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Abstract
In (he previous paper, we presented a new guidance law for a
missile  during  boost phasc. Thus , this paper deals with the
guidance law for a missile aflter (he (hrust culoff against an
accelerating and turning target, It is cssentially  based on the concepl
of proportional  navigation. Some simulation studies were performed
using a three dimensional mathmatical model of an air-to-air missile

and the elfectiveness  of the guidance law preseated was shown.

Nomenclature
A = lateral acceleralion vector of larget
An = lateral acceleration vector of missile
ay = missile y-axis latcral acceleration
a . = missile z-axis tateral acccleration

a ve = missile y-axis latcral acceleration command signal

a :. = missile z-axis lateral acceleration command signal

Vi = target velocity vector

Va = missile velocity vector

M = present missite position

T = present target position

I = predicted hit position

R = relative position vector rom M to T
P = relative position vector from T to

Q = relative position vector from M o 1
¢ = line-ol-sight (LOS) angle

0 = linc-of-sight (LOS) rate vector

0 = missile fight-path angle

6 = missile flight-path rate vector

.« = largel {light-path angle to LOS
én = missile flight-path angle to LOS
uoo= P ¢

N

it

navigation constant
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N. = cffective navigation constant
m = missile lotal mass alter thrust cutofl
g = gravitational acceleration

t o = time-lo-go

0 = air density
S = missile reference arca
k= induced drag coeflicient

Cuo = missile zero-lilt-drag coclficient
D = missile drag

7 m = missile pitch angle

¢n = missile yaw angle

T~ = missile lime constant

1 Introduction

It is well known that the conventional proportional navigation (PN)
is onc of the most cffective guidance law when missile and larget
velocitics arc constant ' . But a missile has an acceleration duc (o
thrust during boost phase . Thus , two of the authiors presented (he
new guidance law for short range missites with thrust . Ilowever | a
missile may (rack a target alter tie thrust cutofl . In (his case a missile
has the axial deceleration due (o air drag and the velocity decreases
rapidly. This velocity change may seriously degrade the performance
of the missile guided by PN . Chadwick derived the approximate
analytical solution for the miss distance of PN wmissile with axial
deceleration after thrust cutoff, but he menlioned nothing about a
guidance law * .

Thercfore, first taking into account the varying. velucity due to air
drag , we derive a guidance law  for a missile against a target
with constant acceleration.  Though the guidance law derived gives
the theoretical acceleration to guide a missile on a collision course, it
is very difficult to implement on most existing tactical missiles, Thus,
the on-board approximation of the guidance law is derived and also
the technique for implementation of the  guidance law is shown. In
this paper , we call the approximated guidance law "NEW
GUIDANCE LAW (NGI)" for sake of convenience. Finally , the
performance of NGL is compared with that of PN | using the
simulation studies of a three dimensional mathmatical model of an air-

to-air missile.
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2 Derivation of a Guidance Law

Figure 1 shows  the intercept geomietry of o missile against
target. M and T represent the actual positions o a missile and a
target  al time ¢ respectively , and 1 indicates the predicted il
point, that is . the triangle ITM is a collision triangle at time ¢, Lel
us assume that a target is flying with constant acceleration A .
From Fig.l | the line-of-sight (1.OS) rate is given by the following

veclor equation ©
. 1 .
U=F{Rx (V|_Vm)} (O]

Since [ indicates the predicted hit point , the missile should be guided
along MI | which is the shortest or optimal course for the missile to
inlercept a target. Assuming that the correct missile velocity vector

along with MI is —‘7... and the deviation of the real missile velocity
veclor from Vi is 4 Va . we have
Vo= VatAVa @
Substituting Eq.(2) into Tq.(1) . we obtain
- RX(Vi—v,)  Rx (-AV.)
o= I + g

3)

The first terin of the right side of Eq.(3) represcuts the correct LOS
rate when the nissile flies along the collision course. The secoud term
is the deviation of the LOS rate from the correct onc . If a missile is
guided with a flight-path rate in proportion lo the deviation of the
LOS rale , assuming no missile dynamic lag . the missile flight-path
rale becomes

Rx (—AV.)

