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Free Vibrations of Tapered Circular Arches Considering Rotatory

Inertia, Shear Deformation and Axial Deformation

Sang Jin Oh and Jeong Man Mo

ABSTRACT

This paper deals with the free vibrations of circular arches with variable cross-section. The

differential equations goveming free, in-plane vibrations of tapered circular arches, including the

effects of rotatory inertia, shear deformation and axial deformation, are derived and solved

numerically to obtain frequencies and mode shapes. Numerical results are calculated for the
quadratic arches with hinged-hinged and clamped-clamped end constraints. Three general taper
types for a rectangular section are considered. The lowest four natural frequencies and mode

shapes are presented over a range of non-dimensional system parameters: the subtended angle,

the slenderness ratio and the section ratio.
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Table 1. Comparison of results of clamped-clamped
arches with uniform cross-section( z=0.342)

Frequency parameter, C;
a s | Reference

(deg.) i=1] i=2] =3 | i=4
60 | 20 | This study| 23.79 | 39.06 | 62.84 | 70.78
Ref [2] | 2375 | 39.05 | 62.38 | 70.71
Ref. [4] | 2380 | 39.14 | 62.98 | 71.04
100 | This study | 52.82 | 7601 | 1179 ; 1711
Ref. [2] | 5282 | 76.01 | 1179 | 171.1
Ref. [4] | 5283 | 76.02 | 1179 | 171.2
120 | 20 | This study | 1063 | 15620 | 2475 | 30.56
Ref. [2] 1061 | 1519 | 24.72 | 3047
Ref. (4] 1063 { 1519 | 2476 | 30.60
100 | This study | 11.79 | 2325 | 42.37 | 61.43
Ref. [2] 1179 | 2325 | 4237 | 61.43
Ref. [4] 11.79 | 2325 | 42.38 | 61.44
180 | 20 | This study | 4.163 | 8550 | 1548 | 17.93
Ref. [2] | 4151 | 8542 | 1546 | 17.91
Ref. [4] | 4160 | 8546 | 1548 | 17.92
100 | This study { 4375 | 9604 | 1781 | 27.22
Ref. [2] | 4374 | 9603 | 17.81 | 27.22
Ref. [4] | 4375 | 9603 | 17.81 | 27.22

Table 2. Comparison of results of arches with non-
uniform cross-section( ¢#=0.327)
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. Frequency parameter, C;
Geometry | Reference
i=1) i=2 | =3 | i=4
H-H, DT [ This study | 1206 | 2801 | 54.28 | 80.60
@=90°, »=0.5] Ref. [3] 12.06 | 2806 | 5464 | 82.28
5=100 SAP0 12.06 | 2804 | 54.39 | 80.82
H-H, DT | This study | 11.32 { 1675 | 2858 | 39.65
a=90", =05 Ref. [3] - - - -
$=20 SAPY 1139 | 1684 | 2815 | 40.05
H-H, ST | This study| 1475 | 3543 | 66.14 | 92.86
a=90°, »=3 Ref. [3] 1481 | 3573 | 66.98 | 9341
$=100 SAPX 1476 | 3549 { 66.37 | 9298
H-H, ST | This study| 1354 | 1857 | 31.74 | 46.35
a=90", =3 Ref. [3] - - - -
=20 SAP0 1372 | 1873 | 3269 | 46.70
C-C, DT | This study| 1921 | 36.19 | 67.88 | 85.19
a=9%0", =05] Ref. [3] 1929 | 3643 | 6873 | 85.75
=100 SAPI0 1921 | 36.22 | 6802 | 8530
C-C, DT | This study | 16.71 | 1680 | 35.33 | 40.00
a=%0", 7=05] Ref. (3} - - - -
=20 SAPY0 16.82 | 16.88 | 3591 | 40.35
C-C, ST This study | 2683 | 48.00 | 8.87 | 93.14
a=90°, =3 Ref. [3] 2712 | 48779 °| 87.87 | 9355
=100 SAPY0 2683 | 4805 | 86.11 | 93.21
C-C, ST This study | 1950 | 21.92 | 41.11 | 46.54
a=90", 7=3 Ref. (3] - - - -
=20 SAPX 1958 | 2212 | 41.82 | 46.87

* H: hinged end, C: clamped end
DT: depth taper, ST: square taper
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Table 3. Frequency parameter C; for clamped-clamped arch

Depth taper

Breadth taper Square taper

a
(deg.)

