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ABSTRACT

The new field of learning control develops
controllers that learn to improve their perfomance at
executing a given task, based on experience performing
this task. The simplest forms of learning control are
based on the same concept as integral control, but
operating in the domain of the repetitions of the task.
In the previous paper, I had studied the use of such
controllers in a decentralized system, such as a robot
with the controller for each link acting independently.
The basic result of the paper is to show that stability of
the learning controllers for all subsystems when the
coupling between subsystems is turned off, assures
stability of the decentralized learning in the coupled
system, provided that the sample time in the digital
learning controller is sufficiently short.

In this paper, we present two examples. The
first illustrates the effect of coupling between
subsystems in the system dynamics, and the second
studies the application of decentralized leaming control
to robot problems. The latter example illustrates the
application of decentralized learning control to nonlinear
systems, and also studies the effect of the coupling
between subsystems introduced in the input matrix by
the discretization of the system equations.

The conclusion is that for sufficiently small
learning gain, and sufficiently small sample time, the
simple learning control law based on integral control
applied to each robot axis will produce zero tracking
error in spite of the dynamic coupling in the robot
equations. Of course, the results of this paper have
much more general application than just to the robotics
tracking problem. Convergence in decentralized systems
1s seen to depend only on the input and output matrices,
provided the sample time is suffiently small.

INTRODUCTION

When a control system is required to execute
the same command repeatedly, the error in following the
command will be repeated (except for random
disturbances). It seems a bit primative to produce the
same errors every time the command is given. The new
field of learning control refers to controllers that can

learn from previous experience executing a command in
order to improve their performance. They learn what

input should be given to the system in order to have the
response be the desired response. They eliminate the
errors of the control system in executing the command,
and they eliminate errors due to disturbances that repeat
each time the command is given. Leaming controllers
aim to accomplish this with minimal knowledge of the
system being controlled, and base their adjustments to
the command on previous experience performing the
command without relying on an a priori model of the
system dynamics. There has been considerable research
activity in this field in the last few years, some
examples of which are given in the references {1-15].

The usual application of learning control, and
the application that motivated the development of the
field in the last few years is robotics performing repeated
tracking commands, for example on an assembly line.
Nearly all robot controllers are designed with each joint
axis having its own controller, and this controller
knows only feedback information about its joint angle
or angle rate and nothing about the other joint variables.
The effect on the motion of one joint due to motion of
other joints, such as through centrifugal force effects, is
treated as a disturbance that the feedback control law
must take care of. Furthermore, with proper choice of
the joint vanables, the equations for each link can be
made to involve only the control action for that link.
Then the only coupling between the dynamic equations
for the links is a dynamic one, with no interaction
between the axes in the input and output coefficient
matrices.

The question arrises, what happens if a learning
controller is used with each of the separate feedback
controllers of the robot arm. Such an application
represents use of a decentralized learning control. A
serious issue is whether the dynamic interactions in the
dynamics of the systems governed by the separaie
learning controllers could cause the learning processes to
fail to converge. It is the purpose of this paper to study
under what conditions such a decentralized leaming
control is stable.

The system equations are nonlinear in the
robotics problem. Here we will consider that the
motion takes place in the neighborhood of the desired
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trajectory, and hence it is possible to represent the
system as a linear one, linearized about the desired
trajectory. Then the system equations are linear, but
with time varying coeficients. Note also that various
interaction forces, such as centrifugal force on one link
produced by rotation of a link closer to the base of the
robot arm, when linearized about the desired motion
appear as the sum of a repetitive disturbance term to the
first link's controller, together with a linear coupling in
the linear system matrix. Also, external disturbances
such as the torque produced by gravity on a link, when
linearized about the nominal trajectory, produce a
distrubance forcing term that repeats with each repetition
of the task. Hence, the aim of the present investigation
is to obtain an understanding of the stability of a
decentralizedleaming control system applied to a linear
time varying system of differential equations with
disturbances that repeat each repetition. We will
approach this problem by starting with a simpler
situation, considering decentralized difference equations
first, both time invariant and time varying, and then
progressing to both time invariant and time varying
decentralized differential equation systems.

