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Stress Analysis of Linear Elastic Solid Problems by using Enhanced Meshfree Method based on
Fast Derivatives Approximation
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ABSTRACT

Point collocation method based on the fast derivatives approximation of meshfree shape function is applied
to solid mechanics in this study. Enhanced meshfree approximation with approximated derivative of shape
function is reviewed, and formulation of linear elastic solid mechanics by point collocation method is
presented. It implies that governing equation of solid mechanics with strong form is directly formulated
without no numerical integration cells or grid. The regularity of weight function is not required due to a use
of approximated derivative, so we propose the exponential type weight function that is discontinuous in first
derivative. The convergence and stability of the proposed method is verified by passing the generalized patch
test. Also, the efficiency and applicability of the proposed method in solid mechanics is verified by solving
types of solid problems. Numerical results show that not only a use of proposed weight function leads lower
error and higher convergence rate than that of the conventional weight functions, but also the improved
collocation method with derivative approximation enables to compute the derivatives of shape function very

fast and accurately enough to replace the classical direct derivative calculation.

.M E

2ol Fig A7V FRHT Y FAHAINY FRANE 248 AN 91 AFVOE fee sy fAke

A=Y #E E2 & Aok Aol AL B 7 B K8 AUT Qe o] Apdeltt. &, daf S AMEThe
HAA g 2] FAAEA AR FAE AMslor she 7, YFABAIZT (essential boundary condition) & AHEHOE 1%
A71A Fehe A, @88 4 1 =39 Al ol Aol the grke 3 Folch

mehd, Foaol M ofF, 84F AN @t FLAM ANE FF B £ Qi S4IREARY Ag
of gk A7 ozt Lo aNel wAlS Beely] 93 ATEe] Begle] AYHo] o1 YY), Be), 43S0 &
A AR AMRTthe Foade) S4¢ AE] 3 A8 Bush) AgE T PO @,

A3 AT AN BHA LY BAR FASF
Y33 AAYSE ARNEANAY TR A
" B3 QAR AN BRALY FEE AR

- 583 -



°] %, Kim and Kim®& 94859 S84 Ak o) 98 point collocation’ & Akslel FAZAZ s
sigled, olF TAEA A8E B¢, ¢4 JFUE T4 BHE0) AEHOE Had Ao MYded, & &
FTE A} SRR oloid Antulgo] Rashe, Hol@ A4 %A (strong form) & o}43lel ANE FE)
dgo] FAZE] BeA] god], BHRE o dj] £AMNE FRUTh: T FHE AE 858 Ak
Folth w2t & d7Me E85 SAstel 9% point collocationS IAEA|S) sk T2 o) Y 1 2
Aoz dvf, tokdt TARAY S4E FaM 1 AE4E A5t gt

2. 1% Efts ZAEE 0188 24 2A

99 Q ¢ 37 T 2 399 AN E5 ux) 9 FHEA(ocal) 24 L (x,x,) & T8 20
NP
L'(xx,)=2®,xx.)u, (D
J

A x, 2 FHHLE 149 BP9 HEL s, @, (x,x,) £ FHA F22 YAUFE, u, & EHh(nodal
value) & gujdtth £8, NP & 71E4 x, 9 9394 (domain of influence or compact support) o]l 35 HHE
L'(

9 & Juidct o) o, FRY IR L (x,x,) & the T 22 422 Ay,

i _Jux), Vxe ﬁ(xL)
Lixx,)= { 0, otherwise @

7 Q(x,) & 248 B x, ¢ FH02 AHE B8 2 AL oueitt
A (D] 8N FoI 34 BH x, o WE FHA 2 L (x,x,) & 45 2 48 984 (constant or linear
completeness) =& A 27 (reproducing conditions) & WHEaoksict. 2314 EAlo) glolA I 244 o7 )