~3

=1 i=2 | i=3

[

=1

j=

i=2 i=1 | =2 | i=3 | i=4

20 3B18(A)
3799(A)
ITAA

J9L3(A

364.5(A) |463.0(A)
393.3(A) 1 504.5(
401.6(A) 1521.1(
405.9(A) [529.8(

10 198.5(S)
2135(S)
2185(S)

221.1(S)

=

)1249.0(S
)| 255.1(S

198.5(S)
)| 236.6(S)

357.8(A)
4142(A)
4324(A)
441.8(A)

198.5(S)
2194(S)
226.4(S)
230.0(S)

357.8(A) | 364.5(A) 4630(A)
389.9(A)|400.8(A) | 504.4(A)
400.6(A) | 412.2(A) | 521. 2( A)
406.2(A) [418.1(A) | 530.0(A)

100 599.7(S)
704.0(S)
741.5(8)

761.2(S)

1361.(A
1486.(A
1531.(A
1556.(A

)
1804.(A) 12277 (
1919 (A) 2398.(

(A)}2444.(
1979 A)

wwwn

)
)

599.7(S)
7235(S)
770.2(S)
795.0(S)

2277(8)
2448.(S
2530.(5
2578.(8

1361.(A)
1525.(A)
1595.(A)
1634.(A)

1804.(A)
2143.(A)
2257.(A)
2311.(A)

599.7(S)
709.8(S)
750.3(S)
T71.8(S)

1361.(A) [ 1804.(A) | 2277.(S)
1498.(A) [1977.(A) | 2414.(S)
1552.(A) | 2034.(A) | 2471.(S)
1581.(A) | 2064.(A) | 2504.(S)

)

2470.(8)
123.7(A) | 1734(S)
131.5(A ;

1795(5
1342(A
1356(A)

20 54.60(S)
61.44(S
63.80(S

65.03(8)

104.5(A

111.5(A
1140(A
1154(A

65.14(S
68.90(S

b
o

182.1(S
1836(S)

54.60(S)

70.85(S)

104.5(A)
119.1(A
1246(A.
1276(A)

123.7(A)
146.1(A)
1535(A
157.2(A

173.4(5)
185.8(S)
191.9(S)
195.5(5)

5460(S)
62.45(S
65.24(S
66.69(S

123.7(A)
135.1(A)
139.0(A)
141.1(A)

1734(S)
181.2(S)
184.6(S)
186.7(8) -

104.5(A)
1136(A)
117.0(A)
1189(A)

100 114.2(S)
1288(S)
1346(S)

137.7(S)

208.3(A
242.1(A
255.6(A
2633(A

591.5(A)
634.7(A)
649.2(A
656.8(A)

396.4(S)
437(S)
462.4(S)
473.1(S)

<

114.2(S)
13L4(S)
137.6(S)
1409(S)

208.3(A)
2340(A)
246.2(A)
253.4(A)

396.4(S
425.3(S
4409(8)
4508(S)

59L.5(A)
648.3(A)
668.1(A)
680.4(A)

114:2(S
1295(S
1355(5)
138.7(S)

208.3(A)
240.2(A)
253.6(A)
261.3(A)

396.4(S)
439.5(S)
4579(S)
4686(S)

591.5(A)
648.1(A)
663.5(A)
679.5(A)

|l

20 3B.69(A)
43.14(A)
4483(A)

4577(A)

69.96(S)
74.51(S)
76.27(S)
T1.28(9)

23.72(8)
26.65(S)
21.79(S)
28.40(8)

62.78(A)
67.01(A)
68.51(A
69.32(A

faiZ e

23.71(8)
27.56(S)
891(8)
29.73(S)

3B.72(A)
4.12(A)
46.49(A)
4787(A)

62.74(A)
74.79(A)
71.56(S)
79.22(5)

70.03(S)
74.91(S)
78.88(A)
80.95(A

23.7KS)
26.91(S)
28.14(8)
2880(5)

RT0(A)
4349(A)
4543(A)
46.54(A)

62.77(A)
68.94(A)
71.10(A)
72.26(A)

