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A 4-Node Non-conforming Flat Shell Element with Drilling DOF
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ABSTRACT _

A versatile flat shell element has been developed by combining a membrane element with drilling degree-of-
freedom and a plate bending element. This element is formulated by the enhanced displacement field with the
additional non-conforming displacement modes. Thus the element possesses six degrees-of-freedom (DOF) per
node which permits an easy connection to other six DOF elements as well as the improvement of the element
behavior.

In plate bending part, this element is established by the combined use of the addition of non-conforming
modes, the reduced (or selective) integration scheme, and the construction of the substitufe shear strain fields.
The achieved improvement may be attributable to the fact that the merits of these individual techniques are
merged into the new element in a complementary manner. In membrane part, this element shows better

membrane behavior as the nonconforming displacement mode is added to drilling mode.

1. M B

B eRe Hoh v JHde s st gistd 7€ stux o d7EES A o
A FES HE 49 4L 2A 2o AA4EE HEE He ASAE AT 5 e &
23 g Algde Hedog Ads) HFoAE FHAS Bol AHEET 53] 29 Jdo] +
289 #Moe ulg mFHHo|th dutHoz o dase TRRIAE HHde s B
2xwd e £3% W HHd te 44 = AUIARE S L2eA a7 B Aol
9 g dHe ¥ AP8AE] BF FUI HEMo] AYgd Ffole g HAY Aol F
Aol AW ARl EAEA @&7) i LAsE Sol(Singulan)E A7t k. o] & AL

* gEney|ed EETSH Mg

# HZey) e EEFcty by

27 -



93l 71&Y Fz&Y T2 oA e AT AFE S AT
43t B 247 HuH 6 1A AFEA AN HAAF
il o 670 AFEE 7HAA Hed o2 A HolA A
o 62 AFEESE MW & 2259 Aol A olFA F Ut
grRe P@aeis NEAMindlinol 2o 7| 2s=d o] A Q49 St %}‘5]’/@% o 7
Aol FHHrtEE MDA (Shear Locking)d Aol 2AsHA ok o] @4 HAEd AR
(Selective Reduced Integration), THA|™ & & (Substitute Strain Field)2] ©] —8—; ¥} & 3+ 2. = (Non-
conforming Mode)e] F7tol 9Jste] AAE 5= glch 223 o] AR WHES & EL4IHE ¢
22 AFL Hole Q248 UE F At B AFE o Al e =¥ M F2 715 B
o= 444 HP QAE AANEYUY. B 220 ASH HW $HLAE Allman Type o 3] H B
A& ol gt WA AAFES —7—7}5} o 929 AXNUNFGH MG 2 v HFR
=g 27138t 249 AFE MAART

2. BE(Plate)R 22| HA5]

AAGE Aol 249 FAFE M7 At HHJRES FIl8AT

w=< N >{w} m
0, =<N>{8}+<N>{8} @)
8,=<N>{6,}+<N>{0,} 3)

g7l <N>& 4383 712 #3845, <N>= HAGEE N =1-&, N,=l-p’olz
6., 6,= EFAoItt. A AYAAL v AFAAC] ot MAFASY WP Sl B
A YgwE B,, B, 7t 2794 A dAdeldd F0@3¢ $As) 91sted B, Donea
(19877t AAF B 2 WAl

fgx' ’{W} A
g, —1116.}
. >=Eb g”} 0,3 %)
re| ey
Lyxz \{ey}’

gozA YARFELS 31%3}91‘4. dwrd oz HAFJRCE ALEEHA HA v HFE=O) AT

ZZFA g (Patch TesE ST F el o8& FAAA F3A
S 2 A7) 95l B-bar Bt %(Zlenklewwz and Taylor 1989)'0* AbESte 2ZAAE S FHAIZT. B-
bar Wiol o5l W HgR=d #BAY B, B, & B, B,, 2 dAstA A

- 28 —



BaAEe wATAN e 2okl oJatel A7)t gol el Hol A%
KL‘C KCII u — f
KZ"I Knn 17 - 0

date] wAFEAS AANNY AFHoz 4@ FYPYL ¢ + Aok

K=K, -K,K, 'KI

c nn

g,
Kec = [B]D,B,dV + [B] D,B,dV
vV vV
Ken = [B) D,B,dv + [B/ DB aV
Vv 14
‘"D B dv

s

Knn = IEJTDbl_?;dV+ IE
vV 14

e BAAEY FANA 2ol mAGAH

]

2759 Fo

(o} =[D][B. Bl{z} = (D][B. - B,k K, Jfu.}

n

A7\ M Kee,Ken, Knn & 20,1017 2o0 HEL BE HEJM 2x2 7FEAHE

®)

)

M

®

fllo

2~
T

€))

(10)

an

(12)

WA 428229 RPYFF <N>F Alman sl HAUNZBYE FYFF <C>,

<S>9 olo] ztz 71" B AYRE <N >,<C >, <8 > 9] P4}

u=<N>{u+<C>{0.}+<N>{u}+<C >{0,}
ve< N>+ <S>{0. 3+ <N>{F+<85>{8,}
y =<N>{0.}

714 {u},{v}.{0,} & vATES ol
- 29—

(13)
(14)
(15)



218 Hughes 9 Brezzi (1989)7F A A3 W& WA 2] (variational equation)& A -&atRom H§
W= 723 AARAL /HNE /A3 Dichlet ZAXE 7ML AFBAE EAZ At
Hughes 9 Brezzi & B&WA2], 89 Az, ¥YZA e wgid REos gdHE 3d9
Ao @ FAYANG o]4ste e 2L HELAHYE FEEAH.