THE LEARNING CONTROL METHOD AND
CONVERGENCE ANALYSIS

The simplest form of learning control produces
the analog of this integral for every time step k, and
adds it to the control action for that step. This added
"integral” term is given as a sum of the error histories
in all past repetitions in the discrete repetition domain,
which can easily be calculated in recursive form

) = 9T ek +1)
i=1
Wi k) =u (k) + ¢ (k+ D 1)

The superscripts give the repetition numbers j and j+1,
and ¢ is the learning gain which the control system

designer can adjust. Note that the errors involved are
one step ahead of the control signal. In discrete systems
the control being chosen at step k will not influence the
errorimmediately. Here we assume that there is a one
step delay. Note also that the dimension of the error
column matrix, and hence the dimension of the desired
trajectory matrix are both equal to the dimension of the
input matrix. Thus the desired trajectory must be
specified in terms of measured output vanables, and the
dimension chosen to match that of the input vector.

The conditions for convergence to zero tracking
error for such a digital control system are given in [3] in
a more general setting. Since they form the basis for
the present work, they are summarized here. Use an
underbar to denote the column matrix containing the
history of a variable for all p steps of the p step
repetitive operation. Then the learning control (1) is a
special case of the following

o, 0 0 "
1 ¥ -0
e ¢2:() <|>1:) . ) @
o, ¢,,2) - ()
=y -y
*
where ¥ is the column matrix of the desired trajectory
history for steps 1 through p, and & is the matrix of the
learning control signal for steps O through p-1. The
difference operator 6j operating on any quantity

represents the value of that quantity at repetiton j minus
the value at repetition j-1. Learning control law (2)
reduces to learning control law (1) if L is chosen in the
specialized form

L=diagl¢ ¢ - 9]
Consider the modem control model

A(k)x (k) + Bk (k) + w(k)
Ck)x (k)

xk+1)
y(k)

where W(k) is any disturbance or forcing function that
repeats each repetition. Also, in the learning control
problem, it is assumed that the initial condition is the
same every repetition, and that it is on the desired
trajectory. Then (3) implies that

dy = Pdu @
=y y@ -~ y@)
w=[d© 4 - d@-b]
where
) A comy o |®

C(p)B(p-1)

ot N ot . T .
C(P)(]:I A(k)) B0) C(p)(HA(k))B(l)

The product notation represents a matrix product going
from larger arguments on the left to smaller arguments
on the right. Then recognizing that djy =~ dje and

using the learning control law (2) gives the following
rule for the error history as a function of the repetition
number j:

o, = -PLe™
¢ =(I-PLg '=E¢”

1
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or

e/ = (EY g (6)

Here the j superscript on the parentheses represents the
Jjth power. Thus the learning control law will converge
to zero tracking error as the repetitions progress provided
the lower block triangular matrix £ has all eigenvalues
less than one in magnitude, i.e. provided the eigenvalues

A, of the diagonal blocks are all less than one in
magnitude:

(1 = Cle+ DB(RYD,(k+ D) < 1 D
k=0,1,2:-,p-1

DECENTRALIZED LEARNING CONTROL
IN DISCRETE-TIME SYSTEMS

We first consider a time-varying or time-
invariant digital system of the following form

x,,(k+ 1) = A (ox, (k) + 2A,,;(k)x,,,( &)+ B, (kw,k) +w, (k)
>

®
y(ky = C, (kx,, k)

This represents s subsystems, with uncoupled input and
output matrices. The dynamic interactions between the
subsystems are represented by the coupling matrices
A, ;- The control input to subsystem i is V,, its state
1S X

».i» and its measured output is y;. The subscript o

refers to the open loop system model. In a later section
we consider differential equation models with the same
structure.