69.97(S)
74.72(S)
76.81(S)
78.05(S)

100 52.73(A)
62.85(A)
67.13(A)

69.62(A)

75.91(S)
81.35(S)
82.85(S)
8.59(8)

117.8(S
1305(S
136.3(S
139.8(8)

1706(A)
192.8(A
201.6(A
206.3(A)

52.80(A
59.72(A
63.18(A
65.31(A

it
lasz e

)
)
)
)

170.9(A
180.1(A
185.5(A
189.2(A)

871(S)
8.74(5)
&851(S)
89.83(8)

117.9(S)
122.7(S)
126.1(S)
1286(S)

52.75(A)
62.09(A)
66.19(A)
63.60(A)

75.90(S)
82.55(S)
84.45(S)
85.36(S)

117.8(S)
1286(S)
133.9(S)
137.2(5)

170.7(A)
189.7(A)
197.8(A)
202.3(4)

20 17.76(S)
19.22(S)
19.79(S)

20.11(5)

18.82(A)
2191(A)

37.79(5)
41.36(S)
42.83(S)
43.70(8)

42.17(A)
45. 22( 20.27(S

21.09(S

17.7US)

o

21.51(S)

38.08(S)
40.09(S)
41.50(S)
42.49(S)

42.04(A)
50.40(A)
5343(A
55.03(A

17.75(S)
19.50(5)
20.16(5)
2051(S)

1885(A)
21.92(A)
23.21(A)
24.08(A)

37.87(S)
41.1K(S)
42.63(S)
43.58(5)

42.14(A)
46.54(A)
43.19(A)
49.10(A)

1892(A)
2L74(A)
2312(A)
23.97(A)

ZZ

100 22.29(A)
271.21(A)
2941(A)

30.74(A)

7597(A)
87.96(A)
92.34(A)
WUT8(S)

2248(A
25.64(A

2840(A

)
)
)
)

76.61(A)
80.64(A)
83.09(A)
84.84(A)

83.96(S)
94.45(S
9%.31(S
97.23(S

22.34(A)
2683(A)
2891(A)
30.18(A)

41.23(S
48.00(S

76.17(A)
&.87(A)
9%0.10(A)

83.76(S)
93.14(S)
94.69(S)
95.53(S)

41.35(S)
46.70(S)
49.00(S)
50.44(S)

120 | 20 10.37(A)
1262(A)
13.64(A)

14.27(A)

2451(S)
26.90(S)
2803(S)
28.76(S)

)
)
)
T
; 21.32(A
}110.62(A
){12.32(A
)113.22(A
)113.83(A

1707(S)

)

j et

)

1043(A)
12.57(A)
1359(A)
14.23(A)

2471(S)
26.58(S)
27.62(S)
28.33(S)

1471(S)
17.50(S)
18.42(S)
18.38(5)

25.30(S)
25.43(S)
26.03(S)
26.54(S)

30.11(A)
33.56(A)
34.99(A)
35.84(A)

30.14(A
459(A
36.14(A

)
)
)
) [92.74(A)
)
)
)
37.08(A )

22.56(S)
2745(S)
2953(S)
30.82(S)

59.96(5)
69.39(S)
73.03(S)
75.10(S)

100 11.49(A)
14.50(A)
1594(A)

16.86(A)

41.31(A)
4888(A.
52.10(A)
54.10(A)

11.85(A
1365(A
14.65(A
15.35(A

L

)
)
)
)

N

42.72(A)
4483(A)
46.13(A)
47.11(A)

61.84(S
65.11(S)
66.85(S)
68.06(S)

11.58(A)
14.29(A)
1563(A)
16.49(A)

60.43(S)
68.50(S)
71.88(S)
7391(S)

2301(S)
26.07(S)
27.44(S)
28.35(5)

) [41.66(A)
47.83(A)
29.08(S)

50.64(A)
30.29(S)

10.82(S)
12.87(S)
1368(S)
14.14(S)

20.26(A)
23.35(A)
2459(A)
25.33(A)

150 § 20 5.901(A)
7634(A)
8462(A)

9.012(A)

19.73(S)
2081(S)
21.44(8)
21.90(S)

6.446(A
7570(A

)
)

8.166(A)
8598(A)

5241(A)
10.85(S)

