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Vibrational Control of an Underactuated Mechanical System : Control
Design Using the Averaging Method
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K. R. Lee, K. S. Hong (Department of Mechanical Engineering, Pusan National University )
K. 1. Lee (Department of Mechanical Design and Production Engineering, Seoul National University)

ABSTRACT

An open loop vibrational control of underactuated mechanical systems with amplitude and frequency
modulations is investigated. The underactuated systems considered in the paper are assumed to have free joints
with no brake. The active joints are positioned first by a linearizing control, and then periodic oscillatory inputs

are applied to them to move the remaining free joints to their desired states.

A systematic way of obtaining

averaged systems for the underactuated systems with oscillatory vibrations is developed. A complete solution to
the open loop contro! strategy in terms of determining amplitudes and frequencies for general system is still

under investigation.
averaged system is demonstrated.

However, a specific control design for 2R manipulator which is obtained through the
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1. M E

22138 %78 713 714 Al & H(underactuated mech-
anical system)o] & Al2¥lo] B {31 U Af(degrees
of freedom)sth 2% 7|(actuator)] 7} 2 A|Adg o
gt} 28z, 829 E(free join)E 7} wUE o]
HE Aojygdel 471 duksle 3 H Al(generalized coord-
inates)?} FHET H7| Wi EFEI AF7E M A
2dog BHRATL

Ao BZE3 AFTINE MR 7IAANLEEY AodE
AT ZAE7|e] £8 Fols @Yol oA ¥ ofyet
AYe Ao AT UE U EHIHY g A
E& Fol: BHANAN FL ATVt R Utk EH
3 9Z2FT7A FAFse 2R A$ FAE7 7ol
wAE A S iy Mozt FastA thFoiA L At

= % Q) E(active joint)= 2HE 7)ol o8] 43 AoH

zolER AHosn, FFEQE(passive join)x 257
= glAT BEelart dE FUER HYdy, AfKFEY
Ex FEr|2a opg} HYolakx v ZAEZR H@
o 2223 A57E M Alago|d £FEUE EE
AFZAEE 717 A28 Hogn.

A % % H o (vibrational control)@ H I gko] <J(average
zero)el nFEHF e JVFYFHL A2l oA Ax
deo] BEAo ANHoE UIHIEE e Aorivs ¢
gl gAze] A$o] A A H(support point)el] FHOo 2 w
& 2 %(vertical oscillation)g 71go =N <A & £ 9l
e d7AFARIZEEH AR, /@AY HFA =Y

(linear finite dimensional system)ol )t |3 7F ANEHY 2,
1980 d =l H A A Ao g AFrt o] Fof Hrh
oleigt o8& & ¥XEBF Wl EA 4 (parabolic partial
differential  equations), Al 7HA A o] Z 4 Al (functional
differential equations)©. 2 74%] &=k ) th[1,3,5].

o RFERJEE 7HAE dlUEolel g Aoid 7]
A& F7138 A F(periodic oscillations)& 83+ =Fo] ot
EHATHE). FERJAEE FFRUE thelyd 2o 9o
A WstE Al2€ Felu]E(varying parameters) 24 7+5=E
F 3tk 2B R, FFRRIEY F7H AU &5
ZQEd 2% A A oj(vibrational  control)& A &5}
Suzuki ¢} 2212 Poincare map& 7|2 2% MFZANE &
7} 81 cH6). De Luca ¢ 2912 =i (nilpotent
approximation)3} ®HE Ao} (iterative contro)& AL& &= 74 F
Z Aol E AAATH4]

B =EodAe AuEdA e HysrHE
o] m|BEnA XIE Aoz AT} EF

PN o g o0
O At ofw

2 45718 71 Aagel sl AAH B3
HR4E dE PEE ANSAL Aoz g
EE 7tAE 283 wjUEdolHE FdsE Aladg ol
gatel Fr19de 2ZW WESE 2dsta Aste 4A
2 Aojstact
2. OlREWHA P HSuWMY