Now consider that each subsystem has its own
decentralized feedback controller with feedback of only
that subsystem's measured output. The feedback
controllers can be direct output feedback controllers or
dynamic output feedback controllers, whose equations
are

V.(K) = Vi, (K) + (k)
Ve lB) = Cpg (k)% (k) + K (R, (k) = ¥, ()] ©)
Xep, (k +1) = App (k)X pp (K) + Brg, (k)y, (k) - y; (k)]

In the case of dynamic output feedback controllers, there
is a state vector for the controller for each system .

The input V; is divided into the feedback control signal
Vgg; determinedby the controller dynamic equations or
output feedback equations in (9), and the learning
control signal &,. Equations (8) and (9) can be

combined to form the closed loop system dynamic
equations relating the learning control input to the
system response

X+ 1) = Au@)x, (k) + Y A (R)x, (k) +B (k) (k) + w,(k) (10)
=1

Now the state vector for system / is augmented as

x (k) =[x, (k) xggli(k)]l and the W, is still an input

that repeats every time the command is given to the

system, but now it contains the repetitive command as
well as the repetitive disturbance

WD[ k - i k)K! k : k
iy < [ O~ BiOK B0 a
~Bgg(k)y; (k)
The closed loop system matrices are
o [A.,,i.-<k>+B...~<k>Ki<k>Ci<k> Bn..<k>cps..-<k>]
il Bgs; ()G (k) 0
A.k) O (12)
oy
A“'(k)'[ 0 0}

B&)=|BL&) of
Gky=[Ca) 0

The Decoupled Learning Control Systems

Now consider the design of the learning
controller for subsystem i which is done assuming that
this system is totally isolated without dynamic coupling
to the other subsystems. The dynamic equations under
consideration are then

x;(k +1) = A,;(k)x;(k) + B;(k)u; (k) + w, (k) (13)

In specifying the desired response for the learning
controller, the variables specified at each time step must
be measured variables, and their number cannot excede
the number of inputs (there is an alternative
formulation, which we will not consider here, that
specifies more variables than inputs but the desired
trajectory is not specified every time step). This
requirement means that the desired trajectory is specified
as a desired history of some, but not necessarily all
measured variables. The subscript R will be introduced
to represent quantities with various rows deleted,
keeping only those rows associated with variables
specified in the desired trajectory for the learning
controller. An example of this distinction which occurs
in the robotics problem is as follows. Consider a single
robot link of a robot arm having its own input torque
and only this input torque appearing in its dynamic
equation. Let the feedback controller for this link not
only use position measurements but also velocity
measurements in order to adjust the damping. Thus the
measured information contains two variables, but the
desired trajectory specified to the learning controller can
contain only one variable because there is only one
input. Normally this is specified as the desired velocity

—871—



history. For simplicity of presentation, we will limit
ourselves to the case where the number of measured
variables specified in the desired trajectory at every time
step is equal to the number of input variables. Itis a
simple matter to alter the development to handle the
case were fewer variables are specified.

Using equation (2), the learning controller for
the ith system becomes

= Jj-1
6jyi - L,' €ir

H’n(l) 0 0 ]

[0, 6,.@ ~ 6]

eir = Yir~ Z-j’R
Equation (4) for system i becomes d; ¥y, = P u,
where the system matrices in £, are from equation (13).

When only the rows associated with varntables specified
to the learning controller are retained in . and in P,

one writes
8y, = Pedu (15)

and then the error history for the learning controller
operating on the uncoupled system (13) is given by

e =(E)e,
E-1-Pd,

Hence, the stability condition for the learning controller
for system i to give zero tracking error on the uncoupled

dynamic equation (13) is that all of the eigenvalues A,

(16)

of the indicated matrices satisfy

(1 —(Cilk+ DBk, k+ D)| < 1
k=012 p-1

a7

We now suppose that the learning controllers for all
subsystems satisfy this condition for convergence to
zero tracking error that assumes there is no coupling
between the subsystems, and we ask the question, what
happens when these learning controllers are applied to
each subsystem in the coupled dynamic equations (10)?