0= Dl_L (u,y, skewo)- (v, , skewr)
= L (symmVv)-C - (symmVu)dQ+ Lskewr T (skewVu —y)dQ (16)
+ L (skewVyv' —w@")-skewa dQ-y” Lskeer - skewo dQ— Lv - fdQ

W99 o] A X2 (Symmetric Part)?t %Hoh M 32 (Skew-Symmetric Part)Z 2](17),(18)F Zo] AHY
Hz 38 ¢ dom 7|4 [B],[G],[B],[G],[b],[g],[b],[g]t HY-HYE AAE YEY
FHE ot}

rlr
ln

() @ -
symmvu =18 "I 1613+ Y L+ 161y a7
it )
skewVi—y = [b]{{{ i}ﬂg]{w}ﬂb]ﬁ i}+[§]{ﬁ} | (8)

ARG E nAGEdo s A7l A8 WFAUAE AAstd =z F(Patch Test)S
=314517) 95t B, G, G #EL B-bar "}'Y (Zienkiewicz and Taylor 1989)° 23ty A ghel.

E'=§—%_[EdV, G'=G—%_[GdV, 5'=§—%[5dV (19)

2116)e] MERA ol Aa7),18)° s FAFHZE wiHH HFHoE 4%t Zol
B} (Mixed Formulation)®] o2 FA=A Hr}.

({u}] [/
{v} {/,}
K ZI
{’; _”W} =1 0 o
{v} 0
{w} 0
(%) L 0]

Aoyl d [K]1: Aens g2on [K]9 REFASLS 2(22),23),24)F 2ok
- 30 -



—. [K. K |
K —_L‘" 21
w5 o

o

(X.1=[8 ¢'Ip[ '] av | @)
[X,i=[[8 ¢'Ip[g" G| av 23)
[E,,,,]zi[ﬁ‘ ol G]ar 4)

aga A0) [Al y & A 25 oldh

_E
T 2(1+v)

[h]=ﬂb g b gfav, (25)

AR {1},{v},{0,} % 8% 1,8 B H(Static Condensation)@ 22N 74
6@%% ???—-_} T 91231 HEE 2x27} obd 3x3 JHp2AHEE T80l Ak 3HLE 4(26)

o
o
3
X
=
2
et
kY

{o}=[DIIB G'l{u} (26)

Hride FAYLEL FHare FUFHAL SHHA AR o5t FHE 5 UG

K Plate 0 :]

27
0 @n

[K ] Plate + [K ]Memhrane > |:

Membrane

3o 2 BAYE L Bigdsy] YsiAE F2F T A (Local Coordinate)oll A 3+ 74 3 & o)
AN YPL [T]S F5ho) AAF LA (Global Coordinate)o) 418 A BH S 7+ & AT
[K]gtopar = 71K Lioca (T (28)

5. +=xlaf4 &2t

HBPes AFE Hrstr19s] 2ZHAF(Patch Test), A ¥%7 A @ (Shear Locking Test), 3 A1E
(Concvergence Test)E 3F9 & Rectangular Plate o] tale] 3|31}, ZzZhA|Hd| disto =
e, ¥, Ao distd 2% S5 ok ad 13 2 WAVIEGT AT 22(S), 97)
o MAFEEE F7HE Q4(S+N), 282 FAHENA & Q&SHN+R)Y AT FHAY

- 31-



A7E Budd BodFa o F AYEN N L4 M £ ZARE BoFa 9gon F
g Zojuzk 107 Y W ZAAE Addgo] Youpx &3 dee & F Utk
115 '. s 7 SHNR
110 —
110 —[
§ 105 18"‘ § |
g ]:I s\\“ Tommm T S o ”///r;‘
g 100 1 e e :;:*;A—T-\ g S*N/ /
i \ 0.90 —| ///
095 t 1/
i ey e i iy et I S ey R —
100E-1 100E2 100E3 100E4 100E5 10066 1.00E7 100ES 1.00ES . 16 3 100 144 196 2% 324
tiL Number of Element
1% 1. Shear Locking Test 1% 2. Convergence Test
Z3 Fol7} 209 AW 1A AAAE HRE 43t FAsiat EdAe dAdAF
1.7472E7, T70 0.0001, EoFEH o3 olH @ L %%E 0.0001 & B+ TFHZFTNZ 0.0004 &
Agoltt ol X9 HETFEHNA T2 A gap T AHI M L N 8AY AFHE v W

