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Abstract

An account of second-order fractional-step methods and boundary conditions for the incompressible Navier—
Stokes equations is presented. The present work has aimed at (i) identification and analysis of all possible
splitting methods of second-order splitting accuracy; and (ii) determination of consistent boundary conditions
that yield second-order accurate solutions. It has been found that only three types (D, P and M) of splitting
methods called the canonical methods are non-degenerate so that all other second-order splitting schemes are
either degenerate or equivalent to them. Investigation of the properties of the canonical methods indicates that
a method of type D is recommended for computations in which the zero divergence is preferred, while a
method of type P is better suited to the cases when highly-accurate pressure is more desirable. The consistent
boundary conditions on the tentative velocity and pressure have been determined by a procedure that consists
of approximation of the split equations and the boundary limit of the result. The pressure boundary condition
is independent of the type of fractional-step methods. The consistent boundary conditions on the tentative
velocity were determined in terms of the natural boundary condition and derivatives of quantities available at
the current timestep (to be evaluated by extrapolation). Second-order fractional-step methods that admit the
zero pressure-gradient boundary condition have been derived. The boundary condition on the new tentative
velocity becomes greatly simplified due to improved accuracy built in the transformation.
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Table 1. Second-order factorization of the system matrix I'ys into two parts,
where I‘ff) is the ath part of a splitting method with s parts. <=,
equivalent to.

Code Factorization, T{VT{Y Degen,/Equiv
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P28 [D+;!DB ” [: —ﬁigc] = P2A
P2C [D +zlStDB ASG} {3 ?] Unimplementable
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Table 3. Second-order factorization of the system matrix [ys into four parts,
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where I‘(;) is the ath part of a splitting method with s parts, ==,
degenerate to.
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Fig.1. Comparison of the projection in a second-order

method of type D with the exact projection in the
Navier-Stokes equations: —¥ | second-
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has a second-order error.

Pressure-gradient term ©] §1& momentum equations
6a)8 E° TFokal
pressure Poisson equation (6b)E H-E| fictitious
pressure ¢ 2 o] wix|gt prOJectlon (pressure
update) equation (6c)N A FEA u™D & F3he)
T3 £%239 divergence © 0 °]t}: D u("”) =0
of WylollA dojuba Q¥ projection &
Stokes equation 2] exact projection Z Fig. 1 ¢l
watge}. o] W o M= actual pressure p © Al 7F
A7 Fol AitelA] geornz oA HES A
Are it o) WA 13 £ JF
3HA) divergence-free SHEE Y-S AR 2 S
a2 A ¥ AF T2 £
o] wjg- FQag Ao AHRE A
4.2 Canonical fractional-step methods of type P
Two split parts & 2t o] B2 ofglg} Zth

tentative  velocity u* &

Navier—
H]

)

u*=r, (72)
D(1+A¢ Byju* — At DG#™" =0, (7b)
AuD 4 A Gg™D = u, (7¢)

oto| A 123 fractional methods of type D 9+ T}
27 momentum equations (7a)E explicit 3+ WHC.
2 AX3 Fo| pressure Poisson equation (7b)E

Zo] fictitious press & DI PEA? pressure-
correction equation (7¢)°1A £E=AS AAbg
o] wWhHollA L& fictitious pressure = actual
pressure p 9} YXFcl Fig. 2 £ o] #WHY
projection mechanism & 2t} o] "o A
A &5 Wb =oax o@if) el

Gradie
vecto

nt
field

Divergence-free
vector field

Fig. 2.

-407-

Comparison of the projection in a second-order
method of type P with the exact projection in the
Navier—Stokes equations: ——» . second-
order method of type P; ------ %, Navier—Stokes
equations. The solution obtained by this method
is approximately divergence-free to O(Af) and
has a second-order error.
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Table 4. Consistent second-order boundary conditions for the canonical fractional- Table 5. Consistent second-order boundary conditions for the canonical fractional-

step methods of type D, P and M. All the expressions are to be step methods of type D, P and M, when the steady zero-velocity
evaluated by extrapolating the corresponding data at the interior condition is imposed at the boundary. Here, the nonlinear terms
of the computational domain, except ul™*) for which the natural are treated explicitly and viscous terms are treated by the Crank-
boundary condition is imposed. Nicolson method (AXCN method).
Type G plntt) u* u* Type Gupnty u* w
D Gns™ or r+ AtBul™ or - D G or RENGE JCS ﬁ—tlu(") _
u- (AN - ul D) + Bu™) ut ) 4 AL Getm Re ©
n 1 At n
P G d™ or ror _ P Guet™or ITBrpILu( ) él—{gﬁlu( )

A e - u ) Bu] w4 ALGE" - Bul)

M G,¢™ or Rin Lu™ %Lu(") é—tﬂ‘u(“)
M Gn¢'™ or T or r+ AtBu™ or ad o ©
n- A r - a0 £ But] vt g ALGH™ - But) uln ) 4 AL Gt

Sl oAz e wTh ARe e 39
3|
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Fig. 3. Schematic of the projection in a new second-

order method of type D* using the “delta-form'
pressure:. —  present method; =¥,
Navier-Stokes equations. Instead of the usual w
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method. The solution is exactly divergence-free
(within machine roundoff) and has a second-
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of the computational domain, except u(™) for which the natural
boundary condition is imposed.
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