Stability of the Decentralized Learning
Control

The coupled system (10) can be written in the
form of equation (3), which determines the A,B, and C
matrices to be considered in the learning control
stability analysis. The stability of any learning control
law of the form (2) applied to the coupled system (10)
written in the form (3) is governed by the condition (7),
after performing the appropriate deletion of rows in the
product of C with B, retaining only those rows
associated with outputs whose desired values are
specified to the learning controller (i.e. introduce the
subscript R as appropriate). However, the learning
control has been designed in a decentralized manner, and
is given for each subsystem by equation (14). We must
combine these learning controllers to express the
learning control law for the combined system (10) or

3).

The error history for the ith subsytem, Q{R, is a

column vector of the errors at repetition j for time steps
1 through p. The error history vector associated with

the coupled system (10), gf; , contains all elements from

the error vectors for each of the subsystems, but
regrouped. The column matrix starts with the errors for
time step 1 for all subsystems going from 1 to s, and
progresses to time step 2, etc. Hence, the block

partitions ¢m(k) of the learning control gain matrix L
for the coupled system (3)

du = Lex' (18)

can be written for all m in terms of the block partitions
P, (k) of the learning control matrices in (14) for the s
subsystems as follows

¢m(k) =diag (¢1m (k)’q)zm(k)v"'vq)sm (k)) (19

Equation (4) becomes 6j Yo = PRﬁjg where

the diagonal partitions of 5, can be written as
BKT) = B (kT)T +

(1 2YA, (( +DT)B.(KT) +B (kDI +....

(C(k)Bk = 1))e= 20)
diag((C, (k) B (k = 1)) .(C, (k) B,(k = 1)),
(G k)B(k=1)z)

by making use of the decoupled block diagonal nature of
the input and output matrices in system (10).

According to equation (7), zero tracking error
for system (10) in the form (3) is achieved if the
cigenvalues of the diagonal blocks of J — P L are all

less than unity in magnitude, i.e. if the eigenvalues of

—872—



1 —(C(R)B(k — 1)z ¢,(k) @1

are all less than one in magnitude for all k. Using the
diagonal decoupled structure of both matrices involved,
according to equations (19) and (20), produces the
stability condition that all eigenvalues of the matrices

1 - (G B(k— 1) ¢, k) (22)

must be less than one in magnitude, for all systems and

all ime steps
i=12,-28

k =1’2:""P

However, the conditions (22) are simply the set of all
stability conditions associated with the s decoupled
learning control systems. We can sumerize in the
following result.

Result 1: Suppose that the learning
controllers (14) for each of the s subsystems
satisfy the stability conditions (17) for
stability of the learning process when there
is no coupling between the subsystems, i.e.
for stability of learning in system (13).
Then, when these learning controllers are
applied to the coupled system (8) with the
decoupled feedback controllers operating on
each subsystem, the resulting decentralized
learning control system will converge to zero
tracking error as the repetitions of the
operation progress. This result holds
independent of the magnitude and nature of
the dynamic coupling terms Aij'

DECENTRALIZED LEARNING CONTROL
IN DIFFERENTIAL EQUATION SYSTEMS

The problem of interest for application to robot
problems has the same form as equation (8) except that
instead of being a difference equation, it is a differential
equation

x, () = A, (Dx, (D) + 2 A, 0Ox, O+ B

B, (Ov(1)+w,, (1)

coj

(@) = C, () x, (1)

Again we consider a set of decentralized output or
dynamic feedback controllers, one for each of the s
subsystems

V() =V, (D) + u(t)
Veg () = Cpp (D)% (£) + K, (2 Ny, @) —Y,-‘(t)]
Xz35(8) = Arg i (OXe5; () + Bep AO[y:(8) = ¥ ©)]

4

The equations are converted to closed loop form as
before

x,' &)= Ac,ii(t)xi(t) + Aij(t)xj(t) + Bcz(t)u,(t) + wgi(t)
£ 25

J=i

Y= C(Hx ()

The new aspect of the problem is that this is a
set of differential equations rather than a set of difference
equations with the input and output matrices decoupled,
but with the system dynamics coupled. The learning
controller is a digital controller, which means that
before it can be applied to the problem, we must
discretize equation (25) using a zero order hold on the
learning control input. This process causes coupling of
the subsystems in the input influence matrix. However,
we can still prove the following result.

