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Acceleration analysis by using line geometry and its application to dynamics

M. B. Hong(Mechanical. Eng. Dept. Yonsei University), Y. J. Choi(Mechanical Eng. Dept. Yonsei University)

ABSTRACT

It has been known that general velocity and force of a rigid body in space can be described in forms of a twist and a
wrench by use of screws. However, the geometrical meaning of acceleration has not been clearly disclosed. It has been a
normal practice to analyze or synthesize the acceleration effect of manipulator using some complex mathematical equations,
which do not represent any geometrical meanings. In other words, such a technique doesn’t clearly provide information about
the overall acceleration state of manipulator at that instant. In this study, the geometrical meaning of acceleration of a rigid
body has been investigated and thereby a geometrical procedure which can be applied to inverse acceleration analysis of a
general non-redundant manipulator is presented as an application.

Key Words : The theory of screw (\}410]&), Line geometry (41 7|3}), Motor product (28 ¥), twist (ES]AE),
Accelerator (& 4 2] 2| o] ]), Ray coordinate ($A} 3 X)

1. M8 290 YA(screw)2. 2 EET F U= Ao dig 9

g3t olgo] A YR Fol ojo iy B

114 o] E(theory of screw), 19 Al7] z, 7|9 E=go] AL Hojgtl ZAsl T AdA F
o' WAHE F Zol qF A T Foj) NI @ A 2 AAd g &5%Y EHEL 39
A EF9 2Ho=R o}Fo d 4 Qe Chasles 71884 848 FAEE 4 EAES 9E3 o

ool & dst, ZAol ZA&sts gl FEFH Ae=d BE £88 o, TH BI§ LE
HAZ(couple)E2 & 79 A AZE AT + e Bo golstAl & Frlx ok webs 2

ATHE Poinsot 9] 7Wd, 28]3 PlOcker 7} &M% droM e, TFde FAA FEEe stEE
A 2t E(line coordinates)®] 70'd! F-o Aol upz} 7)8letd E41S F49s BER, ol i 2UAES
wAs e, 1900 @ Ball®ol] 28] A FAH8 AZA FAAY r|Estd siA HHE AA T
o] Zolt}, EF SmdyPl= 1903 o) X T E 3§ E3 o] oL wiygoz zAET Add FAA
B A2l o] 949 (dual number)®] 7]5}8 8024 T (end effector)®] & 71&E X A HPH S A A &)
9] o]flZk(dual angle)& A3, Von Mises =

1924 4 “ Motorrechnung” (Motor Calculus)E E34] 2. S2HAe] A9 JiST E4A

M7 2 Ade] motor ol ES APSAT 2l

o o237, YurAA &= 2 YA(screw)olEt &% Aoz & Tk Ao F B =9
£ 718tetd a4z Jveld £ glda dhe ol E 2E Z 4o g Hp g g 9o 3 F Q
UAd olgs =32 3o B3 sEole ] g ndal £x 8 ujEsted Yoo ¥ Q 9 It
£, 3 Mg BEsA S6g £ A HAe &xe thga o) BAF 4 gl

] W Jacobian FBY T o) FAIE o
4259 7|at8d e B4 Yuig g4 ¥
F A HAdo zEyg X&AQ YA ol @
A= EFstu 71&E 9A st 71statd e

VY
S8R
N
I
TN
o
o
+
R
x lQ
~
<
N
S~ S
+
TN
|2
X
S
X <o
~
<
h
> __

2-1)

-912 -



Brand o 9]% EE{(motor) AME e Ed,
&R E A9 OHEL Hol H(shift
formula)g WE517] Wi EE(motor)et & F 9l
of. ZEu, Ae-nY @829 27l H9E, e
EHLE ZFo) JF 77 WF AR &=z,
ghep 71EH Y] HXE EHZE F H9] g9 F
o2 UL AT & AZ(ure couple) I TS 5
Ae Eo]z]tr} 7R AAE EY2E = 0|9
o g8 H2Z UL A VT ug M2
tgE Vg ZA4 89 A5, QAR & 47 %
o] A&t &7 Wi & AFAY oA,
ZIEdel wE =377} "45}7] & dwrHer
ZE7} oplth EF @ AEH @ ¥ #
A 7t&% ARE o] 2|(shift formula)g T3}
A &7 g el & £ Ut AF £=29
T b2 tEE AAE Aol & 5 gidh

Ax tEEE Ul AEd 45 9EHI A
goz veid £ Ju, o © s&EEe vH
= accelerator 2} ¥} 7}—’—‘.‘—59] accelerator /3
o7l W&ol o #Fsts vhd 3 3
EAgt.  HA accelerator A ¥ 1183}
T o] et

~ a
i- {—} 22)
Qo

olaf, o= sl 0o HEAQ A 4
e g 8 o JMEEE 9udi

accelerator 2| ¥ A& p,, accelerator %] HA &
rEy Yehw

e

S ok 1o
go N ro r-{u:

g.