2 O yxxp=li ¥ @ mxpx; =(x-x) Y ®,%x)y, =(y-y,) &)
JeQ(x,) JeQ(x,) JeQ(x;)

A (3 22 ARAE WEAT] HA ARAE FFAF] S8 TEEES(weight function) ol BREF
{correction function) & F& He|e] FFETE AMSIT)

@, (x,x,) = [Co(x,%,) +C (%X, )x; ~x,)+Co (%X, Ny, =y )W, (x,) @

A71M C(x,x,) € BATFOIT W(x, ) € 7FE852A Reproducing Kernel Particle Method (RKPM) oA 384

(window function) &1 E2}ec}0,

A @ B AF C,, C,, C, T AR 9 A The s} 2 BAERLSE Aolgh
my ()= 2 Gy -x)0) ~ v W, (x,) (5)

€Q(x,)
4 654 38 BAEESE 01831 4 W)E 4 ol tielstel thest ol wlFAR ¢, ¢, C, B 78+ Uk
C(x,x,) =M"'P(x, -x,) ®)

4 () 028 QI AT C,. €, €, % 4 @ s st B 4 22 4 Uk
@, (x,x,) =Px-x, )M 'Px, —x, W, (x,)
239 27 x, o e T 202 HA9 A2 S BFH Tl YIRS B 5 Uk

Y

- 584 -



I A o _NP
imL'(x,x,)=u (x)_;cb,(x)u, t)

A7IM HFAQ AT o(x) & 4 (NEFH T3 Zo) 8ot
@, (x) = POM 'P(x, - x)W, (x) ©

AR Foimol e e 4 (908 A% vEdEeH 22 5 A Kim and Kim(2002) 2 4
(1) 9 373 4TS vlEstel 393 FPEr 878 ANE o olF oAl 49y A gk e 5
A AFAY FAET E8E sk WS At £ =RelME 3 3AErE 1edtER dt
DI!®,(x,x,)=DIHP  (x-x, )M 'P(x, —x, )W, (x,)] (10)
714 D, € i@l 4 n & ujde A5E vl .
oAl A x, & x 0% SR, 5 AL AR AFHY Y £¥rE 45 YTk
li_IECD;'(IDJ(x,xL)=G,,x(x)=D:<D,(x) 1D

olgld Al FAAES EHTE AMgShe AY, TN AT B4 nEANE Bt wETD E4A4) 5
B& 4 Qlke A4 olgel ¥n} vkt 7158 AM-E 7HsdtA diths A B8 U2 & Utk & 84 Y AN
A1 e 7IEY AEEE el 7HEErd B 8443 e AMS vhseA @t & dFelN Adshe
7EEre Fue ot 2o 12 mlReld E4&E ArEs Pl
[—sign(x)/ o} <1
W) = {e ’ forl < 12)
0,

otherwise
A7IA, sign(x) = My < A1, a gk FAY ZEBOE 0.05-02 01 APt I3 1o 718 715Erst
A (12)o4 A 758E T3 vl walict.
a8 19 =AE s o] # ATeld Ak 1201E 895 AFET FUY 7 EeE 1Rl EA4E A
o} 88822 <8 Kronecker—delta®4¢k AKE Bl 219 & A =3l 434 FAAAS FalA & AFA
AVE AFE 4 dohums 3 ol

19 ]
0.8 —
J 05
0.6—1
. %
0.4
45
0.2
0 AT T T T T
42 08 04 0 04 08 12 42 08 04 0 04 08 12
x x
@ 44T BH AEEE O) 49084 9u9 EReY 1R

~ 585 -



0.6

0.5 —
0.2 j

w(x)
w(x),x
o
]

L e B e e A 7T
-1.2 -0.8 0.4 0 0.4 (2] 1.2 -1.2 -0.8 -0.4 o 04 08 1.2
X r

(©) & A7olM Ats 7 (@) £ d7olA At 7ty 14T
I9 14408 Fee 71 & 1AE 295 A5 96 5Es § 2 13 £