Result 2: Suppose that the learning
controllers for each subsystem are
asymptotically stable for all sufficiently
small sample time T when applied to that
subsystem without coupling to other
subsystems. Thus they converging to zero
tracking error at the sample times as the
repetitions progress when applied to system
(25) when all coupling terms in the system
matrix are set to zero. Then, when these
learning controllers are applied to system
(25) with the coupling present, there exists a
sample time T sufficiently small that the
resulting decentralized learning controller
will converge to zero tracking error at the
sample times as the repetitions of the
command tend to infinity. This result is
independent of the size of the dynamic
coupling terms between the subsystems.

Proof: Write system (25) in the combined form

x(0)
y(@®

A.O)x@)+ B.@u(t)+wt)
Ct)x(t)

il

(26)

Consider time invariant case first. Then using the
Taylor series definition of the exponential of a matrix

Q7 -1v)=exgA(7 - 7))
=1-A(T-D+Q/3AT -1+

in the expression for the input matrix in the discrete
time system equations (3) produces
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B =j;7(l>(T - Dd1B.
=BT+ (1 /2DABT* +(1/3YA’BT> + ---

@7

Write the learning control gain matrix of equation (19)
in terms of gains normalized by the sample time as

&, =q71 /7. Then the matrix whose eigenvalues
determine stability in equation (21) becomes

I1-(CB):¢,/T = (28)
diagl ~(CB.)x i)
—((1/ 2NCABT +(1/ 3!)CAC2 BCT2 +---)<$l
As we make T sufficiently small, the eigenvalues can be
made arbitrarily close to the eigenvalues of the
decoupled learning controllers in the first term of this

expression, i.e., they can be made arbitrarily close to
those of equation (22).

The time varying case is more complicated. In
the discrete time input matrix,

£+ 1T
B(k)=ﬁr ®((k+1)T,7)B(T)dr

make use of the expansions

dB, 1 &'B, 2
B(t)=BkT)+ Z Lr(r—kf)+2!7l-”(r-k7') +---

1 d*®

d P o -
(t’to) = (to’to)+ dt -!o(t _tn)+ 21 dltz »

ST+ A L)1)+ %[Ac(t.,) ¢ A -t) 4

and

Dtk +DT,7) = [D(7,k+ DD
=1+ A ((k+ DT Xk +DT = D+

to obtain

kTY)= B (kT)T
B(kT) = B(KT)T + 29)

(1/ 2 XA, ((k +1T)B_(kT) +B (kDI +....

As before, substitution of this expansion for the input
matrix into equation (21) produces eigenvalues
arbitranly close to those of equation (22) for sufficiently
small sampling times 7. This completes the proof.

This shows that the decoupled nature of the
continuous time input influence matrix can produce
arbitrarily small coupling in the discrete time input

(t=t) 4

influence matrix because for sufficiently small sample
time the linear terms in the expansion can be made to
dominate. Thus stability of the decoupled learning
controllers for all sufficiently small sample times is
sufficient to guarantee stability of the decentralized
learning in the coupled differential equation at least for
sufficiendy small sample time. This result explains the
success of decentralized learning control on the robot
problem.

NUMERICAL EXAMPLES

In this section, we present two examples. The
first illustrates the effect of coupling between
subsystems in the system dynamics, and the second
studies the application of decentralized learning control
to robot problems. The latter example illustrates the
application of decentralized learning control to nonlinear
systems, and also studies the effect of the coupling
between subsystems introduced in the input matrix by
the discretization of the system equations.