ZAE WE ¢ A ARE 22 AR A

Nage @Y. Ao ZAEE AFEA oM, %
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e %W 292 WU EACIHE R3F 3ioHel.
e,—g— %%11_@1 299, 6,8 ARHEAES $E2Y
3

o W& Ad gz Tz FaFA $AHAE ol§
3o oed e $EHAAE 9 F Ut

Mu(6,) 8, + Mp(8) 6+ C( 6, 6y, )=
Mp(6,) 8, + Myp(8,) 8+ Co( 6, 6), 6) =10

ANH My(8;) = mst+my B+ mosh+2mysylicos 6+ I+ I
M 8,) = mysh + mysylycos Oy + L, Mp= myss+ I
Ci(8,, 8,, 8,) =— mys,l;sin 85( 20,6, + é)
Ci(6y, b1, 6)) =2mys51, 6 sin 6,

el Brel Axde Aol sy
(controllability)O] EEA $LE FEIH
g F¥ Feguysts &
bi=u (19a)
Jy=—(1+ncosy)d—n(8))*sinb, (19b)

o] @olAtt AN n=myls,/ (mss+L) & FFolth
SE2AE 9 AP APmMAY Ao ¢nyF 4
& 98 dxE ARG Ao

o)A, A ZES W BT mHA dh. 8§,
B #e 6 doldmadA savHzA FEn 9l
. =6, n=—66au1 FA FHTFHL dEH 2
o

=%

xp=—(1+n cosx;)f,—
€1=——g—coswt o F7] ARYFE =2YF. 28E 4
o3 e FydRAdozs A& vE F U

n sinxy( 4))°

20

x] - X2 + 0
[J&z] [ — nsinx(a sin w’ w[ —a C05“’3(1"'”C'~’5J‘71)]
(2

0o § 9A Yoz HE 44PN e B o

] 0
[2]_[ —acost(1+ ncosxy) @n
o] A At HE

o y

(RAD/ SEC) Ria 8 (RAD)

Fig. 2 Trajectories of Original System (19)
( @a=0.5,1C: (8, 6)=(0.5.0))

I (o)
h(t, ©) [ Ry(2, c)] [ cz—a(1+;lcosc1) sint]'
olcy. welA, AAWAA L dutallE o] 47 WIS T
o 41‘ Ze dudgAe 48 & Aok

@) [ —a(l+ncosq,)sinwt (22)
2:(d nasinql sin wt (— g3 + nacos g, sin wp)

r=wt ¢ 2= ADHEAAN ¢H=27), e=1/w HE
AHEFE uFE 4 22)e v o] wEdn
z:l(r)= elz;—a(l+ ncosz)) sinr] 23)
2,(r)=enasinz, sinr (~ zy+ nacos 2,sin 7)
mRluto g 4 (23)9) LEF KRG A i Hd s
3 o 28 JEsE Aads 7% ¢ AT
=€y 24)

. 2 2
Yo=€ n4a sin2y,

42 Alg3olM 9 Hof

29 2+ 9A® Fr1gsr §,=0.5sin(4mt) & F
o Ed 7154e Wel ARFFEAES] ZHAY 4,3 &S
6, & ANl ds) A EH|AEFRG 1Y 33 ¥
2zt Hgd Aa" WAy 22)9 PHEtE AEN "‘o”é
2 20 A g 2Ujzde dig AHE
. 3Y Se AFFrt dAE FrIdEe d& i‘l%%
z29¢ wo HFsE A" AXE Jehiz U

Fig. 5 Phase Portraits of the Averaged System with Different a's (o =4z, LC.:

Fig. 3 Fig. 4
Fig. 3 Trajectories of Transformed System (21) («¢=0.5, o =4x)
Fig. 4 Phase Portraits of Averaged System 23) (a=0.5, o =4n1)
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Ak #2E mAY SEEAED [=a-mAY 2T
17h g2 Bedlaw dE AREIES} ddn ARe
o E® 5EFAE Y ARHEUES WYE vEF x3
st sbg e,