20.10(S)
13.00(S) | 20.82(S)
13.92(S)

21.29(S
14.47(S)

10.80(S)
13.29(5)
14.35(S)
14.99(S)

21.29(8)
2082(9)
20.83(S)
20.91(S)

21.43(A)
2365(A)
2452(A)
25.08(A)

6.041(A)
T624(A)
8.409(A)
8944(A)

20.61(A)
23.50(A)
24.78(A)
25.59(A)

100 6.272(A)
8.357(A)
9.39%A

10.11{A)

12.99(S)
16.58(S)
18.26(S}
19.35(5)

24.11(A)
29.79(A)
32.36(A
4.00(A

36.18(S)
4.04(S)
4752(S)
4969(5)

6.980(A
8.132(A
8.759(A
9.224(A

=
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Table 4. Frequency parameter C; for hinged-hinged arch
a Depth taper Breadth taper Square taper

(deg)| s | # | y=1| s=2| i=3 | i=4 | i=1 | i=2 | =3 | i=4 | i=1]| i=2 | i=3 | i=4
10 | 20 | 1 |1678(S)[2286(A)|357.4(A)[388.0(A)|167.8(S) | 2285(A)[357.4(A) | 388.0(A) | 167.8(S) | 228.6(A)|357.4(A) {388.0(A)
3 |1708(S) {200.7(A) | 374.2(S) | 379.6(A) | 177.6(S) | 2144(A) | 4006(S) | 4146(A) | 172.8(S) [204.6(A) | 380.7(S) [339.8(A)

5 [169.8(S)|188.7(A)| 351.0(S) | 387.1(A) | 176.7(S) | 203.6(A) | 385.2(S) | 432.4(A) | 172.0(S) [ 193.1(A) | 359.5(S) | 400.4(A)

7 11685(S) [181.4(A){338.1(S) |391.1(A) | 174.9(S) | 1965(A) | 376.2(S) | 441.8(A) | 170.7(S) | 185.9(A) | 347.7(S) | 406.0(A)

100 | 1 |317.1(S) | 1059.(A) | 1803.(A) | 2032.(S) | 317.1(S) | 1059.(A) | 1803.(A) | 2032.(S) | 317.1(S) | 1059.(A) | 1803.(A) | 2032.(S)

3 [324.6(S) [ 1105.(A)| 1918.(A) | 2114.S} | 318.7(S) [ 1053.(A) | 2033.(S) 2147(A) 323.4(S) | 1093.(A) | 1976.(A) ] 2096.(S)

5 13255(S)|1111.(A)[1957.(A){ 2127.4S) | 317.5(S) | 1044.(A) | 2021.(S) | 2256.(A} | 323.9(S) } 1096.(A) | 2033.(A) | 2103.(S)

7 13255(S) | 1111.(A) | 1978.(A) | 2127.(S) | 316.6(S) 1 1036.(A) | 2010.(S) [ 2310.(A) | 323.7(S) | 1095.(A) | 2063.(A) | 2101.(S)

30 [ 20| 1 |35.15(8)|92.25(A) [ 122.6(A) | 166.2(S) | 35.15(S) 192.26(A) | 122.6(A) | 166.2(S) | 35.15(S) 192.25(A) [ 122.6(A) | 166.2(S)
3 135.74(S)[94.96(A)[130.3(A) | 169.5(S) | 35.86(S) 92.30(A) | 145.2(A) | 165.1(S) | 35.81(S) [94.47(A) | 133.9(A) | 168.5(S)

5 |35.71(S) |94.79(A) | 132.8(A) | 168.0(S) | 35.76(S) | 90.89(A) [ 152.5(A) | 162.4(S) | 35.79(S) | 94.05(A) | 137.7(A) | 166.7(S)

7 {3562(S)194.29(A)|134.1(A) | 165.8(S) | 35.62(S) [89.74(A) [ 156.1(A) [ 160.2(S) | 35.70(S) | 93.41(A) | 139.7(A) | 164.5(S)

100 | 1 |95.95(S)1137.5(A)| 304.9(S) 5159(A) 95.95(S) | 137.5(A)] 305.0(S) | 515.9(A) | 95.95(S) | 137.5(A) | 304.9(S) | 515.9(A)