Example 1: Consider the following discrete-time
system, containing two subsystems that are coupled
only in the matrix of the system dynamics by the
coupling factor a:

[a(k+1)] [0.905  a Jrx(k)] [1 Olfu(k)]@30)
| (k+1)] 7| 0 0923||x,(k)]" |0 lhuz(k)J
[a(k+1]_[0.099 0 x(k+1)]

e +1)] 7| 0 0077||x,(k+1)]

Note that when the coupling factor is set to zero, each
subsystem produces zero steady state tracking error for a
constant command. Figure 1 gives the desired

trajectories for the two outputs ¥, and Y,, of

subsystems 1 and 2. For subsystem 2, the desired
trajectory was generated by splitting the total time
interval into three parts. The first one-third and the last
one-third follow sixth order polynomials that satisfy the
boundary conditions for its subinterval and supplies
smoothness through the second derivative. These two
subintervals are connected by a constant slope segment
in the central one-third. The same method was used to
obtain each half of the desired trajectory in subsystem 1.
The same desired trajectories will be used in the next
example, where the horizontal axis indicates time in
seconds. Tor the purposes of this example, the
conversion from continuous time to the discrete time of
the present example is done using a sample time of 0.02
sec, associated withk = 1, 2, ... , 50.

The learming gains for each subsystem were set
to produce eigenvalues of the learning process of 0.66,
following the examples in Ref [15]. Also in
accordance with the results of that reference, we alterate
the sign of the learning gain each time step, in order (o
improve the transient behavior.
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The theory developed in this chapter establishes
that convergence of the learning process to zero tracking
error in decentralized learning control is dependent only
on the input and output influence matrices, and is
independent of the coupling a between the subsystems
in the system dynamics matrix. Here we study the
behavior of the learning control process as a function of
this coupling o.. Figure 2 shows the error histories for
various numbers of repetitions when the coupling is set
to zero. The first repetition corresponds to the error
produced by simply commanding the desired trajectory
in the learning control input. The subsequent
repetitions apply the linear learning control with
alternating sign. The repetition 51 error histories
correspond to the horizontal lines which appear to be
zero error to within the resolution of the graphs
presented. Figures 3 and 4 give the corresponding error
histories for subsystem 1 when the coupling factor is
set to o = 0.5 and 5.0, respectively. Note that the error
histories for subsystem 2 remain as in Fig. 2 since this
subsystem remains uncoupled.

Examination of these figures indicates that after
51 repetitions the error appears to be zero in each case,
which is consistent with the theory. However,
introduction of large coupling between the subsystems
is seen to produce significant increases in the
magnitudes of the errors during the transient part of the
learning process. Thus, the coupling influences the
history of convergence to zero tracking error as the
repetitions progress, but cannot influence the ultimate
convergence itself.

Example 2: The theory developed here applies to
linear time-invariant systems, and also to linear time-
varying systems. The original motivation for much of
the literature in learning control is for application to
robots which are nonlinear systems. The main
objective of the chapter is to develop decentralized
learning control for such applications, and the theory
developed models the nonlinear robot equations as
linearized in the neighborhood of the desired trajectory,
which produces linear time-varying equations. This
example illustrates this process by application of
decentralized learning control to a polar coordinate robot
moving in the honizontal plane. First, decentralized
learning control is applied to the time-varying
linearized equations model, and then application to the
full nonlinear model is studied.

The nonlinear equations for motion of the
polar coordinate robot in Fig. 5 are given as

(mB+mL)i"(t)—[mBr(t)+mL(r(t)+£)]9l(t)2 = F(t) €3]
[I,+ml,r(t)2 +m(r(t)+ [)2 ]é/(t)+
2f mpr(t) +my (r(z)+ £)JH(1)0 (1) = M,1)

where (1) is the radial extension of the prismatic joint

measured from the center of the support point to the
center of mass of the prismatic beam (without load), and

6,(t) is the angle of rotation of the beam about the
vertical axis. The beam mass is m, =3928 kg, its
half length is = 06 m, and its moment of inertia
about the vertical axisis J; = . 93kgm2 . The mass of

the point mass load located at the end of the beam is
m; =10 kg. The force and moments applied to each

joint are supplied by proportional plus derivative
feedback controllers given by

F@t) =K [r(t) -r~ ()] + K,LH(t)-F(t)] + u,(t) a2
M,(t) = K;[6,(t) - 6] (£)1+ K, [6,(t)- B( )1+ uy(t)

where, K| K, K, ,K, are the feedback gains with values
98.6, 443.5, 450.9, 182.2 respectively, and 4 (¢t) and
u,(t ) are the learning control signals.

