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Abstract

We proposc a method to reduce the marking cxpres-
sion about the places when we model a discrete-evenl
system using the Petri net. The net wilth reduced
marking expression has the same dynamic behavior
as the original model. The number of the places can
be reduced by the number of the resource places of
the Petri net, and consequently the net cau be signif-
icantly simnplified, still preserving the dynamic prop-
erties of the net.

1  Introduction

'The construction of reachability trees is one of the
basic techniques used in the analysis of the bchavior
of Petri nets. The tree represents the reachability set,
i.e., all reachable markings from the initial marking,.
Starting with the initial marking, we graph the re-
sulls as the tree. 'The number of the elements of the
marking cquals the number of the places of the net.

When, for example, an FMS is modeled in Petri
nets, some places (which we will call the resource
places: RP) indicate the availability status ol the re-
sourccs siuch as the robols or parts, and the olhers
(which we will call slate places) represent the states
such as the operalional status of the robot.

Eliminating the resource places {rom the net makes
the size of the marking expression be shorter, and the
original Petri nets get reduced, without changing the
properties of the Petri nets. But the structure of the
transilions are invariant and the number of reachable
markings is not changed.

2 Property of Resource Place

A Petrinetisab-tuple, PN = {P,T, I, 0, My}, where
P is a finite set of places, T is a finite set of transi-
tions, I : PxT — N is an input function, O : PxT —
N is an output function. A marking M is a vector,
My being initial marking. The nuber of tokens in
a component p € P is M(p). N indicales the sct of
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natural numbers. A transition { € T is said to be
M-cenabled T

M(p) > I(p,t), Vpe (n
M(p) < IKK(p) - O(t,p), Vp e - (2)

where -t and {- are called the preset of £, (1.e., input
places ) and the posiset of ¢ (i.e., oulput places), re-
spectively. K(p) is the maximum number of tokeus
thal p can hold at any time. An cnabled transition
can fire and Uhe firing yiclds a new marking with

M(p) = M(p) — I{p,t) + O(p,1), ¥pe P. (3)

The set of all possible markings from My in a net
7 is denoted by L(Z, Mp). ot simply 1.(7). A mark-
ing M,, is said o be reachable from a marking M,
(denoted by Myle > M) il Lhere exisls a sequence
of firings (¢ = t)l3 - - - t,,) thal transforins Mg Lo M,,.
‘The rcachability tree from My in a net Z is denoted
by RT'(Mo). § RT' (M) indicates the number of mark-
ings in a net Z. Let M;(pi,p2,...,pn) be lhe ilh
marking representation of the places (p1,ps,...,pn) in
L(Z, My).

We divide the place sct P into resource place(RRI")
sct R and statc place set S.

r={R,S}, RnS=¢
R={r;|1eN}
S={s;|jeN).

Definition 1 A resource circuil C is a directed closed
path containing only one resource place, where there
is no directed closcd path including the same resource
place in ils inlerior.

Definition 2 The set I'; of the associaled places(AS)
is the sel of the places encounlcred in a resource cir-

cuil excluding the resource place ry, i.c., Iy = {fi; €
S|i,j € N}.
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For ri, we make up the associated pair (ri, F5). In
Fig.1, the Petri net model of an FMS is shown. There
are three resource circuits(Cy Cy Ca) in Fig. 2, where

1]

Cr = rilysilasalasatsr)

!

'y = raly s1laratasalisry

(.73

i

T3f.15112321353t41'3
and the sels of associated places for each resouce cir-
cuib are
F| = {.91,52,53} f07' ™
Iy = {s5y,83} for ry
Fa = {s1,52,83) for ra

We assuine the set I associated with r; i8 nonempty.

3 Elimination of Resource Places

A marking can be regarded as a state of the system
ab each time. Token distribution in the resource cir-
cuil changes from one node(i.c., place) to neighbor
sequentially, along the directed arc.