3 |98.62(S) [ 147.0(A)| 327.6(S) | 555.1(A) | 102.3(S) | 136.7(A) [ 303.5(S) | 518.6(A) | 99.68(S) [ 144.5(A) | 321.6(S) | 546.5(A)

5 [99.40(S) {149.1(A)| 333.1(S) 5653(A) 103.6(S)11358(A) | 302.3(S) [518.1(A) | 100.7(S) { 145.8(A) | 325.6(S) | 554.3(A)

7 199.78(S) [ 149.9(A) [ 3355(S) | 569.8(A) { 104.1(S) | 135.2(A) | 301.4(S) [517.4(A) | 101.2(S) | 146.4(A) | 327.2(S) | 557.6(A)

60 | 20 | 1 119.40(S)|28.65(A)|60.11(S)|62.52(A)|19.40(S) | 28.69(A)|60.18(S) [62.47(A) | 19.40(S) | 28.66(A) | 60.13(S) | 62.50(A)
3 [19.90(S) [ 30.42(A)| 63.18(S) |66.61(A) | 20.64(S) | 28.82(A) | 59.8%(S) | 74.65(A) | 20.12(S) {30.06(A) | 62.40(S) | 68.61(A)

5 120.01(S) {30.74(A) | 63.78(S) | 68.04(A) | 20.86(S) 28.62(A) 59.57(S) 7876(A) 20.29(S) 130.27(A) | 62.80(S) | 70.74(A)

7 120.06(S) {30.83(A) [ 63.93(S) |68.81(A) | 20.92(S) | 28.44(A) | 59.29(S) {80.84(A) | 20.35(S) | 30.31(A) | 62.85(S) | 71.87(A)

100 | 1 |33.31(A)|6892(S){101.4(S)|137.3(A)|33.37(A) 6893(5) 101.5(8) 1375(A) 33.33(A) | 68.92(S) | 101.4(S) | 137.3(A)

3 |36.13(A)[76.30(S) | 103.3(S) [ 150.9(A) | 33.29(A) | 75.14(S) | 100.4(S) { 138.2(A) | 35.43(A) | 76.36(S) | 102.3(S) | 147.7(A)

5 |36.79(A)|78.36(S) | 103.8(S) [ 154.7(A) | 33.09(A) | 76.22(S) | 100.3(S) | 138.2(A) | 35.88(A) | 78.47(S) | 102.6(S) | 150.6(A)

7 137.07(A) [ 79.34(S) | 104.1(S) | 156.5(A) | 32.95(A) | 76.54(S) | 100.2(S) | 138.1(A) | 36.06(A) | 79.47(S) | 102.6(S) | 151.9(A)

90 [ 20 | 1 |1258(A)|1747(S) | 30.34(S) |42.00(A) | 12.68(A) | 17.42(S} | 30.60(S) [41.91(A) | 12.61(A) | 17.46(S) [ 30.41(S) | 41.98(A)
3 {1376(A)|18.26(S) | 32.39(S) [45.18(A) | 12.82(A) | 19.35(S) [ 29.73(S) [ 48.12(A) | 13.54(A) | 18.57(S) | 31.74(S) | 46.35(A)

5 |14.03(A)|18.49(S) | 32.90(S) [46.34(A) [ 12.75(A) | 19.74(S) | 29.49(S) | 48.83(A) | 13.74(A) | 18.83(S) | 32.06(S) | 47.95(A)

7 [14.13(A){18.60(S) | 33.09(S) [46.97(A) [ 12.69(A) | 19.87(S) [ 29.35(S) 1 49.01(A) | 13.81(A) | 19.02(S) | 32.17(S) | 48.81(A)

100 1 1 |1357(A)]31.59(S) |60.31(A) [ 86.79(S) | 13.69(A) | 31.76(S) | 60.81(A) | 87.25(S) 1 13.60(A) | 31.63(S) {60.44(A) | 86.90(S)

3 [15.06(A)]35.99(S) |67.72(A) | 92.53(S) [ 13.79(A) | 33.51(S) | 61.41(A)] 92.35(S) | 14.75(A) | 35.43(S) | 66.14(A) | 92.86(S)

5 |1543(A)|37.28(S) |69.99(A) | 93.99(S) [ 13.71(A) | 33.74(S) | 61.52(A) | 94.21(S) | 15.01(A) | 36.50(S) | 67.88(A) | 94.63(S)