We first linearize the equations (31) and (32)
about the desired trajectory 7 (£) and 6] (t) , to produce
second order linear equations with coefficients dl.j . After

defining the state variable

» . . - . Iy T
x=|r()-F () He)-F (1) 64)-6(t) 6,()-6 (1]
, we obtain the continuous time state equations

x(t)=A(t)x(t)+ B (t)u(t)+ w.(t) (33)

where

w(e)=u(t) u(r)].
w(t)=]0 w,(t) 0 w,(t)| ad
[ 0 1 0 0 ]

laa(t) anlt) ax(t) a.(t)|
A=) 0 0 1|

laalt) ault) auft) au)

[ 0 0]

b, (t) 0
Bc(z)=: o :

| 0 bat)]

with

Aci(t) =d:o(t) + K1/ d\2)
a,{t) =[d,(t) + K1/ d. )
a.t)=d (t)/ d, (1)
a.(t)=d,{(t)/d,(t)
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a.4(t) = di(t) 1 d, (1)

2.4 t) = dis(t) 1 dy\(t)

a.{t)=1d.(t) + K]/ d,(t)

a..ft) =ld,{t)+K,]/d,\(t)

b,t)=1/d,(t) , b ,(t)=1/d,() ,

w_, (1) ==F () /d,(t) , w,@t)=-M,/d, ()

d,,=my+m, , d,,=(my+m, )0°(t) ,
d,;=-(myg +m, )gcosB,(t)

dys = 2[(mg +m, )r'(1)0;(t) +m, £05(1)] ,
d,=1+mt? +(mg+m )r (1)’ +2mLlr'(1)
d,,= =2[(my+m, )r (1)0;(t)+m, £6,(t)

+(my+m, )F (1)0,(1)]
d,,==2[(mg+m, )r'(t)0;(t)+m£6(t)] ,
d,==2[(mg+m, )r ()F (t)+m i (1)]

The F'{t) and M, represent the left hand sides of

equations (31) with the desired trajectories 7* (£) and

0: (t) substituted. The discrete-time version of equation
(33) takes the form

x(k+1)=A(k)x(k)+ Bk (k) +w(k) (34

where, for simplicity, the sample time 7 has been
dropped from the arguments. The system matrices are
expressible in terms of the state transition matrix, e.g.
A(ky= ®((k + )T ,kT), the learning control uses a zero

order hold, and wW(k) is a discrete equivalent to the
continuous time driving function w_(¢) .

We wish to apply decentralized leaming control
to system (34). The continuous time system (33) has
the desired property that the input matrix is uncoupled
for the learning control inputs for the two joint axes,
but as expected from equation (29), the discretization
process introduces coupling so that (33) does not
precisely match the form of (10). Figures 6 and 7 graph
the elements of B(k) as a function of time step for

sample times 7 = 0.1 and 0.05 sec respectively. Note
that equation (29) suggests that when the sample time is
decreased by a factor of 2, the ratios of the coupling

terms b,,,b,,, b, ,,b,, to the main input influence
terms b, , b,, , should decrease roughly by a factor of 2.

The rate of convergence of the learning control is
governed by the products of this matrix with the output

matrix for each sample time. Figures 8 and 9 give the
corresponding instantaneous eigenvalues of the discrete-
time system matrix A(k) as a function of X, which in

an approximate heuristic sense indicates the changes in
the "time constants" of the system due to the time
variation of the coefficients. The feedback gains given
below equation (32) were chosen to give instantaneous
system eigenvalues of the continuous time system at
time zero corresponding to -4, -5 for the radial
coordinate, and -4.5, -5.5 for the rotation coordinate,
when the coupling between the systems is turned off.

