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The Novel Sliding Mode Controller for Linear System with Multi-lnput
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Abstract - In this paper, new sliding mode
surfaces are proposed by defining novel virtual
states. These sliding surfaces have nominal
dynamics of an original system and makes it
possible that the Sliding Mode Control(SMC)
technique is used with the various types of
controllers. Its design is based on the
augmented system whose dynamics have m-th
higher order than those of the original system
where m is the number of inputs. The reaching
phase is removed by setting the initial virtual
states which makes the initial switching
functions equal to zero.

1. Introduction

The SMC is a popular robust control method which
has many good results and its applications, however
basically two problems are in it[1]. They are the
reaching phase and the input chattering[2][3]. Besides
these two problems, the SMC is very conservative to
be used with other controller design methods because
the state trajectories of SMC system is determined by
shding 'mode dynamics which have one lower order
than those of the original system. To overcome this
conservatism and remove the reaching phase, novel
virtual states are defined based on the controllable
canonical form of the nominal system. With this
virtual state, an augmented ststem is constructed and
novel sliding mode surfaces are proposed. This makes
it possible that the new sliding mode have the
dynamics of the nominal system which is the desired
dynamics controlled by various types of control
strategies. In this paper, a state feedback controller
is considered as a nominal one and sliding modes has
the dynamics of the nominal state feedback control
system. By using the initial virtual states which make
the initial switching functions equal to zero, the
reaching phases are removed.

2. Problem Statement
Consider the n-th order system with multi-input
described by _

()= (A+ 4A)x(H + (B+ dB)u(®) + DAH (1)
where xeR" weR”, feR and the bounded
uncertainties 4A, 4B and the disturbance matrix I
satisfies the following matching conditions

rank({B: 4A: 4B D)) =rankB (2
The existing sliding mode surfaces have the following
form{4].
S(x, t)=C,,(t)X"+C(,,_U(t)X("_l)'{""'C](f)X;+C0(t)‘=0 (3)
where ¢y(8), {9, -, ¢,{f are given so that sliding
mode dynamics can be stable.
The above sliding modes surface has (n-1)-th order
dynamics which is not the same as the n-th order
dynamics of the original system. The reaching phase
exists when the initial S(x, ) is not zero.
The following condition guarantees the sliding mode{1).

S(x, ) S(x, <0 (4)
Using a number of existing techniques{2], the above
condition can be satisfied by solving for the
functionals #*(-) and #7(-) of the following
feedback control which is discontinuous on the surface
defined by S(x, x,)

_fut (), for S>0
u(.)”{u'( -), for 5<0 ®
The problems to be solved in this paper is as follows.
- to overcome the conservatism of the SMC by
using novel sliding mode surfaces which have the
same dynamics of the nominal original system
controlled by a nominal controller,
- to remove the reaching phase.

3. SMC with New sliding surface
Various types of sliding surfaces have been
proposed including time-varying shiding surface[5).
These existing sliding mode surfaces can not have
the dynamics of the original system controlled by
other type of controller. This makes the conventional
SMC very conservative to be combined with the other
type of control strategies. To overcome this
conservatism completely, a new SMC, with novel
sliding mode surfaces which have the dynamics of the
nominal original system controlled by nominal
controller, is proposed. The novel sliding mode
surfaces are designed based on the augmented
system which have the novel virtual states. The
virtual states are defined from the controllable
canonical form of the nominal system.
Let's consider the following nominal system for the
original system of Eq.(1).
xo(9) = Ax() + Bu,(H (6)
where u(x.($,H is a nominal regulating control

input and differentiable.

