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The set-theoretic operations of L-K fuzzy numbers and

cardinalities of type-two fuzzy sets.
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In this paper, we define concepts of some set-theoretical operations of L— R fuzzy numbers and discuss some

properties of these concepts. Using these results, we discuss a concept of cardinality of type-two fuzzy sets.
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1. Introduction
2. Preliminaries and definitions.
Let X={x,, x5,--,x,} be a finite set. A fuzzy set 4

in X is defined by
A={(x, pa(x)) | xeX}

where pa X — [0,1] is the membership function of A.

The complement A of a fuzzy set A has the
membership function  wz=1-—wu4. Zadeh[10], A.

Ralescul7], D. Ralescul&], Dubois and Prade[1,2,3], and
Yager[14] introduced concepts of cardinality of a fuzzy
set and obtained some properties of these concepts. In
this paper, we define the set-theoretic operations maxs#,
min¥, and complement of L— R type fuzzy numbers on
[0,1] and investigate some properties of these
operations. Using these properties, we define a new
concept of cardinality of type-two fuzzy sets and verify
that this definition is a generalized concept of the
cardinality of a fuzzy set. Furthermore, we obtain some
resulls of this concept. In Section 2, we introduce the
set-theoretic operations of L—R fuzzy numbers and
discuss some properties of these operations. In section 3,
by using these properties in section 2, we define a
concept of cardinality of a type-two fuzzy set and
discuss some results of type-two fuzzy cardinalities.
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In this section, we introduce fuzzy numbers , L—R
fuzzy numbers, and some operations of L— R type fuzzy
nurmbers.

Definition 2.1 [2] A fuzzy set M of [0,1] is called a
fuzzy number if

(1) M is normal, ie. 3; x,=[0,1] such that w,(x)=1;
(2) M is convex, ie. y(Ax+(1—A)y)zmin(uylx), 1)

for all x,v.4=[0,1];
(3) pp is plecewise continuous.

Let L and R be strictly decreasing contimious func—
tions from [0,1] to [0,1] such that L{0)=R(0)=1 and
L(1)=FR(1)=0. Then, L and R is called the left and
the right shape function, respectively(see [6]).

Definition 2.2 A fuzzy number M of [0,1] is said to
be an L— R fuzzy number, M=(m, a, f)r if its mem-
bership function is defined by

(i) When >0 and 80,

rfmzs)

z for m—a<x<=m=1,x=0,

walx) = R(x—";;#)

0 else.

for m+pzxzmz0,x<1,
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(11)) When e¢=0 and >0,
x—m
R

0 else.

for m+pAzxz=m=0,x<1,
%)=

(iii) When >0 and B=0,

m—x
#M(x)=[ L( “ )

for m—a<x<m=1, x=0,

0 else.

(i) When o=0 and 3=0,

1 for x=m,
#M(x)=l

0 else.
Here,  and 8 are called the left and the right spreads
of an L— R fuzzy mumber M, respectively.

A;p will stand for the class of all L—R [uzzy

numbers of of [0,1].

Definition 2.3 Let M= (m,a, 8z and N=(n7,0) 1
be elements fo Azz. Then max"(M,N), min’(M,N) are
defined by

max “{M, N} = (N n,a/\B, BN O 1 ,
min “{M,N} = (m/\n,aNV B, BN 1
min{x, v},

where  xVy and xAy are max{x,v} and

respectively.

Theorem 2.4 Let M= (m,a,f)rr and N=(n,7,0rr
be elements of Are Then, we have max (M, N)=M,
min“(M,N)=N if and only if m<n, a=y, and F<6.

Proof.

max"{M,N}= M, min"{M,Ny=N

< (mAn, aV7y, BN\ 1r

=(m,a,Bp and (mVu, a\y, BV 1= (1,7, D1z
& mA\n=m

and m\Vu=mn, aVy=a and aN\r=7, BN\E=5
and V=3

& m=n, a=zy, and A<46.

In order to define the complement of L—R fuzzy
numbers, we introduce the following definition of
subtraction of fuzzy numbers.