The desired trajectory is again given by Fig. 1,
where the subsystem 1 graph is r (t) in meters, and the

subsystem 2 graph is 6; (t) in radians. Decentralized

learning control was applied to each axis, using a
learning gain set to give eigenvalues of the learning
process as 0.66 for the input influence matrix values at
the initial time on the trajectory. Then this leaming
gain is given an alternating sign with each time step as
in [15]. Ten time steps are used for the 1 second
maneuver when the sample time is 0.1 sec, and 20 are
used with the 0.05 sample time. Note that when a
sample time of 0.1 sec is used, there are slightly less
than two samples for the fastest "time constant" at the
start of the maneuver.

Figure 10 gives the error histories for various
repetition numbers when decentralized learning is
applied to the linear time varying model of equation (33)
with a learning sample time of 0.1 sec. Repetition 1
correspond to the first run with feedback only, and no
learning control signal. Figure 11 gives the
corresponding curves when the same control law is
applied to the full nonlinear equations in (31) and (32).
These figures are very similar in form, and it is
interesting to note that the introduction of nonlinearities
did not hinder the learning process. In fact learning
progressed somewhat faster for the nonlinear system
model. Figures 12 and 13 give corresponding curves for
sample time 0.05 sec. This time the figures for the
learning in the nonlinear and the linear system models
are not as similar, and in some cases convergence is
faster in the lineanzed system.

We can also examine these figures to see the
effect of decreasing the sample time. Comparing the
leamning in the linearized models for the two sample
times (Figs. 10 and 12) shows that convergence to zero
tracking error is generally faster when the sample time
is larger. With the smaller sample time, the tracking
error in the early parts of the trajectory are better for
early repetitions, but the error can grow to be
significantly larger in the latter part of the maneuver.
This type of error history motivated the learning in a
wave approach presented in [15]. The larger sample
time of course introduces significantly more coupling in
the input matrix. This could adversely affect the
learning, but this does not appear to be the case for the
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example at hand where smaller sampling time
accentuates transients. Of course, the faster convergence
is to zero error at the sample times, and with the larger
sample time there are fewer points on the desired
trajectory for which one obtains zero error. This is the
price one pays for the faster convergence. When the
figures for learning in nonlinear equations are compared
for the two sample times, the same general conclusions
apply, but with more severe transients toward the end in
the nonlinear case, and with somewhat longer
convergence times. Decreasing the sample time further,
to 0.04 significantly accentuates the transients at the end
of the 1 sec time maneuver. This suggest that the
detrimental influence on the transients that occurs when
the sample time is shortened, overshadows the beneficial
effect of this process on the coupling in the input
matrix.

CONCLUDING REMARKS

In this paper, the most basic form of learning
control, based on integral control concepts applied in the
repetition domain, is studied in decentralized control
applications such as the use of learning control on each
axis of a robot. This type of decentralized learning
control is illustrated in examples, including motion of a
polar coordinate robot in the horizontal plane.
Modeling a robot as linearized about the desired
trajectory, we have shown in this paper that for
sufficiently small sample time, the tracking emor
convergences to zero as the repetitions of the task
progress, provided the learning controllers would
converge if there were no coupling between the axes.
When there is no such coupling, the robot equations
become simple and linear, making the evaluation of
convergence simple. The conclusion is that for
sufficiently small leamning gain, and sufficiently small
sample time, the simple learning control law based on
integral control applied to each robot axis will produce
zero tracking error in spite of the dynamic coupling in
the robot equations. Of course, the results of this
chapter have much more general application than just to
the robotics tracking problem. Convergence in
decentralized systems is seen to depend only on the
input and output matrices, provided the sample time is
suffiently small.
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