I8

(=3
]
X

18

h,=

(2-3)

IR
IR
IR
IR

EYQAE = A9 3 AL 7|20 F accelerator I
2 9} accelerator 2FE o AHE ALl (2-3)
Ag o) 29 ey g

a)_ . 0 (2-6)
a, ha@+axron, (204 WXKQ/P)

AZIA, Foipts accelerator & Ae] & HollA 7
A Aol B QAR e YAHE ol

aJspz, gurdel LES = A A
2lo] Heo) M JtETE BT A REoE Uyolx
Bzre & sleh,
h,a :accelerator % W9 Jt&x
QA XT g 4 accelerator %3} £238 W sles

IR

B B A 7}*5 g%i— 7 45 9z
A Fe axl@xry,) HEoH o= ErE &

e T4 MEED T 5 Qo

2.1 85 He =

T oA YRk stE
A T 7SR 49U Hol *XHEH:} o] Zé
T4 Hojzk R o3 T& He *ﬂ%—t— gl
o Z43le JtExst vHMol opd g yehlth
ﬂx%H N&EEE e Ydez E&lz} F A
HOZA g doe] Hee 33 F EFY NS
7t g "ot &, 7SR Fo B3 P
tEES old £AF Wk si& ol AT
THY NtEEe HME2 AY EYHor) "o
HE &xe 20T JEEE 9oz U
£ /g AR st&Er yhoEa Z2A A
9l HollA F& Ho] LAY F glor o)
& ol «hzﬂﬂt’rt AbAd] medT
olgg & Z*/l ENE FoA fx3 4&
ZaA FHE ¢ o F, 49tgQ st&Ee o
A AET YAl 0}\4_ EY2E & Tl 74
7HEE o] 2PoE FEE F Ak, M HE
o ¥ tEE RS A AY SPHoxw EY
2E £& g5t A 7MEE AEL oy A
AEYL Ay EPd dee A9 9)YyE olf=
Ud Aid 74 7tEx Ao 2goE &R
7h 4 AHE Fobd 4 glon ol 54 Ho
A | &4 EATL JERET

¢

oft w2 mjn 41 4n
[o2

p

°¥
2

3. ZRUER AZE ZAAL 5 iy
3.0 ehxel JtEx sy
dutfoz 2 AFE o]ge
T ZJAEE A YA A
@ 4 doh 2eEe Que
o
il

[o]

° rx

. N
i og“r
FRH“ -

B ot
 lo

e A HE AHe |
w9z 293 sof WY

>4

7rlor2+>l n
&

Zx 2
A LU 3 R

L4
BN e e et g o

© zd28 AAE AdE e
A% o ANE 2 <8 3
R

=

e dhte] HHOE Edsle
FAEY &S A4 B g @,
16} AAAY 2 @e) A4S ohg

- 913 -



a=os +w,s,+ - +a,,S8, +0,S,
+a,5, % (@,5, +-+w, s S, t@,5,) (3-1)
+w,5,% (w353+ +@,,8,,. |+wm§m)

+ see
+wm—l£m—l X((Omgm)
Ay =@ So; + Dy S+ “+ @, Soimy + DpSor

2 2
+@ Sy XSg H Wy S, XSgy + 0+

(3-2)
2 2
T, 1 St X Sogmt) + Dy Sy X Sy
+2my 5 x(a’z§oz +o O Sy +wm§0m)
+2w2§2x(a13s03+ +0,,S, 0(m—l)+wm§0m)
R
+2a)m—l§m—l X(wm§0m)
HA FAoln z+ =

dA714 ZAA B ge m
YEE FAsE AL WAL FH(Ray coordinate)
2 g3 o] REEG

: =[§’ J 33)
Soj

2B muA 24 Ao dele) W, QolM
AEEE (22) 48 o8t TeI o) T £
gt

8y =ay+axry,+axi@, er,o) (-4)

32 M 7|5t& 0| &8t Jt&E HH

321 Z ool 2557} Hw=0) o 2=
YRR ASE A A2 40128 719
$Hoz YA Rap) dE R TR
457t gol @ A9 AEEE gest 2o A8
%40z onjg 2 doz BdY 4 dee B

gich
~ 1 . oA oA
it st

4‘[%5,»4 a)n:s:m]'l'[ahzipz %§m+@n§m] (3-5)
+..-

{03 af+ai+-1q4)

A 4@y BAT Aol HALZE
$ulz 589 4 Ak E, FAA 2 dol

i

athal Rico £ AGEHAT. F, 1 £ £ o
1% FE Al sl WA 5 2oy M
T F Ack A ol GubHql ZAAY L%
o 2(3-58 H&sted UM AP ATHo

E

3.2 YNl IR 2 E

m WA ZAo) P EJLE F 4o @
F P g3 £ 4 4 o go] Yehd
£ U}

@ oS5, +@,5,++0, S, ,+a0,S, (3-6)
ho O Sp) T3S pyt F B 1S piygy + Dy S oy

P UL EQ2E % 49 Yoy, =hwol
2@ % ov b e EALES AT vehdr
2982 (3049 F S5 4L 9H FozA
g7 e Ade 98 4 Yok
@S, XS +CU S XSP1+ + W mS XSP». =
_wlilx(w Sp2 +w3spz+”'mm§m)