The novel virtual states are defined based on the
following controllable canonical form for the above
system. .
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The novel virtual states z.i, Zumg, **'» Zowm, Which
are proposed in this paper, are defined as a derivative
of 2., 242, ', Z,, and its dynamic are

Zag (D=— @z o(D =ty 120(D = — & g 492 pu( D —
a n—yl+lzm:l(t) T &gy Z o(yl+2)(t) R 4 n—uZ-t-lzoi.Q( t)
—_— —dzzm(t)"'alzm;m(t)+ ua](xa) t)
Zap (D= Bz (D = Bz D= = B o422 o0 (D —
ﬁn—yl-f—lzovl(t) - Bn-ulz o(;d+2)(t) - Bﬂ—llz‘_*']zoﬂ( t)
= = Bozonl) = Brzoem( D) + 1 g(%,, D)
: (8)
‘émm(t)=_ wnzoz( H-— wn—lzaﬂ(t) T T W g +2R oul(t) -
@ n—ul+lzovl( t) TW a2 0(#1+2)(t) T T W a2+ 1202 t)

= = 0 Zon( )~ @1 Zom( D+ Uom (%, D)
From the above equations, the following virtual states
24, 2y, °, Zgm Will be defined by replacing nominal
state z, with original state z.

él.l(t)=—a,,zz(t)—a,,_123(t)— T g +2% ul(t)_
an—yl+lzz‘l(t) T X -2 (y1+2)(t)_ T an—y2+lzt2(t)
— =@z, (D— 12D+ uy(x, D
Z.v.'l(t)=—BnZZ(t)_Bn—lz.’i(t)—'”_Bn—yl+22 alt)—
Ban+120(D =B uin(—— Bn—;e.-f-lzﬂ(t)
- —BZZn(t)"Blztm(t)+ qu(x, t)
: (9)
‘évm(t)=_ a)rrZZ(t)_ wn—lzll(t)_ T W ) 422 pl(t)—'
@ nep1 41200 = @ 1 Z (4 (D) — - — @y 241200

— e —wzz,,(t)— wlzm(t)'*' uom(x, t)
where u,(x,? and u,(x,? are obtained from wu,(x,,
and u,(x,, D respectively by replacing nominal state

x, with original state x. Any uncertainty must not be
considered in this procedure.

With the novel virtual states, the augmented system is
established as follows.

WD =(A+44)x()+(B+ 4B)uld) + DAY -

évl (H=- anzz(f) - an—-lzii( ——a n—pl+2% ul(t) -
an—ul+lzul(t)_ ap—1? (#1+2)( t) - (1',,_;,2.+11L2 t)
— =2, (D= a1 2 D+ 2, (x,
2p(D=— B2 ()~ B,_ 123D — - — Ba-+22 u(B—
Bn—[ll+lzvl(t) - Bn—ulz (#1+2)( == B"v‘ej'lz"g( )
— = Boz (D = Bizem( D+ tig(x, )
: (10)
Zom (D == 02D = 0y 123(D = = 0 4122 (D =
[ n—ul+lzvl(t) TW a2 (#1*2)(0 - oe "—.“‘2+lzﬂ(t)

— 0)22,,([) - a)lzvm(t) + z.lam(xr t)
-where #(#) guarantees the sliding mode on S{z, z,,)
(=1, m).
For the above augmented system, the novel sliding
surfaces are defined as
Si(z, zy)=z4(D+a,z,(D + a,-12,(D+ - +asz,_ (D)
tayz - un(x, = 0

Proof) Suppose z,, 2p, ..

Salz, zp)=2,(D+ Bazi(D + Bp—122( )+ - + Pz, (D)
+hz()—uglx,t) = 0
: (1)

Su(2, 2o =2.m{) + 0,2, + woz, () + @, ;25(8)
+ 0p2 () = Uom(x, ) = 0
The reaching phase is removed easily by setting the
initial values of
2y(t) == a,2,(ty) — @y 122(tg) — = — @2, (1)

- alz,,(to) +ual(t0)
29(tg) == Baz,(ty) — Bu_122(tg) = — Baz,—1 (1))
= Biz,(te) + ugn(ty)
: (12)
Zz.-'n(to):_ wnzl(to) - wn—.IZZ(tO) — —(1)22,,_1([0)
= @12,(ty) + Uom(ty)

Now the following theorem is obtained.

Theorem 1. The novel sliding mode surfaces S{x,z.)

