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Abstract: In this paper, the accuracy of the direction-
of-arrival (DOA) estimation of signal impinged on the
uniform linear array (ULA) is investigated. The conven-
tional beamformer and Capon’s beamformer categorized
in beamformaing techniques as well as MUSIC (MUIti-
ple Signal Classification) and ESPRIT (Estimation of
Signal Invariance Techniques) categorized in subspace-
based methods are employed to estimate the DOAs.
From the simulation result under uncorrelated environ-
ment, MUSIC can prominently distinguish the DOAs
while the beamforming techniques cannot demonstrate
the DOAs as clear as MUSIC does. Moreover, Uni-

tary ESPRIT is employed to estimate the DOAs un-

der uncorrelated signal conditions. By means of Uni-
tary ESPRIT, the estimation has more accuracy with
the computational-time reduction. In addition, it incor-
porates forward-backward averaging; thus Unitary ES-
PRIT can overcome the problem of the coherent signal
condition.

1. Introduction

Currently, the demand for high performance in mo-
bile and wireless communication has significantly been
required. Adaptive or smart antenna introduced for the
next generation for mobile communication has emerged
as possible way to accomplish the requirement. By
means of smart antenna, the increased capacity and
quality of service are obtainable on account of reduc-
ing interference by spatial filter, sophisticated equaliza-
tion as well as diversity techniques. Among smart an-
tenna’s benefits, the direction of arrival (DOA) estima-
tion is exploited to improve performance of the antenna
by controlling its directivity to decrease interference, de-
lay spread and multipath fading [1].

Many DOA estimation algorithms have been studied

and developed by a number of researchers [2-4]. How-
ever, one of the main categories of the parameter esti-
mation techniques [5], spectral-based methods are well-
receive by researchers. According to these techniques,
some spectrum-like functions of the DOAs, which are
located the highest peaks of the function correspond to
the DOAs of the signals impinged on the antenna array,
is formed. Spectral-based approaches can be classified
by Krim and Viberg into beamforming techniques and
subspace-based methods.

In this paper, the DOA estimation of signal impinged
on the uniform linear array (ULA) is investigated.
Two beam forming techniques, the conventional beam-
former and Capon’s beamformer, and two subspace-

based methods, MUSIC and ESPRIT, are employed to
estimate the DOAs under the uncorrelated signal en-
vironment. Nevertheless, ESPRIT is much emphasized
in this paper because of its robustness and computa-
tional efficiency, especially Unitary-ESPRIT [6]. For us-
ing Unitary-ESPRIT, it can reduce the computational
complexity of the standard ESPRIT algorithm by em-
ploying real-valued computations from the beginning to
the end. Furthermore, since Unitary ESPRIT incorpo-
rates forward-backward averaging, it conquers the prob-
lem of coherent signal sources. In addition, it can be
used to estimate the number of sources impinged on the
antenna array as well.

2. Signal Model

For a uniform linear array (ULA) geometry, if there
are M signals impinged on an L-element array (M < L)
from individual DOAs 6,, 6, ..., 85 defined counter-
clockwise relative the x-axis, the output vector of the
array antenna takes the form {5]

M
x(t) = 3 a(fm)sm(t), (1)
m=1
where s,,(t), m = 1, 2, ..., M denotes the baseband

signal waveforms and a(#,,) is the steering vector of a
single signal at DOA 8,,. The ULA steering vector can
be written as

a(e) — [1 e—jkdcos& . e~j(L-—1)kdcos B]T’ (2)

where k is the wave number and can write k = 27 /X, A
is the wavelength and d is the inter-element distance.

Assume that there are N snapshots x(1), x(2), ...,
%x(V). The compact form of the output vector including
an additive noise can be written as [5], [7]

x(t) = A(@)s(t) +n(t), t=1, 2, ..., N, (3)

where A(6) = [a(61), ..., a(0@m)]Lxn is a steering ma-
trix, s(t) = [s1(t), ..., spm(t)]T is an M-signal vector,
n(t) = [n1(t), ..., nr(®)]7 is an additive noise vector.

3. The ESPRIT Algorithm

ESPRIT [4] is a computationally efficient and robust
method for DOA estimation. In this method, the L ele-
ments of the receiving array are divided into two identi-
cal overlapping subarrays, each of which consists of the
L — 1 elements sensor doublets displaced by a known
constant displacement vector A that sets the reference
direction and all angles are measured with reference to
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this vector. The magnitude of A is given by Ay mea-
sured in wavelengths. Let the output of each subarray
is denoted by x(t) and y(t). These two outputs can be
written as

x(t) =
y@t) =

As(t) + ny(t), (4)
A®s(t) + ny (1), (5)

where s(t) denotes the M source signals observed at
a reference element; ny(t) and ny(t) denote the noise
induced on the elements of the two subarrays and A de-
notes a (L — 1) x M matrix, with its columns denoting
the M steering vectors corresponding to M directional
sources associated with the first subarray. The steering
vectors corresponding to M directional sources associ-
ated with the second subarray are given by A® where
P is an M x M diagonal matrix, with its m th diagonal
element given by ef2mhocos0m 1y — 1 M.

Let Ux and Uy denote two (L — 1) X M matrixes
with their columns denoting the M eigenvectors corre-
sponding to the largest eigenvalues of the two array co-
variance matrixes Ry and Ryy, respectively. As these
two sets of eigenvectors span the same M-dimensional
signal space, it follows that these two matrixes Uy and
Uy are related by a unique nonsingular transformation
matrix ¥, we get

Uy = Ux‘I’ . (6)

Similarly, these matrixes are related to steering vector’

matrixes A and A® by a unique nonsingular transfor-
mation matrix , that is

U, = AT, (7)
U, = A®T. (8)

Substituting for U, and Uy, and the fact that A is
of full rank yields

TYT = &, (9)

which states that the eigenvalues of ¥ are equal to the
diagonal elements of @ and that the columns of T are
eigenvectors of ¥. This is the main relationship in the
development of ESPRIT.