W, 25, % (a)n~|£l’lm—l) + ("mfpm)
(3-7

TW, S, X (wm‘.y.Pm)
+ 0.5, %X (@,5,)+ @y5, % (@, + 223,,)
+...

t @, S5, X (wlfpl t W5+ wﬂl—Z.‘EI’(M—Z))

to,s, % (wlfm Wy 8py F @Dy 1 Spiy

Ng mud 2 EAAE = Aol Yolel 4 p
of el GERA, P WAN BEHoF i SE &
4@ & uNsel FYHD 4 (359 2L
g 0 4 de & U

=5 +@,5,++w, ,§,,+0, 5, 3-8)
+ [a)m_l 5., o, sm]

+ [a)m—Z $py @,,5,,t0, _m]

+-

+[w1:§1 wzéz"‘w;is"'""'”wmim]

5, m AR ZA de stEE £He 7]F0] F
=0 FS m HA ZAY 7F FE Ao e E
HEE & 49 999 3 Hoz 398 "o=0
olghE 7ol QE 23355 Yniye Lx &
gt FAAdE 8 tedgs Bd. 2=z



m ¥ FAS oo BE B, QAN e
AG3-8)3 AR-NE ol & TeT o] el
4 9tk

a| 4 0
23] B Ap+aAXLg/p ¥ @ x C‘)XKQ/P) (3%
@® @

ZRAEZ 4Z" FAAE 4" 7179 #
ol A9 JtesE A VA ARO@) # 2% 9
A0 AR@E TAHY Yo

= 3
o W A% o)EA Ave SHHoz EeAL
2o P A JEEE gued. wd s)s)
GHA FHAAM U GEL ZAE FEY 718
32 FAao o3 Jacobian I 7 ZQJUE FZ Ajo]
9] ZE}F(motor product)el] 2|%, FJE =L 3ka}
= 3 JtEE ARoE A YL ¢ £ 4

o},

33 9 Jt&Rx iy

4 tEE Mg e AL B P e 2
aol FolAE W 2 HPEe 4 RJEEY 7}
£5EL 75E Roloh. xS LR #Ae s
7 AND HE Aol WAook Gz 4
10)NA EH2E & F3E 74 7MEEge 4
A FE 4 k. aizz 4 s e o
Al Aeletd, wYEdolye ¥ dof s3sle
Accelerator 7} =0 H & ) ofd) &#iFsle b =<l
E9 JI&EEE Tate A ol B £ vt

2 2-1000 4 Z & he3 2o Yeharh

[‘il 5, s ] = J 3-10 Oy
[0)1 @, wm]T =7 (3-10 @)
[ m m 1 m n]
+[wm 2sm—2 m—I m-1 +a)m5m (3'10 ®)
+

+[aa$1 @8, +@d, ++@,8,)

olg olgsto] A-10)¢ A EdsY e 2

HE 44 78 4+ domz 1248 EHR 7V e
a9 thew 2o
7= (4.~ G-12)

IHER 43-13)& T HUEHIHA o
& 9 JtEx dMe & 4 Uk 97 g b
Fo]d ML Jacobian 9] & H~|(determinant)o] 4 o]
HE Bol3ox g £& #HAE EE 9 4R
M= Erpsstcts Hold. 3wk BolHo] of
W girE A-dAE 3-13)2 F3A HA
7H45E Yo Hegs ¢ F U

4. ZE

2 dFdAe A 7EE ol&std, FAe st
g 718 BEAS Amyn, 330 AdiA
TEE 8}% ZJERZ AZF" ZAA
= < AA3ST tEEd =
Ao X YA 713}
oz L]"“j(scre o] 7184844 24
(geometrical entity)?} ¢lE& T& H& olgslo F
B, = FHFZIe 7 -Fv"—E ZAAC BT
AL T Adv 4 7S5 314 PgE AAE

1. Pllcker, L. 1865, “On a New Geometry of Space”,
Phill. Trans. Royal Society of London. Vol. 155, pp
725~791

2. Ball. R.S.. 1900, “A Treatise on the Theory of Screws”,
Cambridge Univ. Press, Cambridge

3. Study, E., 1903, “Geometrie der Dynamen.” Verlag
Teubner. Leipzig, Germany.

4. Brand, L., 1947, “Vecior and Tensor Analysis”,
NewYork: John Wiley and Sons.

5. Stefano Stramigioli, 2001, “Geometry of dynamic and
higher-order  kinematic  screws”,  International
Conference on Robotics & Automation.

6. JosO M. Rico, 1996, “An Application of screw
algebra to the acceleration analysis of serial chains”
Mech. Mach. Theory Vol.31, No.4, pp.445-457

7. HEA, 1991, Aol el o 2XRe] 25 2
A3 A d@VIASHA, A 31 Y, AT E,
pp. 616~625

>