(2=1,--,m) have the same dynamics as the nominal
system of Eq.(6)(7) controlled by nominal control
inputs.

v Zom Zol, 7T, Zopm arE ON
2, Xol
the sliding surface where |%2|=p x:,,z .

Zom Xon
Then the following equations are satisfied.
2‘,,.1(t)+a,,z,,l(t)+a,,_1z,,2(t)+---+azzo(,,_,)(t)
+ a2 (D— un(x,, H=0
ZoLZ(t)+anal(t)+/9n—lzﬂz(t)+”'+62z0(n—1)(t)
+ By Zon(D — uplx,, D=0
: 13)

Zoom( ) + @325 (D + 05— 122(D + - + 032 o(n-1(D
+wlzon(t)_uam(xo. t)=0
Set 2= 2y, %, Z o = 2ol -1 Lo ui+2D T Zo(ul+1)""
Zon = ‘éo(n—l)' (14)

By differentiating Eq.(13), the following equations are
obtained.

i’aul(f)="‘an2az(f)_an—lzmz(t)_ T g 422 a;d('t)_
@ p-pl+1 Zo#l(l)“an—ﬂlzo(ﬂl‘*Z)(t)'— —Taﬂ—#?*'l' zouz(t)
— = @92 ) — @) Zow(D+ uglx,, O

‘éaLQ(t)='_Bn202(t)_Bn——lzn'{(t)——."—Bn—ﬂl+22 opl(bt)_
B+ Zayl(t)-ﬂn—mzmnz)(t)—"'fﬁn—,‘zﬂ_ Z,2(8)
== BoZen(D— By 2ow (D + up(x,, O
: (15)

Zom (D == 0,200 = 02 120(D) = = — W 1422 0 (D —
@D y—p)+ zoyl(t)~mn—ulzo(yl+2)(t)_"'_wn-—p2+l Znuz(f)

— = @20 (D= @) 2oy (D U (x,, O

According to Eq.(10), 2w, Za2, °» Zmm have the
following dynamics.

Z.ovl (D=—a,zp(D—a, 125() = ~a n—pl+22 a,.1(t) -
a n—ul+lzovl(t) T g2 o(;d+2)(t) - a ﬂ—/ﬂ_+lzm.2(t)
= = 02D = 0 2o )+ uy (%, 1)
Zop(D==Buz(D = BuorZ2a(D = — B o422 oD —
Bn—yl+lzovl(t) - ﬁn—ylzo(pl+2)(t) - ﬂn—yz_+12m2( t)
- ﬂzzon( t) - Blzovm( H+ uaZ(xa' t)
: (16)
Zom (== 0,20(D) = 012D = = = @ 1422 (D =
W p—pl + 2 (D —w n—ul? 0(;41+2)( - —w n—i2+1% a2 )

= = 032D = 012y ( D+ Vo (%4, D)
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From Eq.(15) and Eq.(16),

2o = ‘ébul
202= Zoup
 Rom= éon
Now the followings are obtained from the Eq.(13).
2oy (== anza(— @y 125() = —@r2 - 1)(¥)

—a1Z.(8) + uy(x,, t)

zaﬂz(t)=— ﬁnzal(t)_ﬁn—lztﬂ(t)_ _BZZO(n—l)(t)
- Bz up(x,, O
: (17)

z'on(t)=—wnznl(t)_wn—1202(t)_"'_a)zzo(n—l)(t)
_141120"([)+ um(xa’ t)

With Eq.(17), Eq.(14) are the canonical form of the
nominal system. It is transformed to the Eq.(6) by the
transformation x,() = P~ 1;,,( H. Therfore the novel
sliding mode surfaces S{x,z,)(i =1, m) have the

same dynamic as, the ‘nominal system.
End of Proof

From Theorem 1 mentioned above and SMC theory,
the following result is obtained.

Theorem 2. If SMC inputs z(#) are designed to force
the states of the system onto the sliding surfaces
S{z,2,)( 1 =1,-, m), then the states x(#) follow the
trajectories of the nominal system controlled by
ux, 9.

Proof} It is obvious from the Theorem 1 and SMC
theory.

