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Abstract: Petri net is an effective modeling tool for
concurrent systems. Liveness problem is one of analy-
sis problems in Petri net theory verifying whether the
system is free from any local deadlocks. It is well
known that computational complexity of liveness prob-
lem of general Petri net is deterministic exponential
space. Some subclasses, such as marked graph and free
choice net, are suggested where liveness problem is ver-
ified in less complexity. This paper studies liveness of
siphon containing circuit (SCC) net. Liveness condition
based on algebraic inequalities is shown. Then polyno-
mial time decidability of liveness of SCC net is derived,
if the given net is known to be an SCC net a priori.

1. Introduction

Petri net is an effective modeling tool for concurrent
systems([1]. It is a bipartite directed graph consisting
of two kinds of nodes, places and transitions. Places
and transitions are interpreted as conditions and events,
respectively. Places can contain some tokens and the
marking, token distribution, represents the state of the
Petri net. Marking is changed by firing of a transition,
corresponding to the occurrence of event.

Liveness problem is one of analysis problems in Petri
net theory. A Petri net is live if every transition is poten-
tially fireable. In other words, a live Petri net exhibits
no local deadlocks. It is well known that computational
complexity of liveness problem of general Petri net is
deterministic exponential space [2].

Some subclasses are suggested where liveness prob-
lem is verified in less complexity. For example, liveness
problem of marked graph is of deterministic polynomial
time complexity. Liveness of bounded free choice system
is of the same complexity. Liveness problem of general
(unbounded) free choice system is NP-complete [3].

This paper studies liveness of siphon containing cir-
cuit (SCC) net. SCC net, is a super class of marked
graphs and siphon circuit net. It is shown that an SCC
net is live only if it also belongs to the class of trap con-
taining circuit net. This yields an algebraic necessary
and sufficient condition for liveness of SCC net. This
result shows that liveness problem of SCC net is solv-
able in polynomial time provided that it is known to be
an SCC net beforehand.

2. Definitions

Petri net [1] is a tuple N = (P, T, F), where P and
T are disjoint sets of places and transitions, and F C

(P xT)YU(T x P) is a set of arcs. Marking is a mapping
from the set of places P to nonnegative integers. A
place p has M(p) tokens. Petri net system is a tuple
2 = (N, My), where My is the initial marking.

The incidence matrix A = {a;;} of Petri net N is
defined as

1 if (tj,pi)éF/\(pi,tj)ﬁF
a;;j =4 —1 if (pi,t;) EFAQy,p) €F
0 otherwise.

Let x be a place or a transition. *z and z* is defined as
*z = {y|{y,z) € F} and z* = {y|(z,y) € F}.

In this paper, Petri net IV is assumed to have no
isolated nodes. That is, forallz € PUT, *zUz* # 0
holds.

A transition ¢ is fireable if Vp € *t; M(p) > 1. This
is denoted as M|t). If a fireable transition t fires in M,
t removes one token from each place in *¢ and adds one
token to each place in t*. If the resulting marking is
M’ this is denoted as M[t)M'. Let W be a sequence of
transitions. If transitions in W can fire in turn from a
marking M, this is denoted as M [W) and if the resulting
marking M’, this is denoted as M[W)M' and M’ is said
to be reachable from M. The reachability set R{M) is
the set of reachable markings from M.

Let ¢(W) be the vector defined as

¥(W); = (number of appearance of ¢; in W),
M’ is expressed using M, A, and = = (W) as
M = M + Azx.