7 11559(A)[37.89(S) | 71.10(A) { 94.69(S) | 13.65(A) | 33.76(S) | 61.53(A) | 95.12(8) | 15.12(A) | 36.99(S) | 68.71(A) | 95.53(S)

120 | 20 1 16.332(A) | 14.03(S) | 20.78(S) | 27.41(A) | 6.533(A) | 14.00(S) | 21.31(S) | 27.88(A) [ 6.384(A) | 14.03(S) | 20.91(S) | 27.53(A)
3 17.254(A)| 15.98(S) | 21.23(S) {30.61(A) [ 6.727(A) | 16.28(S) | 20.09(S) | 29.30(A) | 7.128(A) | 16.15(S) | 20.89(S) [ 30.45(A)

5 |7495(A)|16.62(S) | 21.36(S) | 31.72(A) 1 6.704(A) | 16.78(S) | 19.83(S) | 20.55(A) | 7.310(A) | 16.8XS) | 20.82(S) | 31.46(A)

7 17602(A)]16.94(S) | 21.40(S) {32.30(A) | 6.668(A) | 16.88(S) | 19.81(S) | 29.62(A) | 7.385(A) | 17.28(S) | 20.76(S) | 31.97(A)

100 | 1 {6.605(A)]16.69(S)|32.38(A)|50.86(S)|6.839(A)| 17.08(S) | 33.45(A) | 52.59(S) | 6.663(A) | 16.79(S) | 32.65(A) | 51.29(S)

3 |7653(A)]19.72(S) | 37.55(A) | 58.88(S) [ 7.020(A) | 18.23(S) | 33.98(A) | 53.61(S) | 7.501(A) | 19.37(S) | 36.66(A) | 57.61(S)

5 |7.947(A)]20.73(S) | 39.35(A) | 61. 80(5) 6.997(A) | 18.41(S) [ 34.15(A) | 54.00(S) | 7.715(A) | 20.20(S) | 38.05(A) | 59.94(S)

7 |8.081(A)|21.24(S) | 40.29(A) | 63.36(S) | 6.964(A) | 18.44(S) [ 34.21(A) | 54.18(S) | 7.809(A) | 20.60(S) {38.76(A) | 61.19(S)

150 | 20 1 [3.174(A)|8587(S) [16.78(A) 1922(5) 3540(A) | 8.996(S) [ 18.36(A) | 20.10(S) | 3.265(A) | 8.707(S) | 17.18(A) | 19.43(S)
3 (3969(A)|1051(S) | 19.38(S) | 19.82(A) | 3.817(A) | 10.25(S) | 19.06(A) | 19.69(S) | 3.933(A) | 10.47(S) | 19.48(S) | 19.66(A)

5 |4.236(A)]11.32(S) | 19.44(S) [ 21.01(A) | 3.848(A) | 10.55(S) [ 19.27(A) [ 19.71(S) | 4.145(A) | 11.19(S) | 19.52(S) | 20.65(A)

7 [4.370(A) [ 11.78(S) [ 19.47(S) | 21.69(A) | 3.840(A) | 10.63(S) [19.38(A) | 19.77(S) | 4.246(A) | 11.59(S) | 19.54(S) | 21.22(A)

100 | 1 |3.243(A)]9.210(S)[18.37(A) [ 29.70(S) { 3.639(A) | 9.979(S) | 20.68(A) | 33.63(S) | 3.341(A) | 9.408(S) | 18.93(A) [ 30.65(S)

3 [4.100(A){11.49(S) | 22.46(A) | 36.03(S) {3.922(A){ 10.95(S) [ 21.08(A) | 33.83(S) | 4.056(A) | 11.36(S) | 22.13(A) | 35.50(S)

5 [4.397(A)[12.45(S) | 24.16(A) | 38.70(S) { 3.955(A) | 11.20(S) [ 21.27(A) | 34.07(S) | 4.283(A) | 12.16(S) | 23.44(A) | 37.57(S)

7 [4.548(A)[13.00(S) | 25.15(A) | 40.30(S) | 3.950(A) { 11.27(S) [ 21.38(A) [ 34.24(S) | 4.403(A) | 12.60(S) | 24.21(A) | 38.80(S)
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