6=N —

)

where N is the navigation constant. Then, the required  acceleration

for a missile to be guided to the correct collision course is given by
F=6 X V,

=_£’;[{(f1m#vm)x RIx V] )

Figure 1 ¢ Intercepl  Geometry

From Fig .1, Vm  can be written as
= singnP  sin
V.=v [ SingnP + _sinpR ]

= 6
s P sinp R ©

Substituting Eq.(6) into £q.(5) , we obtain
N singnP
F= vy 222l Ny ply v, @
R sing P
and [rom Tig.]1 , we have
sinpm  T1 _ P 5
sing. M] @ ¢
Substituting Iig.(8) into  Lq.(7), we obtain
N Ve J ] }
=—1{|Va——P|X R}X V, 9
R? H[ Q @
This is (he basic cquation of the guidance law for a missile to hit a
target al the point I Tn order to realize this guidance law , P and @

must be predicted. Since (he target is moving with the conslant

acceleration A, defining Lo as (imefo-go, P can be
approximated by
1 2
pP=V, l,.,+EA. Lew (10)

Next , let us derive the equation for @ . The forces acting on

9

missile after thrust culoff are air drag and gravity but (he gravity is
neglected because its elfcet is very smatl * . Thus laking only zero-ilt

air drag into account , we have (he following equation of motion for a

missile .
. 1 2 .
Va= Eme SCoo/m a1
Tet us define A as follows :
SC
l=p > Do (12)
2m

If we assume that A is constant, Eq.(11)-can be solved analytically
and we have
Vo

Voll)=———
() 1+AVno!

(13)

where Vmo is an initial value. @ is computed from the following

cqualion.
Q= J‘" “v. ()t (14)

Integrating Fq.(14) . we obtain
1
Q:I(1+M/m0[”) (15)

As it is clear from Eq.(10) and (15) , we nced &40 in order to
determine Pand Q. From Fig.1, the equation for & 50 is oblained as
follows:

Q*>-P*-R*~P - R=() (16)
Assuming that Va Vi A and R are known , €40 can be
compuled from Eq.(16). Q can be obtained from q.(15) and then the

required guidance acceleration command is computed from Eq.(9).
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3 Implementation of New Guidance Law

Substitwting Lq.(10) into Fy.(9) . we oblain

F-iH[V Veleo oy ———l"’zv"‘A ]x R]X 12 ]
=R? n 0 ¢ 20 t ™ an

Let us define k1, k= as follows :

' Valgo
= 18
1 0 (18)
4oV
kp=—r— 19
29 s
Substituting 1igs. (18) and (19) into Lq. (17) and rearranging it . we
have
Nk
F= R"l [{(Va=V )X R}X V]
N(1-k
+—(RTJ—{(VMX .R)X Vm}
Nk
+ R: {(R X AX Va} @0)

The first term represents PN with the navigation constant N k1 | the
sccond one represents pure pursuit navigation (PPN) with navigation
constamt N (1 — k1 } and the tast one is the correcting force for
target’s mancuver. We can set up Lhe guidance system given by
£4.(20) combining PN | PPN and correcting term . "The block diagram
representation of Eq.20) is shown in Figure 2 . where the effective
navigation constant N , defined by the following cquation , is used
instead of N .
NVcosn

N.=——
V. @n

where Ve is the closing velocity . Also ., we used Ay which is

delined by the following equation

R XA,
A= | — 2
! I R (22)
: ‘,’; J ;Conpaﬂu!inn

| for target manpuver

Proportional ‘ k, l
Navigation o

1
cas ’...

fr.

Dynamics

{li::llo

} Pure
1 Pursuit
: Navigation

Figure 2 : Block Diagram of New Guidance Law

In order to realize the guidance taw shown in Fig.2 , we assume (hat

l.J AL 0 e, R and Ve arc incasured . Besides , the value of
Va, Vi, 2 and tgo are necded to compute &y and k2. & can
be determined in advance : Vo is assumed to be constant if it is
difficult to measure or cstimate it ; and Ve and £ g0 arc cstimated

using the following equations ;

Vo
Vas 1+AVmo! @
R
lgo= 7“ (24)

We call the guidance law given by Eq.(20) NEW GUIDANCE LAW
(NGL).