Let = be a nonnegative |T'|-vector. Support ||z} of
z is a set of transitions defined as ||z|| = {¢;lz; > 0}.
Let y be a nonnegative |P|-vector. Support ||y|| of y is
a set of places defined as |ly}| = {p;ly; > 0}. Let S be
a subset of places. Characteristic vector y(S) of S is

defined as - 5
_ itp; €
y(8); —{ 0 ifp, &S

Let N = (P, T, F) be a Petri net and T} be a subset
of transitions. Ny = (P, Ty, F) is the subnet induced
by Tl if P1 = .Tl UT1. and F1 = Fﬂ(P1 XT1 UT1 X Pl)
Let N = (P, T, F) be a Petri net and P; be a subset of
transitions. Ny = (P, T1, F}) is the subnet induced by
P1 lfT1 =.P1UP1. andFl ZFQ(PL XTLUTl XP]).

A place p is bounded if there exists a finite integer
k such that M(p) < k for all reachable marking M €
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R(Mp). A Petri net system X is bounded if all places
are bounded.

A transition ¢ is live if VM € R(My); 3M' € R(M)
s.t. M'[t). A Petri net system X is live if all transitions
are live. A Petri net N is structurally live if there exists
a live initial marking.

A sequence of places and transitions

w = pi, tilpiztizpia v Pinti, Diy

isacircuit if p;; € *t;; (j=1,2,...,n), t;; € °pi,,,
(j=1,2...,n—1), and ¢;, € *p1. A circuit u is
elementary if p;; # p;, (J # k) and t;, # t;, (5 # k).
Place set of a circuit u is defined as P, = U}, {p;;}. A
circuit u is minimal if there exists no circuit v such that
P, C P,. '

A nonempty set of places S is a siphon if *S C S*
holds. A siphon S is minimal if no proper subset of S
is a siphon. A nonempty set of places S is a trap if
*S 2 S° holds.

Property 1: Let S be a siphon. If S has no token
in a marking M, then S has no token in any marking
reachable from M. Let R be a trap. If R has token(s)
in a marking M, then R has at least one token in any
marking reachable from M.

(Proof) Straightforward form the definitions of siphon
and trap. C

This property implies that if there is a siphon S hav-
ing no token, then no transition in *S U S* can never
fire.

3. Liveness and Incidence Matrix

Two necessary conditions for liveness are reviewed
here. Let a and b be vectors of the same size. a > b if
and only if @; > b;; Vi. a 2 b if and only if @ > b and
a#b.

Property 2: Let N be a Petri net and A is the inci-
dence matrix of N. If inequality ATy < 0 has a solution
y > 0, then N has no live marking [1].

(Proof) Let t; be a transition such that (47y); < 0. For
every fireable sequence W such that My[W)M, yTM =
yT (Mo + AY(W)) = yT Mo + (ATy)Tp(W) < yT M.
Thus J(M) = yTM is non-increasing. Moreover if
Mit;)M', J(M'y - J(M) = (ATy); < 0. Since marking
M should be nonnegative, J(M) = yTM > 0. Thus, ¢,
can fire at most |~(yT M) /(ATy);] times. 0

Property 3: Let X = (N, My) be a Petri net and A
is the incidence matrix of N. If inequality 4T My = 0,
ATy = 0 has a solution y 2 0, then X is not live.
(Proof) For every fireable sequence W such that
Mo[W)M, yTM = yT(My + AY(W)) = yTM, +
(ATy)Ty(W) = yT My = 0. This means no place in ||y||
can have any tokens. Thus all transitions in *|jy||U||y||®
can never fire. a

4. SCC net and TCC net

A Petri net X is a siphon containing circuit (SCC)
net if every elementary circuit of ¥ contains a siphon.

Equivalently X' is a SCC net if every minimal circuit is
a siphon.

A Petri net X' is a trap containing circuit (TCC) net if
every elementary circuit of X' contains a siphon. Equiv-
alently X is a TCC net if every minimal circuit is a
trap.

For example, Petri net NV of the figure 1 is an SCC
net. This net has five elementary circuits.

Ci = pitipatspstapy

Ca = pat3pstips

Cs = patspstops

Cy = patapatspstips

Cs = pitipatspstapstsapy

Ci, C; and (3 are minimal circuit. They are all siphons
and traps. C4 and C5 are not minimal and they contain
a siphon {p4, ps}, which is also a trap. Thus N is an
SCC net and is a TCC net.

tg
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Figure 1. An SCC net.