Definition 2.5 [2,3] Let M and N be fuzzy numbers
on [0,1]. Then, the subtraction of M and N is a
function MON: [0,1]1—[0,11 with its membership
function defined by

1 (8 = SUD 4o ey fax) Apeady) for all 2=[0.1]

By using Definition 25 and Eq.(4.2.1) of [3), we can
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obtain the following theorem.

Theorem 26 [31 () If M=(m.e fHir and
N=(n,7.8pm; is a element of Ay, and Ag,

respectively, then M © N=(m—n,a+ 7,8+t 8wr .

(D) If M=(m,a, e and 1=(1,0,0) is a element of
Arp and  Ag, then TOM=
(Q—m,B, @ pr.

From Theorem 2.6(2), we can the following complement

of L—R type fuzzy numbers.

Definition 2.7 Let M=(m,a,fx and 1=(1,0,0)
be a element of A;r and Ak, respectively. The

defined by M=10

respectively,

complernent M oof M s
M=(1-m,B &) p.

3. Type-two fuzzy cardinalities.

let X=I{x,, x5, x,} be a finite set. Using the
set-theoretic operations of L— L type fuzzy numbers on
[0,1], we define the following new concept ol type-two
fuzzy cardinality.

Definition
fuzzy set

3.1 Let
and

F:X—- Ay be a type-two
Fxp) = M= (my, ap, B for
k=1,2,---,n. Then, a type-two fuzzy cardinality of F is
a function £ _card F: {0,1,---, n}—A; defined by

72 —card F(E) = min"{M , %(k+1)} for £=1,2,-,n

where My, M (5, My are L—L type fuzzy numbers
of M, My, M, in decreasing order of
magnitude of the normal points my, for £=1,2,-, %,
and Mp=01.0,00,0 » Mmen=00,1,007,.

From Definition 3.1, we can obtain the following
proposition.

arranged

Proposition 3.2 Let F: X—A;; be as in Definition
31. Then we that  fo —card F(k) = (m,)
Al =mprp), ewNVBary, B Nagente  for k=01,
<, m, where m =1, mu+p=0.

have

Proof. Since M (+1=A 1z, by using Theorem 2.6(2),
we have

M ey = (1= 412 B k410 @ (401) L
Then, we have
Ffo_cardF(R) = min"{M sy, M (1)
=(m @A = m 1), @ BVE Gt s

B /Nt (g1) LL-



Remark 33 If
(1,0,0);; if k=1,2,,7
F(k)= ’
(0,0,0) ;1 if k=#+1,,n
then F is a nonfuzzy set with » elements by

convention,

Theorem 34 Let F: X—A;; be a type-two fuzzy

set. Then,
(1,0,0) ;1 if b=~

fo— cardF(k) =[
(0,0,001z

if k#F7r

if and only if F is a nonfuzzy set with » elements.
Proof. Suppose that

(1,0,0) 1z if a=r

Jy = cardF(k) =[
(0,0,0 .z

if k#»
When k=, we have
(m (AN =1 i), @ AV B (r1, B (aNE (o21) 1L
=(1,0,0) 1r.
Thus, we have
mpN1=—muep)=1, ¢ VB,+n=0,

and ,B (,9/\0[ (r 1) = 0.

Since MM ()2 ZMW (ga]) and a(k)\//i’ (k+1)=0=
mpy=mup==mp=1and mep==mpp=0,
and

a’(y):B(r-I-]):O (3—1)

When k&< », we have
(m (NI =1 ))& BV E Gt s B (0NE (i) LL
= (0, 0, 0) LL -

Then, a»VEu+n=0 and hence

&ipn= ﬁ(kﬂ):O {or all kﬁéO (3_2)
From (3 1) and (3_2), a(1)=a'(2)=---=af(n)=0 and
Bo=Bm==py=0. If we put F(k) =M, then we
have
if £=1,2,-,7

M=

»

(1,0.0) Lz
[(0,0,0) i if k=410,
By Remark 3.3, F is a nonfuzzy set with 7 clements.

