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Abstract

This paper we study the exact controllability for the nonlinear fuzzy control

gystem in E% by using the concept of fuzzy number of dimension 2 whose values are

normal, convex, upper semicontinuous and compactly supported surface in R

Keyword :

I. Introduction

Many authors have studied several concepts of
([3]) studied the
existence and uniqueness of solution for the

fuzzy systems. Kaleva
fuzzy differential equation on E” where E” is

normal, convex, upper semicontinuous and

compactly supported fuzzy sets in B”. Seikkala
([6]) proved the existence and uniqueness of
fuzzy solution for the following equation:

(1) = At x(1)),
x(0)=x0,

where f is a conlinuous mapping [rom

fuzzy control system, fuzzy number of dimension 2, exact controllability,

R*XR—R and %, is a fuzzy number in E'.

Diamond and Kloeden ([1]) proved the fuzzy
oplimal control for the following system:

x(D=a(PHx(D+u(), x(0)=2x
(), u( )

interval-valued functions on E'.

where are nonempty compact

Recently, Young-Chel Kwun, Jum-Ran Kang
and Seon-Yu Kim ([5]) proved the existence of
fuzzy optimal control for the nonlinear fuzzy
differential with  nonlocal

system initial

condition in E}V using by Kuhn-Tucker
theorems.

The purpose of this paper is to investigate
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the exact controllability of the nonlinear fuzzy

control system in E%v Let E?V be the set of

all fuzzy pyramidal numbers in R* with edges
having rectangular bases parallel to the axis

X and Y ([4]).
We consider the exact controllability [or the

following nonlinear fuzzy control system:

(D =a(Hx () + K, x()) +u(d),
(F.C.5)

x(0) = %,
where a:[0, T1—Ey is fuzzy coefficient, initial
and /[0, TV < E3—FE5% is

value x= E?V

nonlinear function and w(HeE% is control

function.

II. Properties of fuzzy numbers
of dimension 2

We consider a fuzzy graph GCRXR thal is
a functional fuzzy relation in R’such that its
nlx,y), (r,)e R,

membership  [unction

pelx, v)=[0, 1], has the following properties:

1. VxR, plxy,ve=l[0,1] is a convex

membership function.

2. VweR, wpelx,y) <011,
membership function.

3. Veel0,11, {(x, y) eR* pelx, y) = a}
is a convex surlace.

43 (0, y)ER, pele, y)=1.

If conditions are satisfied, the fuzzy subset

is a convex

GCTRis called a fuzzy number of dimension 2.
Let E%V be the set of all fuzzy pyramidal
numbers in R? with edges having rectangular
bases parallel to the axis X and Y.

We denote by fuzzy number of dimension 2 in
E}

A=(ay,a;)

where @, ay is projection of A to axis X
and ¥ respectively. And «;, and a, are fuzzy

number in K.
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The @-level set of fuzzy number of

dimension 2 in E% defined by
[A]“= {(x1,x2)ER21 (x1,xz)‘5[d1]a>< [dg]a}

where operation ¥ is Cartesian product of the

sets.
Let A,BEEQ, two fuzzy numbers of
dimension 2 A and B are called equal

A=B, if

A=B e [AI°=[B]“forall a=(0,1].
If A, BEE% then for e=(0,11],

[A#*,Bl*={a;* b]“x[ay¥,b,]°,

where %, = +,,—5, - ZEEgv
and *=+,,—,, - = EL
Let [a;]"%[as]",
of nonempty rectangle areas.

It
@D g x[a1?<la 1% [ ay]”

and

0<a=1, be a given family

for 0<a<ph

(2.2) %Ln;[al] X%i_’rgxlj[az] =[a1"x1as]

(@;) is nondecreasing

a=(0,1],

[2;]19%[ay]®, 0<a=<], represents the a-level

whenever sequence

converging to then the family

sets of a fuzzy nuwnber of dimension 2 A=E% |
Conversely, if [a;]°%[ay]%, 0<ae=1, are the

a-level sets of a fuzzy number of dimension
2, then the conditions (2.1) and (2.2) holds true.
We define the Ilausdorff distance between

subsets A and B of R° by

duy( A, B)= max{dy(A, B), du(B, A)}.
The metric dw on E% is defined by
de(A, B) = sup{dx([A]7, [ B]*): 2= (0,11}
for all A,B=E},

I1TI. The exact controllability

In this the
controllability for the [ollowing nonlinear fuzzy

section, we show exact

control system:
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W)= a(Dx(D+At, (D) + u(d ,
X(O)ZX(Jy

with fuzzy coefficient

(F.C.S.)

a: [0, TI=Ey initial

value x9=E% and control u: [0, T1—E% and

inhomogeneous term £ [0, 71 x B4~ E%

satisfies a global Lipschitz condition, there

exists a finite constant £>( such that

de([f(s, & (NI, [As, & ()] <kdp([ £ (5)]°

for all &(s), &(s) =EY
The (I.C.S.) is related to the following fuzzy

integral system:
(D= S(Dxp+ fOIS( t— A s, x(s))ds

(F1S) + fO'S(t— Du(s)ds |

H0)=x, =E},

where S(#) is fuzzy number of dimension 2
and

[S(1*

[S (D] x[S;(D]"

= [S940, S5ADIXI[S5LD, S5.(H]

where SUD (i=1,2) is exp{ ‘a4(9)ds)

and S7(D (i=1.2) is exp( " (s)ds}.