Here some properties of SCC net and TCC net are
reviewed (4], [5], [6], [7].

Property 4: Let N be a SCC{TCC) net and u is a
minimal circuit of V.

I*tNP,|=t"NP,|=1

holds for every transition t € *P, N P,* [4].
(Proof) Let w = pyps - - - pop1 . If there exists a transition
t such that |*¢N P,| > 2 and |¢t* N P,| > 1, then u is not
minimal. Indeed, if p;, p; € *t and p; € t* (without loss
of generality, we can assume 1 < i < j < k < s) then
u' = p1P2 - Pi—1PiPkPr+1 - - PsP1 18 a circuit and P! is
a proper subset of P,. QO
Property 5: Let N = (P, T, F) be a SCC(TCC) net
and T} is a subset of transition. Then the subnet N,
induced by T is also a SCC(TCC) net.
(Proof) Proof is done for SCC net, since TCC net is
obtained by inverting direction of every arc. Define °Q
and Q° as °Q =*QNTy and Q° = Q* NTy. Ny is a.
SCC net since every circuit C of N, is also a circuit of
N and C contains a siphon @ in N. @ is also a siphon
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in Ny, *Q D @Q* implies *Q NTy O Q* N T, and this
means °Q 2 Q°. O

Property 6: Let N be a TCC(SCC) net and A be the
incident matrix of N. Let M; and M5 be two markings
of N such that My = M; + Az for some nonnegative
integer vector z. If every minimal circuit is marked in
M, (M), then M, is reachable from M;.

(Proof) See reference [5], [6].

Property 7: A TCC net N is structurally live if and
only if N has no source place (place without any input
transitions). Moreover structurally live TCC net N is
live if every minimal circuit is marked [7].

(Proof) (i) N has a source place if and only if ATy <0
for some y > 0. Indeed, ATy(pp) < 0 for any char-
acteristic vector y(pg) of a source place py. Since
ATy(P,) > 0 for every minimal circuit u, if A — Ty <0
for some y > 0, subnet induced by |jy|| can be assumed
to no circuits. This implies N has a source place. (ii) If
N has no source place, then inequality ATy <0,y >0
has no solution. This implies inequality Az >0,z > 0
has an integer solution z. Property 6 implies z is fea-
sible (that is, a firing sequence W such that ¥ (W) =z
is fireable) from any reachable marking if every minimal
circuit is marked in initial marking My. Note that every
minimal circuit is a trap in TCC net. O

5. Liveness of SCC net

Structural features of live SCC net are shown in the
reference [7).

Lemma 1: Live SCC is a TCC net.
(Proof) Assume that a live SCC net X is not a TCC
net. There exists a minimal circuit v that is not a trap.
Let ¢y be a transition in P,* — *P,. Property 4 implies
that |*t N Py| = |t* N P.| = 1 holds for every transition
t € *P,N P, Thus yTA < 0 holds for characteristic
vector y,, of u, since (yI 4); = [t* N P,|~[*tN P,|. This
implies X' has no live marking (see property 2). ]

Lemma 2: Let N be an SCC net that is also a TCC
net and A be the incidence matrix of N. y(P,) satis-
fies ATy(P,) = 0 if P, is the characteristic vector of a
minimal circuit u.
(Proof) Every minimal circuit u is a siphon and a trap.
Thus *P, = P,* holds. Property 4 implies that for every
transition t; t; € (*P,UP,*) or |*;NP,| = |t;°NP,| =1
holds. In both case (ATy(P,)); = |t;*NP,|—|*t;NP,| =
0. O

Based on these properties, liveness condition of SCC
net is derived.