SEEAE W g eR”, AFE

Eo o)
nE R 9 B2 Hdste] eeRYAL Faia

Mugi+ Mg+ Cila, )+ Glg)=f (1)
Myqy+ Mz s+ Cola, §)+ Gy(@) =0 2)
ol deizlth A7 g=[q] 170z, WE G4

Clg,a)eR™ & Cylq, ¢)e R' & 37 &e)(Coriolis)®} 7
4 #(centripetal  terms)e]l )&  Folm, WE LI
Gl)eR" % Glg)eR' v FHo oy 3oln,
feR" = SFEAEY mi FAE7)d g dwstg §
9 48E& e

FE J=d Mysg s 98 4 2 o sg.
PE Myt olm Aai™oe] Ex)3li=(invertible) /x7 <3t
% W D(positive definite matrix)olt}. watA, g, o s
48 24

Gy=—Mp'(My )+ C;+ Gy) (]
o] ©rk. A (HF & (Dol dYgstn
Mya+C+ G =+ )

o] ojAtk. AV My =M, — MMM, ,
Ci=Ci—MyMp'C, . G =G,— MpM3'G, °lth,
adeg, §F Few Agore ey o AHeow
L=

f=Myu+C + G, 6)
71 we R" & R7AHQA AYPoezA Hewc
FE AERAYEe F A2 AUy w2 AEE v
&

a=u )

Mypgy+ Co+ Go=—Myu ®
A (NAlA BER E7HH AoYY w9 5FRUAE A
Bl g o PIREAAL dgolu HAl A o2 1d
AL W A FEH HYE) o) FoiH LS ¢ 5 Uk

3. HAsoY

% ¢ 3}7] Y (averaging method)2 Al ¥ A]2=elo] tlo)i}y
28 AEHA2AH@TIE Azd)oz ZAgFoz A
4 AL shsEA dFe AIHA Bt o
T A EHALEL Ao AWAAWS ¥ F9 6 (standard
formZ HET 5 HIFA/IYWS HEdlog 7€ + g4
B =RdAe SEXRUEE 98 JAZ Ao§ oF,
ol FEFZEJE FIEFE Fo| ARHRJYEE date 9
Az BEAd deids AdAaded Hgdd. $EZ
JEd 7hetE o) Fr)Eg YdHolng 7t FHEXUE
v 4 F77 Bud dde) AXNR HgoleA " 3
1gert EAE @ Alzgo] AWA A7) gIZo] Y
g AE 9 AEFE AAS = ol P AL
2oz AMNE 4 gl

O3 e udYPA A n @

x=X(x,A,2) 9)
q71M X: R"XR"XR"— R"; xER"E Aejulg o) vy,
AeR"& FEE Fv ANad setveloln, A= /g
o},

4O G2y 2o AEYAG se

M) = ht+ D, A= afwl) (10)
A7 8 o B AFoln, Ap FHFgo 9 ®e
ZtAE F71 HEgeelth. o W 4 (9)= don ol
ERG O}

x=X(x. A+ K, «D) (1
A4 ADE 9H o] T oz Us £ don A
1= 3

x=Xy(x, (1)) + wX;(x, A ) (12)
A7 Xolx, X0 = Xo(x. Ao+ HD) . o(t)=dAL)/dt o)ch.