And S%(H (i=1,2, j=17) is continuous.
That is, therc exists a constant ¢>(0 such
that |S5(D|<c for all r [0, T1.

Definition 3.1 The (F.IS.) is exact controllable
u(h)
solution x(#) of (FIS.) satisfies x(7T)= ,x’
Ge, [ D= [ (D] >[x (D]

=[ (1% (2] =[']9)  where x' is

target set.

if, there exists such that the fuzzy

We assume that the following linear fuzzy
control system with respect to nonlinear fuzzy
control system (F.C.S.):

()= a(Dx(D+u(d) ,

(F.CS. 1
x(0)=x, €F%

15 exact controllable. Then

(1) =S(D)xy+ j(;TS( T— )u(s)ds= ,x'

and
(D)= [SUD )+ [ SUT—9uid)ds,
SHUD @)%+ [ SHT-9ui9d]
X ISUD )5t [ SUT—9uslds,
ST () + [ ST Jus(as)
1&(919

= 16D GHLIXIED S (D3]

[ ] x [ l*=[«"] .
Defined the fuzzy mapping
g P(R)—E% by

N [ fOTS“(T—s)v(s)ds , vC T, ,
g ()=

0. otherwise.
Then there exists g, P(R)—Ey (i=1,2)
such that

T -
_ [ st T-9ui9das, w9 T,
g?(v,)Z{

0, otherwise

where wu, is projection of % to axis X and
Y respectively and there exists g (j=1/,#)

< e T

g (wi)= [ SUT—9vil9ds

v.As)elufy(s), ulz(s)];

~ T
£, ()= [ SUT-9v,(s)ds,
v il(s) [ ul(s), u'(9)]).

We assume that g,”, Z, are bijective
mappings.
of u(s) are

Lu(D]1"= [uf(8), uf ()] x[u(5), u(s)]

Hence a-level

= [ &) NG~ SUD (=% ),

( &, HED,-STAD DG ) ]
X [ g9 TN %— 83T (x2) % ),

( 850) H(xDS =S5 D (x2), ) 1.

Thus we can be introduced u(s) of nonlinear

system
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[u()]*=

[25,(s), u5,(8) 1% [uh(s), u3,(9)]

[ .§11a) '1( (xl)au_sgiI(T)(xl)El()l
—fOTSfiz(T*S)f"u(s,x(S))dS) .
( §lrn)_1( (x1 Eir_ L71;—(:1-‘)(371)7)7'

—_I(;TS“I,( T—95(s,2(Nds) 1]

x [( §21a)_1((x1)a21_scér(ﬂ(x2)%l
T
- j; S T—9) Fals, x(s))ds)
( §Zra) _1( (xl aér_saér(ﬂ(xZ)%r
T
— [ ST 9 Al N 1.
Then substituting this expression into the
(F.1S) yields a-level of (7).
We now set
1
Ox(D) =, S(Dmy+ [ S(t=9Ks,5(9)ds
t
-I—fOS(l‘—S) E{_I(xl—S(T)xu
T
— | S(T—9Rs, (s ds )ds
where the fuzzy mappings & satisfied

Ox(T) =, ",

u(f) steers the

above statements. Notice that
which means that the control
(F.CS.) from the origine tox' in time T
provided we can obtain a fixed point of the
nonlinear operator @.

Assume that the following hypotheses:

(H1) (F.CS. 1) is exact controllable.

(H2) Inhomogeneous term f: [0, T] % E4—E%

satisfles a global Lipschitz condition, there

exists a finite constant 4>(Q such that

di([ (s, 2N, [f: (s, v

< kdg([x:(9]%, [:(9]%)
for all x,.(s),v{s)=Ey and
£:00, TIxEy—~Ey (i=1,2) is projection of f.
Theorem 3.1 Suppose that hypotheses (HL),
(H2) are satisfied. Then the state of the (F.LS)

can be steered from the initial value Xy to any

final state x® in time T.

Proof. Ormitted.
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IV. Examples

Example 4.1
Consider the following fuzzy control system:

(D= a(Px(H) + Lt x(D) + u(P,

x(0) ==
where fuzzy coeffient @(f)=2¢ and nonlinear
term At x(D) is (2(H®, (D). And initial
value xp is (0, 0). Target set is x'=(2,3).
The @a-level set of [uzzy numbers are
following it. [01°=[a—1,1—a],
[21°=[a+1.3—al, [3]"=[e+2,4—al.

The a@-level of u(s) of nonlinear system are

W= &y e+ D~SUT)(a—1)
T

’_J; Si{T—s)s xll(s)zds ),

)= 1, (B—a)—SUD(1—0a)

T
—L S AT—5)s x1,(8)%ds ),

Then a-level of x(7T) is

[0, (D= [e+1,3—al=[2]°

Hence [x(D1*=[21"x[31"=[x'1".
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