Conversely, if we put F(xp)=M,={(m,0,0) for
£=1,2,--.n, by Remark 3.3 and the hypothesis,
(1,0,0) L if /3:1,2,"',7’

Muy=(m@. aw, Bwi= ,
(0,0,0) LL 1f k: 7’+1,"‘,7’L

L—R TX|=2|

me-o|2X

B oMt R2g TR el 7%

Thus, mgpy=my==mpu=1, mn==mun=0,
and ap=Bw=0 for k=1,2,--,n. II we set
mp=1, Mmup=0, e=Cmy=B0=B8u+n=0, by

using the definition of f3 _card F(k) , we have
(1,0,0) 11 il k=r

(0,0,0) 2

fo— cardF (k) =
if k¥

Lemma 3.5 Let {2 »}k=1 be a sequence in [0,1] and
a(l)za@m=rzapm=0. If k=/ then we haveanz

aprn=da .

Proof., If k=1, we have eitherk+1=17or £+1<L
When k+1=1Lapip=ay: when &+1<{Lagpin=ay.
Thus, & g.n=a and hence a y=a pip=a(p.

Definition 36 Let M= (m,a, B and N=(=n,7,0) s
be elements of A;; . Then, we define the order = of
M and N ;

M=N if and only if m=<n, azy, and A<é.

We remark that the condition M (y=2M y==M,y is
equivalent lo the following condition

MOZ (2T (., A= (S (),
and Aozl gz z8 o).

Definition 3.7 Let G: {0,1,,n} — A, be a type
~two fuzzy set. Then, G is said to be convex if

G(D=min"{G(k), G(»} whenever k<I<yr .

Theorem 3.8 Let F: X—=A,;;, be a L—L type fuzzy
number and F(x,) = My=(my, ap, B for £=1,2,,n.
Agsume that M =M p=--=My. Then, f; —card F is

COnvex.
Proof. When A</<y , we should prove that

fo— card ()= min " {fa— cardF (%), f; — card F(»)}.

By Definition 3.7, it is sufficient to show that

1) {m (/b.)/\(l —m eI (y)/\(l —m (,.,.1))}5771 (/)/\(l —m (z.|.1)),
(i) {e (aV8 Ve (VB vtz a VB vy , and

i) A8 wA e ar1INEB AE G+ =8 N\ .

Since m pyxm p=m(y when k<I<r, by using Lemma
35,

PL(Z M (e N2 (R Z I (= ) 2P ()2 (i 1)

Thus, we have
{m (/AL —m e ) I (AL —m ()}
(1= gy )M
=(1—my+r)\m

= ¥ (z)/\(l_m )
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Hence (i) holds. Since apH=a sy and ﬁ(k)éﬂ(,r)zﬁ(r)
when Ak</<r, by using Lemma 35, we have

DS HEC EE S = ()
and
BurnzBw=Bun=B =B b n.
Then, we have
{a VB w+IVIE pVB et Ze VB (i
Zza Ve s,

and
BN i INB A2 Gen) <8 A\ (e

SB([)/\(! (1)
Hence (ii) and (iii) hold.

Theorem 3.9 Let F: X—A;; be a type-two fuzzy
set and

F(xp) =M= (my, ap, B8 for k=1,2,--, 5
If My=Mg=+2M,, then we have
fy _card F(B)=f, —card F(n~#) for k=0,1,,
where
F (= My =0—myBrap 1z for k=1,2,-, .

Proof. It we put Fw=M,
My=my, a8 for k=1,2,--,n by using the
hypothesis M y2M p=-=M (,, then we have

and

M sM <=M ().
That is,
(D m y=1=m (=t
(i) @y =B (a=t+1)»
(I8 (= @ (n—i+D)-
From (i),@i),and (iii), we have
focard F (B=min"{M 5, M an}
=0 w1 —m i) @ WVE . & @\ Grp) 1o
=((1= 1 (e e 1))\ (=) B (e b+ )V E e € (e ik /B (nm ) 12
=(m (o pN\NL =9 (o k1)), @ =DV B (nmit 2 B (/N (mmie)) 1o

= fo_cardF(n— k)
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