Theorem 1: Let X be a SCC net. X is live if and
only if the following conditions are satisfied.
1. Inequality

yTAS0, y20 (1)
has no solution.
2. Equality
yTA=0, y"™My=0, y20 (2)

has no solution.

(Proof) (Only if part) In general Petri net, if (1) has a
solution, there exists no live marking from property 2.
If (2) has a solution X is not live from property 3. (If
part) Proof of the lemma 1 shows that if an SCC net
is not a TCC net, then (1) has a solution. Therefore,
if (1) has no solution, X is a TCC net. Now assume
that (1) has no solution and X is a TCC net. Lemma, 2
implies that if there exists a minimal circuit having no
token in My, then (2) has a solution. Thus, if (2) has
no solution, every minimal circuit has a token. X is live
from property 7. ]
Theorem 2: Given a Petri net X. If it is known a
priori that X is an SCC net, its liveness is solved in
deterministic polynomial time.
(Proof) Both of the conditions are reduced to linear pro-
gramming problem, that can be solved in deterministic
polynomial time. O
Here relation among subclasses is investigated.
Lemma 3: A live and bounded TCC net ¥ =
(N, My) is also an SCC net.
(Proof) If a live TCC net X' is not an SCC net, there
exists a minimal circuit » and a transition ¢ such that ¢t €
*P, — P,*. Property 4 implies total token count M (P,)
of P, is nondecreasing since P,* — *P, = §. Moreover
M(P,) increases by one every time t fires. Thus ¥ is
not bounded. O
Theorem 3: Let LTCC, LBTCC, LSCC, LSCCTCC
be classes of live TCC net, live and bounded TCC net,
live SCC net, live TCC and SCC net respectively. Then
inclusive relation

LBTCC ¢ LSCCTCC = LSCC c LTCC

holds, where C means proper subset.

(Proof) Lemma 3 implies the first inclusion. Proper in-
clusion is shown by the live unbounded SCC net of the
figure 2. It is unbounded since firing of 4t t4t; - - - adds
infinitely many tokens in pgy and ps without consuming
them. Lemma 1 implies the equality and the last inclu-
sion. Proper inclusion is shown by the live unbounded

TCC net of the figure 3. a
ts
D3 P4 te
Ps
i3 4
n P2
]
Figure 2. An live unbounded SCC net.
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P1 D2
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Figure 3. An live unbounded TCC net.

6. Conclusion

Algebraic liveness condition of SCC net is derived.
This implies that liveness problem of this subclass is
solved in deterministic polynomial time if the give net
is assumed to be an SCC net. Future study includes
to find computational complexity to decide whether the
given net is SCC net.

References

[1] T. Murata, “Petri nets: properties, analysis and ap-
plications,” Proc. IEEE, vol.77, no.4, pp.541-580,
1989. ,

[2) R. Lipton, “The reachability problem and the
boundedness problem for Petri nets are exponential
space hard,” Yale Research Report, n0.62, 1976.

[3] J. Desel and J. Esparza, “Free choice Petri nets,”
Cambridge University Press, 1995

[4] H. Yamasaki, “Normal Petri Nets,” Theoretical
Computer Science, vol.31, pp.307-315, 1984.

[5] K. Hiraishi and A. Ichikawa, “Analysis and Con-
trol of Discrete Event Systems Represented by Petri
Nets,” Lecture Notes in Control and Information
Sciences, vol.103, pp.115-134, New York: Springer-
Verlag, 1987.

[6] “A Class of Petri Nets that a Necessary and Suf-
ficient Condition for Reachability is Obtainable,”
Trans. Society of Instrument and Control Engi-
neers,” vol.24, no.6, pp.635-640, 1988. (in Japanese)

[7] A. Ohta and T. Hisamura, “On the Condition for
Existence of Live Initial Marking in a TCC Net,”
Proc. 1997 Engineering Science Society Conference
of IEICE, p.172, 1997. (in Japanese)

ITC-CSCC 2002