Note that the nominal control inputs u,(x,? can be

any type of control input and this makes it possible
that SMC is used with the various type of controllers.
This means that the conservatism of the SMC is
removed.

4. State Feedback Control using the Nov
Surface ‘

In this section, a state feedback controller is
designed with the new SMC. This shows that the
novel SMC have flexibility to be use with the
various: type of controllers to improve the robustness.
Using - the state feedback controller as the nominal
one, a robust state feedback controller which make
the states follow the nominal triectories in spite of
parameter uncertainties, can be designed. For a clear
explanation, let’s consider the following third order
system. This can be extended to the n-th order
system without loss of generality.

x()=(A+4A)()+ Bu(d (18)

: ay ap ap day, day day
where A=\a, an ayp|, 4A=|day day day
ay ayp ap day day, day
by by
B=|by by| and Jda;<4; (constant).
L by by
Its nominal system is as follows.
x,()=Ax,(£) + Buy(x,, ) (19)

The state feedback control inputs for the nomiinal
system are obtained.

. ky ko k
uo(xo) =—| 71 12 13] xo(t (20)
ky ky ky )
The nominal system with this control inputs is
x(D=Ax, (D + Bux(x,). (21)
u(x,) are calculated as follows.
Uy=—K(Ax,+ Bu}(x,)) 22)

=Ky xo+ K5+ kX3
where K;=-— K, (ay,— bK,)— Ky(ay — 5,K))
Ky=—K\(ap— b Ky — K(ap— b,Ky)
The following canonical system is obtained by a state

2, Pu P2 D) [%a
transformation |zg|=|pa t2 Pn||%xe
- D3y P2 PnjiXa
;n=[0 110 007,
24(0) [.:Qﬂ_:é'zi'.d_’l_] ZlE) + ;I__Q] tea(%2) (23)
'ﬁa '13 !'ﬂ! 01

The virtual states z,, 2, are defined as

2= — @32 — W2y — @122 4 Uy (%)
=(— aspy + ky)xy + (— aodyp+ ks)xy + (— @ypsy t+ kg )xs
@32, T Q1% ‘ ‘

2 == B32u — Boz3— Brzip+ (%)
= (= Bopy + kp)x, + (— Boppp + kpdxs + (— Bodyy + kgp)xy
— B3z, — B2
(24)
The augmented system is constructed as follows.
20 =(A+4A)x(H + Bu(x)

Zu(D=— apyx, — aspps — Apbyxs a3z, — @120+ 1y (25)

2= Bopsx1 — Bobyxs ~ Bodysxs-Bszn — BiZa+ uy
For the above system, the proposed novel sliding
surfaces are given by
s1= 2+ a3z, + ayzy + @125 — 1y (%)
=z,4+ k71x1 +kgIX2+ k91x3=0 (26)
$2=2pt Biz)+ Brzy + Bizy — ugn(x)
= ZL2+ k72x1 + k82x2 + k92X3 =0
where &y =a3py+ aodyt+ a1pn t Ay
ky = a3ppt+ ardptaipynt by
ko= aspzt+ arpnt aputk
k= Bypn+ Babor+ Bipnt+ Ry
kyp=B30p+ Bopnt+ Bipn+ by
k= B3D13+ Bobn+ Bibs+ ks
Sliding' mode control inputs z(# are given by
u,( H= ¢1X1 + ¢2x2 + ¢3X3 + ¢42v1
()= sx1 + dexs + drx3+ P20 @7
where ¢, ¢;, -, ¢y are variable gains which
guarantee the sliding mode.

5. Conclusions

A novel design method of sliding mode surfaces has
been proposed. With this sliding mode surfaces, a new
SMC, which makes the states of the system follow
the nominal trajectory controlled by a nominal
controller, can be designed. Any type of controller
which is differentiable, can be a nominal controller. It
has shown that the robust state feedback controller
with the novel sliding mode is designed using state
feedback controller as a nominal one. The reaching
phase is easily removed by setting the initial virtual
states appropriately. The result of this paper opens up
very attractive area that various type of controller can
be combined with the novel sliding mode surfaces.
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