4 Simuiation

4.1 Simulation model
Let us apply the new guidance law presented o the three
dimensional mathmatical mode! of an air-lo-air missile after (hrust
cutoff and compare the result with that achicved with conventional
proportional navigation (PN) . Ligure 3 shows the inlercept geometry
in three dimensions. Ilere , the origin of the inertial axis XYZ is on
the carth surface , Z-axis is dirccted verlically down and X-axis

coincides with the initial target velocity veclor.

[ Target
,[.\\\

Figure 3 @ Intereept Geometry in 3 Dimensions

In this figure , both the missile and the target are particles. The target
is flying straight with constant speed or fuming with the constant
Iateral accelcration of Sg . On the other hand | the total dynamics of
the guidance system, including the missile dynamics. -a noise filter |
clc., is given by a [irst-order lag with time constant 0.4 scc . "The other
conditions are as [ollows : The targel initial velocity is Mach 2.0 5 (he
effective navigation conslant is sct equal 0 6.0 cegardless of (he
guidance faw; the missile initial spced is Mach 4.0; the missile
teference cross section is 0.04 1 Cuo and B are the functions of

Mach number | that is . 0.70 (0.9) , 0.98 (1.0) , 0.83 (2.0) , 0.67 (3.0) ,
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0.6 (4.0) for Cnoand 0.03 (0.9) , 0.02 (1.2) , 0.03 (2.0), 0.035 (3.0,
0.039 (4.0) for k& ; the missile total mass aflter thrust culolf is 170 kg
; and the blind distance is sct equal to 80m. The empluyed equations

of motion are as [ollows.

. 1 )
Vo=—(—Dn—mgsinys) (25)
m ’
aye ”

e Vo 05)'m @
. 1

Ym=m (a.c+geosym) (27)
a,.={a,—a,.)ftm (28)
ave={a,—a, . (29
L=V COSYm COSPn (30)
},..:V,.. COSYm ST Pm 31
F— STHYm (32)

where  Da is given by

1 2mh ) (ay Eta..”)
Da=| =pSCuo |Va’+ k!
[2/’ v S Va7 )

The first tenn represents the zero-Jift-drag , second (erm represents
the induced drag and £ is an induced drag cocflicient .
4.2 Simulation Results

One of the simulation results is displayed in Fig.4, where the
target is flying straight and the missile initial heading is toward the
intereept point. The target initial position is (0,0 ,-5000) and  the
missile one is (1000 ,~1000, -4000) . The solid line shows (he Might-
path achieved with NGE and the broken line shows (hat with PN. Tor
reference | the flight-paths projected onto two dimensions are shown in

Fige. S and 6 .
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Figure 4 Flight-path in three dimensions
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Figure 5 Flight-paths in X-Y plne
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Figure 6 Tight-paths in X=Z plane

Figures 7 and 8 depict the time historics of he missile Tongitudinal
and lateral acceierations with the same {light as shown in Fig. 4. From
these figures , we sce that he missile guided by NGI, fics almost
straight with little acceleration commands but the trajeclory achicved

with PN is curved signilicantly and requires larpe  acccleration

commind,
—— New Guidance Law
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Figure 7 Time histories of the missile longitudinal acceleration
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Figure 8 Time histories of the missile lateral acceleration

Figures 9 and 10 display the miss distance as the function of the
missile initial velocity and heading error. “The flight conditions except
the missile initial velocity and heading are the same as in Fig.4. In

Figs.9 and 10, MD represents miss distance, VM represents missile
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initial velocity and 1B represenis missile hitial heading crror. From
Figy . we sce that the miss distance of NGE, heeomes less than 3y in
case (he initial heading error is within the range of £ 107 . On e
other hand . Fig.10 shows hat the niss of PN becomes less than 3m
only with the very limited values of the initial velocity aud heading
crror. From these sitmulation resulls , it can be said (hat NGL has far

belter off-baresight ability than PN,

3000

HD 1m2000

“Hymp 10

Figure Y Miss as a function of the missile initial

veloeity wud heading error (NG

En 19

Tigwre 10 Miss as a function of the missile initiat

velocity and heading crror ( 'N)