An eigendecomposition of W gives its eigenvalues, and
by equating them to & leads to the DOA estimation, so
we get

8., = arccos M ,m=1,..., M. (10)
27I"A0

The ESPRIT algorithm has appeared in two versions
in the literature. The first is termed least squares (LS)
ESPRIT and was introduced in [8]. And the second is
termed total least squares (TLS) ESPRIT [9].

4. The Unitary ESPRIT Algorithm

Since the standard ESPRIT algorithm operates on
complex baseband data, complex computation has to be

executed all over the entire algorithm. In order to re-
duce the computational complexity, Unitary ESPRIT (6]
algorithm has been developed. It transforms the input
data matrix X to a real-valued representation. There-
fore, all computations are real-valued.

This transformation 7 is applicable to any centro-
symmetric antenna array configuration. Then X be-
comes centro-hermitian and by means of mapping X to
its real valued equivalent Z with the help of so-called
left TI-real transformation matrices Q, the real-valued
data matrix can be written as

T(X) =Z = QY[XI XIIN]Qon € RV (11)

where Il is the L x L matrix with ones on its antidiag-
onal and zeros elsewhere,

_ 115, gl
@ = o5 lm ] (12)
and
1 [T 0 il
Qanp1 = 7 of 2 o (13)
M, 0 —jl,

are, for instance, the left II-real unitary matrices of even
and odd order, respecively. I, is the n x n identity
matrix, ()7 and (7) denote the Hermitian transpose and
complex conjugate, respectively.

Furthermore, an incorporated forward-backward av-
eraging effectively doubles the number of columns and
therefore improves resolution capability. As a result,
two coherent or highly correlated signals can be resolved.

Similar to standard ESPRIT, the real-valued signal
subspace can be computed via an eigen-decomposition of
the real-valued covariance matrix estimation. Therefore,
the Es € RL*M denotes the M principal eigenvector of

TX)T(X)H € REXL, (14)

The Unitary ESPRIT algorithm is based on the so-
lution of the real-valued representation of he invariance
equation

K;EgY ~ K;Eg € RL-1XM (15)

by means of least squares (or total lease squares) tech-
niques. The selection matrices K; and K2 can be writ-
ten as

K1:
K2 =

QF (31 + IJ111.)Qu, (16)
QF (31 - MpJ111L)Qu, (17)

where J; is the | x L matrix selecting the first | {{ < L)
rows of an arbitrary matrix with the vertical dimension

L.
The eigen-decomposition of the obtained real-valued
matrix Y can be written as

T =TQT ! ¢ RM*XM (18)
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where Q is the M x M diagonal matrix of eigenvalues

0 = diag{wi} 2. (19)

Then, the directions of arrival can be obtained from
i = 2arctanuw;, 1=1, 2, ..., M. (20)
Namely, T and ) are related through a transforma-
tion and the desired DOAs can be computed straight-
forward from the eigenvalues of Y.

5. Simulation Results

A comparison between conventional beamformer,
Capon’s beamformer and MUSIC algorithm is shown
in Fig. 1. Considered under the condition of two un-
correlated signals of equal power with SNRs of 10 dB
impinged on the 8-element uniform linear array at -10
and 10 degrees, the simulations illustrate that MUSIC
can clearly distinguish the peaks that locate the DOAs
compared with the other two approaches.

Fig. 2 shows the DOAs compared between the stan-
dard ESPRIT and Unitary ESPRIT when two uncor-
related signals of equal power with SNRs of 10 dB im-
pinge on the 8-element uniform linear array at 20 and
30 degrees. Although both methods can find the peaks
locating the DOAs, Unitary ESPRIT reduces the com-
putational time consumption and its results are more
accurate than the standard ESPRIT.

Fig. 3 demonstrates the DOAs compared between
the standard ESPRIT and Unitary ESPRIT under the
coherent signal environment. In this case, two coherent
signals of equal power with SNRs of 10 dB arrive at
the 8-element uniform linear array at 20 and 30 degrees.
From Fig. 3, it is found that the coherent signals can
be clearly distinguish by using Unitary ESPRIT, while
we cannot find the exact peaks of each signal by using
the standard ESPRIT.

6. Conclusions

In this paper, we propose the direction finding of sig-
nals impinged on the uniform linear array antenna us-
ing beamforming techniques and subspace-based meth-
ods under uncorrelated and coherent signal conditions.
Nevertheless, we have much focused on Unitary ES-
PRIT algorithm that is greatly effective in terms of
the computational time consumption and the estima-
tion accuracy. From the simulation results, we can see
that under the uncorrelated source environment, MU-
SIC can prominently distinguish the DOAs compared
with the beamforming techniques. Moreover, Unitary
ESPRIT is employed to estimate the DOAs under un-
correlated and coherent signal conditions. By means of
Unitary ESPRIT, the estimation is more accurate with
the computational-time reduction. In addition, it incor-
porates forward-backward averaging; thus Unitary ES-
PRIT can overcome the problem of the coherent signal
condition.
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Figure 1. Spatial spectrum compared between conven-
tional beamformer, Capon’s beamformer and MU-
SIC under uncorrelated signal environment.
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Figure 2. The DOA estimation using the standard ES-
PRIT and Unitary ESPRIT under uncorrelated sig-
nal environment.
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Figure 3. The DOA estimation using the standard ES-
PRIT and Unitary ESPRIT under coherent signal
environment.
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