At (i{ 1
Symm. X Beead FANY 23
[ | SES
7 o
w2
7 E
1.0
/] 3 =Ry 1.29 1.26
z ‘ SEEINT | v | 100%) 126
y_7] =g = 5.76 5.54
SIS/ 3z ’ .
]/ %! A 585 (103 %) (99 %) 5.60
1.0
% 3 3. Clamped Plate
BEgHard AFE Frs7IN 224 F (Patch Test), & TEA B (Simple Beam Test) S 6}933
o 25 s 29 49 Cantilever 2 ¥ AU B g = 4o 48, Fol 12

T

fojf

]

1% 4. Cantilever

1.0 o8 BEAAE

3 A 30000,

Aol 400 FHEET o242

o oake A FHEH L g olth AAE
=7t e 2Ahmod AE

A5 27t

84 (M-1) a8l
A3 ool HABRETL $7E L2mE

W e Ao o9 2o

-32 -

F7
Foke] g2s, 5}%%
AfEEHE 03558 ©
A 3 A 2
SR EE]

—_



%, wusdase $A49 A%
B A £Aug) 23
Qxs
M-0 M-1 M-2 M-2
0.2424 0.3283 0.3493
X 0,
1=4 (68.1 %) (92.3 %) (98.2 %) 64.00 (106.7%)
03162 0.3460 0.3516
X 0,
2 8 (889 %) (97.2 ‘)/g) (988 %) 62.30 (1038 A))
0.3447 0.3528 0.3543
X 0,
4716 (96.9 %) (992 %) (99.6%) 61.03 (101.7%)
0.3550 0.3554
X - 0,
8 X32 (99.3%) (99.9%) 60.50 (100.8%)
A ARG ES s a4e] ABo] Qe saut G4 & AEL Holn Yow Ao

}.
ARRETL 27hE LaE

g A%l F2 s

b Mg 232 Rolx ot
SN B#HeAs Mo BHTHAA @@6}@] R éa :r“*SP*O“‘ 45
qde pRAYste] FAMMEAT A5 A5E WAE 4953, Zo) 1035, FA 0.094 °1H

v,{&&\m .

5.175

ERAE BAAST [ 0sp7 EOFEH 3125 01t BFE Fdol HFsFol 4% FHLILE

00 FEBTh EAEAY HFAERF ALL vaSHYT (&3

o] &3]
SAP 2 a4 N ;
shell and Sabin .
(1972) Thin Shell Theory
8%X8 0.1090 0.0999
0.1139 0.1084
16%16 0.1109 0.1099

- 33-



£ dFoMe vAFR=EY Frte g jdE BRI HAREE HAE 483 FWdes

AR, FRA HRLE FEANE B G 958 A AART B 14
JEEE E4F LA, HANIEF, NATAN, FAHRL 4T LAENRE N2}

(

QA

of o2 HAMFEARNE AHET Q299 Huser RAUFELS H{YARESE LT
& FAHME Fotol ST F A a2Yu BHFHe s ¥

7HAA Qe 8AM-1), 97l HFFREI} F71H 24AM-2) 9

T

FollME HHIAAFE kil
WA AAGE Qs 2AM-0E Bud 27 AUIARNGES HAa sHFgRer) 2708 @
27F M FE AETE BYE € F AT MF F& AFe B Huedd AHESYeaE
AFAA e JHA8AE /X FANNE & 2 B3] F2 AFE HYdLS ¢ F AN
.

1. C.K. Choi and W.H. Lee, ‘Versatile variable-node flat shell element’, J. of Eng. Mech.(ASCE), 122(5), 432-
441, 1996

2. C.K. Choi and Y.M. Park, ‘A robust quadratic nonconforming Mindlin plate bending element’

3. 1. Donea and G. Lamain, ‘A modified representation of transverse shear in c’ quadrilateral plate element’,
Comp. Methods Appl. Mech. Eng.,63, 183-207 (1987)

4. Edward L. Wilson and Adnan Ibrahimbegovic ‘Use of incompatible displacement modes for the calculation
of element stiffnesses or stresses’, Finite Element in Analysis and Design, 7(1990) ,229-241

5. Adnan lbrahimbegovic, ‘A novel membrane finite element with an enhanced displacement interpolation °,
Finite Element in Analysis and Design, 7(1990) ,167-179

6. Adnan Ibrahimbegovic, Robert L. Taylor and Edward L. Wilson, ¢ A robust quadrilateral membrane finite
element with drilling degrees of freedom’, Int. J. numer. methods eng. Eng., vol.30. 445-457 (1990)

7. D.J. Allman, ‘A quadrilateral finite element including vertex rotations for plane elasticity analysis’, Int. j.
numer. methods eng., vol.26. 717-730 (1988) |

8. Thomas J.R. Hughes and F. Brezzi, ‘On drilling degrees of freedom’, Comp. Methods Appl. Mech. Eng., 72,
105-121 (1989)

9. olgE, ‘W HAAAFEE 7Hz Wo] HW daio] Y olF ol &F HIH AE AHE
b, @537l ed, P =E

—- 34 -