The total number of tokens in each resource cirenit
C is iuvariant by transition firings. There is no ex-
tintion or generalion of token in any resource citcuit.
If we section a resource circuit into two parts, RI
node and AS nodes, the marking distribution has a
manner of exclusive occurrence, in ry or in F;. If we
climinate the resonrce places in the ebri net, we can
get the reduced wnarking expression by the following
theoren.

Theorem 1 Lel RT'(M{) denote the reachabilily trec
or graph whose modes(markings) are constructed with
only the set S. Then, there is no topalogical difference
between R (M) and RT'(My).

proof) We show this theorem in two-cases, i) sage
net and ii)general case. We consider a resource circnib
which consists of a resource place r; and its sct F; of
the associated places.

i) To simplify the prool, let us assume YMq, My(r;) =
1 and My(F;) = 0(zero vector) in a resource cir-
cuit. If M(r;) = 0, then 3| j, such that M(fi;) =1
and AJ("I‘) filyfiZl "'1fij) ”')fl'u) = (Ol Ov Ol sey l) -"yo)v
where n = |I;]. ‘Therelore, Lthere ate n unique possi
ble states(markings), since j = 1,2, ..., n and they are
all mutually independent. Tt is easily shown that the
number ol markings in (r;, [;) is the same as that of
F;.

ii)Let the set of all the possible distinct markings
in C be

I(C) = {My,..., My}

where m is the nuinber of distinct markings. Bach

.marking is the marking of C' with the associated pair

of (ri, I}, ie., M(re, 7). 1T we let the initial marking
My of r; be Mo(r;) = n, then My(F;) = 0. For some
marking My € L(C) il My(ri) =k for a=1,2,...,m,
k=0,1,...,n, then M,(F;) is a unique state(ihe dis-
tribution of n — k tokens in associated places) which
is different from Mg(Fy) , = 1,..,m, § # . The
marking sct of the subcircuit C’ where the resource
place is eliminated also lias i distinct markings.

LC) = {M], ..., M.}

Let My = M(R,S) and M{ = M(S) be marking
of net Z and the corresponding reduced markiug ex-
pression, respectively. Exlending the above result to
the entire net 7 , we obtain the following

#RT(Mo) = #RT'(M))

Thus, the eliminalion of M(R) can not aflect the
number of slales that could exist . Next we show
thal RT” is an isomorphic representation of RT' for
je: Mz — Mz, which maps nodes of original reach-
ability geaph RT' into the ones of reduced marking
reachability graph 7. Let L(7Z) be the marking
set of a net 7 and let ¢ be flow relation in L(Z).
For the mapping ji: Mz — Mz, Mz € L(Z) &
p(Mz) € 1(Z’) and M, 0 Mg & p(M,) o p(Mg)
for v, € N. 'This implics that RT and RT" are iso-
morphic for some bijection jr. RT is equivalent to
RT’ because their relationship(mapping) p is bijec-
tive. T and RT” have an isomorphic representation
to each other. O

By ‘Theotem 1, RT'can be replaced by RT" topolog-
ically. For an FMS, there can be many RPs in Petri
net models even for the modcrate size of systems.
From this point of view, we will use the marking with-
out RPs in order to simplify the cxpression. Actually
we can see what the state of the resource is, only from
AS nodes, without RP> node which describes whether
the resource is being used or not. Only with the mark-
ing of AS nodes, it is possible to identify the states of
resource, process, load, unload, idle(absence of token
in associaled places), cte.

In the following Fig. 3, we provide an example,
for an initial mnarking My(r) = 2, My(I") = 0, where
I = {51, 83}, and all possible markings of this circuil
are

Mo =(200)
M, =(110)
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My=(101)

My=(011)
My =(020)
My =(002)

where M;, i = 1,2, ..., 5is the marking of the places(r, s,

Even if we drop out RP set(r) in marking represen-
tation, we'still have six possible states:

My= (00)

M{=(10)
My=(01)
Mi=(11)
M;=(20)

ML=(02)

where M/ is the marking of the places (s), 53). To
handle the reduced markings M’ is more convenient,
than to handle M due {o the decreased size of the
places in the marking expression.