HADE x=cAxrt)S 22 EZFY2 ety 4
4 (12)4M 282 BP9 = Wy ze A4
(gencrating equation)®. 2 thg3 o] o] & &},

x=X(x, A1) (13)
Wi o) RXR'"—>R"S 4 (13)9) dutsiela Txp. o )
T ()% tzg A g FHA dHoltt. cepr e
27128 xf) € RQC R 2RE #YsA Ay

EEgyg2 HEsr] 98 ded ge g2 wae
o) B =Yt}

x(8) =h(t,q(t)). (14)
a4

a()=[-2HeLa "k a a(), after)  (15)
HE FEFS ¢ F U A0 =¢f), e=1/w 9 2o
WS r=of AY = ADHEZ WAL e o o
7% e EEYHE 9L & Uk

z'(r)=e[—-L'——LM ra; L ]_lXo(h(r,z(r)).af(r)) (16)

dAto R WESY ALDE e Po 2y & gk
y=eY(y) amn
O]HH i 1
Y= tim L [0 X (e, ). aft e o).

4. 283 dj{EolElollo 28

41 ARZCIEE izl BH 283 ofu]Eefo|E

Active Joint

Fig. 1 A planar 2R manipulator
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X . Initial State
O : Desired State

0 05 1 15 2 25 3
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Fig. 6 Fig. 7
Fig. 6 Trajectory of the Original System with different @'s. (¢=0.5)

Fig. 7 Control Strategy

mb

Fig. 8

Fig. 8 Control to a Desired Position (0.5.0)— (1.0.0) (a1=0.5, @2=1. a3;=0.5)

o] AEHolddN NEL WA Qe AL == A
A2 AHE AvE A=EE HAY ¥ gee g 57 A
. 29 6e HETol YA gAs x712A0] Fo
He W, A% g2 Fo=2A e} H3E HYF
7 gk ol AEdoldlA F7UH g AFTE
2R3 aA Fod 2L 27\ ZA0A HAFsE A2EY
Qe Awst AEwAL A=E QA = Uuee &
veh o ik

271487 0.5 0) o3, €ate AE7 (1.0, 0d =
Aoje @ 2E AE R AFF z4& 4,0 Y3t
sxo] ge W Hgdoh AojHHS 2y 73%ge] vE
W 2 gk Azl god AFF e o NE ¢ 0]
Hed T AgaEy 67 x/2RG gAY & o, A
zol7] g8l Aadel B 5 Ae HAF 2 2
2oz upFo] Foh (&~ dma) z7191g0 BUE &3
o Adizbdg 6,7t 2389 Azt 2od thAl
AEL HE FoiA AE qHT AgzHez A4 Fevh
ot dat: AHz =2Y HY NEL 83 AA AHF
21 g4 e GAITH ame—as) Ag3EY 6, 7t ThAl
/2 ARE Age W, A3t Aoz 228 F I=EFH
Hag AZoz WIANAEL g ANEZHE HF
g8 A2"deadH 78 F U

. =W 2 (' = i)
nE(cos? yya— cos’ yy)

aAue s 2Addel B st Ase geHdl 2
qae © AE5E FANPosM yeHes dav
aee Audez =9¥ 4+ YRS sdrh wRE 3

o] 9 W FAEE FAAAACE HE ofE ¥
of s AHE AUEE Aol A2 st dHZ €
ohor @t otk ek Wi 4HE AdAHE
oA Hes g AolE thAl sof @tk mehd, dske
g ggFERcs 2Ee 1FSE FAAATLEA 4
- s AvA @A sergth 18 8 olshe
Aol g ol &8 ABHI eI

5. &4 E

® wge 2

AAN2=Ed A

zAEJ e BFET AFVIE M2
z AFAHA Y datyd ATEHAS
LEZAEE BE JeMHysts g e A
2 ¢xoln ¢ 3, o FEEUEA F7HA Fe 7t
gozn dolgle ARFJAES date AA d2He
Z TYSEE FojE A T, AFAWE vl
st Aagd o AdwENe T8 FdshE UA
Ae AAcz Fae PEe AAsdHd AREIE
ARE 2EEs AE7|E b Az Aoz A
ol@e Mol BAW, B =FdXt AL AFHAAE
olgld AAWE AoldtE F& dictel B & stk
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