Figure 11 explain that what number s the best effective navigation
constant ( N. ) of the guidance laws. In cach point, 2500 missiles arc
fired. “The simulation conditions are as follows ; (he initial altitudes of
a missile and a target arc cqual to 5000m ; the initial targetl position is
always (he origin 5 on the other hand | the initial missile position is
changed  at intervals of 200m \\‘ilhi;l X=-4800m (o 4800m and
Y=-4800m to 4800m : the clfective miss for hil is assumcd 1o be less

than 3m 5 and other conditions are the same as before. From Figd1

the reasonable value of N. is 2-10 for the new goidance law and
5-8 for PN. Considering the noises . N» was sct cqual to 6.0 for

cach guidance law .

Condition :MD > 3.0 m

T
t

2000

& * New Guidance Law
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z . T S
0 10

Effective Navigation Constant ( Nc )

Figure 11 Number of missiles misscd a largel vs

clfective navigation consiant

4.3 FElfcctive area for a missilc (o intereept a target
Figures 12-15 contain the results from the simulalion rans performed
to define the effective arca for a missile to intercept a targel. The
targel is located at the cenler of the plot and ifs Mlight trajectory is
indicated by an arrow, in cach figure . The bounded regions represent
the set of points from which a missile cannot intercept a target. The
initial conditions for simulation are as follows | missilc and target
speeds arc 4.0 and 2.0 Mach, respectively 5 a anissite has an
appropriate lead angle because it has been guided against a tarpet
since launching ; and other conditions are the same nS belore |, except

the altitude and the limited load factor .

New Guidonce Law
(MD « 3 & tm Contour Line)

..... Propottional Mavigauon
(MD = Im Comrour Line)

—= - e = Proportionst Navigation
{MD = tm Contowr Line)

Figure 12 Effective arca (altilude=5000)
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Figure 13 Llective arca (allitude=4000)
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Figure 14 Effective area (altitude=6000)

In Figs.12 and 15 , a missilc and a target are at the same allitude of
5000m ; in Fig.13 ., missile and target altitudes are 4000m and 5000m,
respectively 5 and in Fig.14 , missile and target altitudes arc 6000m
and 5000m , respectively . On the other hand , the limited load factor

of a missile is 40g in Fig.12,13,14 and 20g in Fig.15 .

Frw Guiance Law /
oo
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. ™ CNT=5. 40

_____ Froportions! Kavigetion
(MD = 3m Contour Line)
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—— - = Trportions] Navigation
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—
PR

o

~— f
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Figure 15 Lffective area (altitude=5000m)

As shown in cach figure , there are (he regions near the larget and
in the far rear of it from which NGL missile can intercept a target but
PN missile cannol . The regions ncar lAhc target are generated because
PN missile cannot track the target ; and the regious in the far rear of

the targel are gencraled because (he induced drag of PN missile

becomics greater (han that of NGL missile and then PN missile cannot
overtake the targel .
On the other hand , NGL missile can intercept a target as loug as the
missile hold a position at the point from which it can overtake a target .
IFigs.12~15 show that the effective arca of a NGI. missile is larger

than that of PN.

S Conclusion

A new guidance law for a missile after thrast entolf has been
presented | First, the guidance law is derived theoretically and then the
real bmplementation of the guidance law is discussed. The new
guidance law  presented  can be  implemented by conbining
proportional navigation , pure pursuil navigation and compensation for
the turget mancuver . From the simulation studies, the following
resulls are  obtained. The missile (rajectory  achieved with the
proportional navigation is quite curved and large acccleration
command is required to intercept a target but the missile guided by the
new guidance law flics nearly straight and intcrcepts a target with a
litlle acceleration command. Also , (he cffective regions from which a
missile can intercept a targel are gencrated from many simulation runs .
These regions show thal the new guidance law presented provide an
overail perfonnance improvement over proportional navigation . If this
guidance law was combined with the guidance law for a missile with
thrust  in the previous paper, it would show the  outstanding

performances. '
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