4 Reduced Marking Expression

Petri nets can be scaled down by climinating RPs
in a net model. If we get rid of RDPs and relevant
arcs(their ingoing and outgoing arcs). from the entire
model, we get the reduced nct(RN) 7', which keeps
the information of a systemn. There may exist not only
closed net but also open net. We exclude the situa-
tion of open reduced net in this paper. We regard
RP nodes as redundant information, and construct
the teduced Petri net with reduced nets. RN gener-
ation takes the following steps. For a resource cir-
cuit, step 1: eliminate resource place, and its inpul,
and output arcs to obtain reduced net, step 2: imn-
pose the bound K(My(r)) to associated places, but
Vsj € I, 32, M(5;) < Mo(r) where n = |F|, and-
step J: adjust interrelationship between processes us-
ing inhibitor arc. In Petri net model, the mutual ex-
clusion situations that share the common resource(s)
can occur. The definitions on mutual exclusion are
referred in (7] . Draw inhibitor arc(s) from AS of a
process to input transilions of other processes. The
[RNs for mutual exclusions are shown in Fig. 4.

Note that the transitions of the original net are all
conserved in the reduced net. None of travsitions
(.., events) arc dropped away. The model keeps
the original dynamics. The dynainic behavior is un-
chaugeable for RN. Fig. b(a) is prolotype of C. ¢, is

enabled il the enabling conditions are satisficd. ) of
RN counterpart Fig. b, (b) cannot be enabled when
M(p) reaches its bound. 'Flierefore, whalever the’
situations in py may be, there is no diflerence in stale
trangformation for Fig. 5. (a) and (b). We can say
Fig. 5 (a) and (b) have the same dynamic bebavior.
Fig. 6 shows a Pctri net model for material han-
520ling system in [5). In this model, there are cight dis-
tinct positions, each having special sense that can be
modeled ag a single resource, which is represented as
the place 5y throngh sg, respectively. The availabil-
ity of positions is modeled by the places ry throngh
rg. For example, place vy represents the availability
of the first position. RI set {ry,v3,---, 75} plays o
role of flag, whether correspounding places are free or
not. There docsn’t exist any relation between the cl-
emenis of the RP set. Fig. 8 shows the reachability
trec of the net in Fig. 7 and all the nodes M can he
replaced by another expression climinating RI's from
original reachability tree. Note that the number of
nodes of RP eliminated representalions is equivalent,
to that of Tig. 8, and flow rclations between nodes
is identical to each other. The original and reduced
markings are ‘

Mo =(10001101001001110010)
My=(01001101001010110010)
M;=(10001101000101110010)
My=(11001100101000110011)
M;=(01001101000110110010)
Ms=(11001160011000110011)
Me=(11001100100100110011)
M;=(00101101000011010010)

M{=(100011010010)
M{=(010011010010)
My=(100011010001)
M{=(110011001010)
M;=(0100110100601)
M{=(110011000110)
M{=(110011001001)
M,=(001011010000)

We present. complexity indicalor V that is the sum
of the number of elements of P, T', I, and O for a
finite net. Let V. = V — V' be the volume to indicate
how much the complexity of a Petri nct is reduced.
Removing of the resoutce places and their relevant
arcs produces the reduced Petri net for the model in
[5], yielding V. = 70 — 46 = 26. The reduced nel
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shown in Fig. 7 has the same dynamic behavior as
the one in Fig. 6.

5 Conclusion

Weshowed Lhat the reduced marcking expressions and
Lhe reduced nel, can be obtained by the concept of the
resource circuit. But the reduced nel has the same
transition propertics as the original net. However, to
get the reduced reachability graphs of the net, further
study is needed.
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Fig. 3. A resource circuil
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Fig. 1. An example of TMS.
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Fig. 2. Resource circuits of the model in Fig. 1. (a)Ct {b)C2 (c)C3

lig. 4. The mutual exclusions (a) 2-PME  (b) 2-SME
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Fig. 6. Petri net for the material Fig. 7. RPN for the material
handling system. handling system.
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