMMA 1 If there exist positive definite matrices
Py, Pu, Py such that

P
(Ao + ByFY Py + Py(Av + BoF) + Z R\f{iP]:IAzl"l)

i
+ZP0B FP;'F'B; PO+ZP,,+}:P,, <0 (4)
Jj=1 i=1 j=1
then the delayed system (1) with the control (2) is
stable for all hy, ha; > 0.

Proof: Lect’s assume that w(t) is equal to zero for all

t. Define a Lyapunov functional V{z,) as follows:

V() 1= ' (t) Pox(t +Z/

$)Pyx(s)ds

(r)dr.

+Z/

T)PoJ

Iq,
The corresponding Lyapunov derivative is given by

dV(x,)

=YWy (5)

where
Y= [’L‘(t) z(t - /l-]]) ..

st = hy) a2t = ha)ox( = D))

and
[ N R4, PA, DBF PB,F
APy =Dy, 0
W= A;,P() *P],,
F'B,P, — Py
A -, |

N = (Ao + BoF)' Py + Fo(Ao + ByF)

P 9
+3 P+ Y Dy
iel -1

Heuce, the Lyapunov derivative (5) is negative definite if

the incquality (4) is satisfied [6).

LEMMA 2 The Riccati incquality ({) is equivalent to
the LMI

M AQ A,Q0 B\Y BY ]
Qud] —Qn .. 0
QoA, —Qy <0
Y'B; =Qx :
| Y'B, 0 —Q, |
(6)
where

Qo =Py, Qu=Fy'PIy Q= I Py Y = FRy.

and
P q

M = AgQy+ QuAy+ BoY +Y'By+ 3. Qi+ 3. Q.
i=1 j=l

The following tlicorem provides a delay independent

stabilizer for the state and input delayed system (1).

THEOREM 1 If there exist Y, Qy > 0, Qp; > 0. and
Qy; > 0 which satisfy the LMI (6). then the state feed-
back control

u(t) = Y3 'o(t) (7)
stabilizes the input delayed system (1) for all by, hy; >
0.

Proof:
the LMI (6), then the state feedback control gain F is
equal to Y.

If there exist Y, Qy, Qu;, and Qo; which satisfy

Hence we obtain the theorem.

We have obtained the stability conditions and the sta-
bilizing controller for the state and input delayed system
(1). The following theorem provides a stabilizing memo-
ryless controller which guarantees the Ho, norm bound

of the closed loop transfer function of the system (1).

THEOREM 2 If there erist Y, Qu > 0, Qy; > 0. and
Q2 > 0 which satisfy the LMI
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[ M A0 Qe Y BY D Qi
Qod; —Qy o 0
Qo A, —Chp
Y'B, —Qu : <0
Y'B, —Qay
D 1
| BQo 0 -l |
(8)
then the state feedback control
u(t) = Y Q '=(h) ()
stabilizes the system (1) and guarantecs the Hy, normn

bound of the closed loop transfer function To, in (3),

e || Too lo< -

Proof: 1Y, Qy >0, and @ > 0 are the solutions of
the LMI (8), then the solutions also satisfy the LMI (6).
Hence from the theorem 1, the state fecdback control (9)
stabilizes the state and input delayed system (1).

The LMI (8) is equal to the following Riceati incquality

P 4
ApQo + QoA+ Byl + Y'By 4+ Y Qi+ Qs
i=1 i
P 7
+3AQuQi QoA + Y BY QyY'B;
i=1 =1

1
+%DD’ +—QuE'EQy < 0. (10)
5

Using the relations, Py = Q3', D = Q5 Qs ;=
Qi Q,Q5", and F = Y Q' the inequality (10) can be
rewritten as

14 1
PoA+ ATy + PyBaF + F'ByDy + Y Py + 5 Py

i1 =1

r q
+ 3 RAPG ATy + > DB F P F' B,

i=1 ot
1 ) 1,
+;PUDD D+ :)—E E <0, (11)

Following the similiar procedure as in the proof of the

theorem 1 in [3}, we can shiow that v is the H,, norm bonnd
of the closed loop transfer function T%,. (3).

n

The theorcm 2 provides an LMI problem to obtain a

controller which guarautees some f7,,, performance. In or-

der to find the H,, controller which provides the simallost.
possible H,, norm bound, we must solve the minimization
problem for v subject to conditions @y > 0, Qy; > 0, and
Qq; > 0, and the LMI (8). It is also uoted that the LMI
(8) is reduced to the LMI (6) when the H,, norm bound

~ approaches to the infinity.

3 Conclusion

In this paper, a memoryless state feedback H, con-
troller for state and input delayed systems is presented.
The proposed controller not only stabilizes the state and
input delayed systern, but also guarantees the H,, norm
bound. The controller is obtained by solving linear ma-
trix inequalities with some existing convex optimization

algorithms.
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