3. Y Al(strong form)0fl 2J8F FAjgh

B dFoie 241 A 7AEAE point collocation e o]&3t] AAss] wiol, Fol A4 e o

o
4 (weak form) &2 vHA] o3 A% 732 ojdslalel REFT WYDYTIARAL BRI v 2ol
A9l thek 2xpAn| B Ao]n,

G, +b =0 nQ (13)
o}7)4 AAA73 A% A (natural boundary condtions) % 473422 (essential boundary condtions)& the¥} 2t
oyn; =t on T,; u, =u;, on T, (14)

wiok A& (body force) b, 7} A481A hetha 7Hgshd, 4 (13) % 4 (14)%& point collocation Z4]3lef 84}
tg3 2o ojals) drt

axx X + o-xy y -3 .
Gy ={ ' a ' }=[C][V]{d}={0} in Q (15a)
Tl t O 0, _
on; = { } =[n][C][B]{d} = {t} on T, (15b)
Ty +0'yyny
u, = {ux} =[®}{d} ={u} onT, (15¢)
Uy

PN B [V 24 2RSS Baglt BB, [T] & 99 [v] 9 Bad 438 $E-998 WS ¢
7 90w, [n]& $2uE R0 P90} o T [B] 9 [0] & 247 BAHEY) TAHS INEES U 94T
22 91 Yt 9Ol 4 (15298 thesh 2 AT AYRHS 78 5 Uk

- 586 -



[CIIV] [0] (0] {d,} {0}
[01 [n)IC][B] [0]| {d, }|=]{t} (16)
(0] {0} (@] {d,}] [{u}
A7VA, o}lRA 1, s & kB 4D 99 Qo) TEHE 24, 44 T, 9 U 2R L ZA I, Aol EAlsks 2
2 9vjgt.
ojAke] Fgox gl o] APAAE point collocationd o4-3te] FA33}97] Wiel, $x1F%o] FQX] ¢fo ut
P w2 ARAA golx AR R FXHNE £HE & YA Dok B, 71&9) FeidMe 4TS 23 =F
F2 ANSRE A% 2% ANSYE AXE SN, 2AF TRFE AMsHe Aol A FATe 23 B8
A8 7 USE F5E 39 Ao

ul

4. %04l A

B o PojlaE= ZA} £84E 0] 83 point collocation ol 93t 23H AR ATAES s)48)7) e s =
2799 AYA 2 g Rlstazt sk olF AsiA F 7 FACAE A @
RE FA A o FARRAZ: aFHA4 o, $EEE W3] H8M F/H L4 norme) o188tk F,
e eafe] it L, norm# iR 23 (H)) norme 4 b5 2ok

1/ 1/2
"L2"—|:_[(“ _ exacl T _uexact)dg} “Hln_[fz (8 _sexacl T _oexact)dQ] a7

471, AR} h 9}t exact = T2 FA( 59 o] 2EE )it}

4.1 UBISIE T2AH
7\&9 AxAAZANS 1elshs 2AAEL Aok A8 Wl 34 (convergence) & AFE] 9% oz
& HA% FExAL 9 %5}“44*&}““\’34 PA4E A5 £ Q. metd, B53AxAY AAGA xR0 B
ofF “Quksly 2N S FaA £ AN AlkE FARMPY FEA HS AFdaA g )8 A 13
o

A

Al ZRu] gk BrA ARl HAA, 1 BA 2 —% 19 20] EAIRT

al

——o— ol o o . P Y

¢ ° o ° . ¢ ‘1. ° ° ° ® ﬁ»
¢ . . o ® ¢ 29 ° ) ® . 1L
L. L r, L
29 [ ] ° ] p 29 [ . [ ] cr
n} . . . . ¢ uL . ] [ [ [
it et
OEEEDEEEER (b) B3 WP

a9 2. Yusle 2728 e A% 2R 1 Az

- 587 -



Young’s Modulus E = 1.0 )3, Poisson’s ratio v = 0.25 |tk 5744 #4E HgE o235 o] Fojat
u, =0.1+02x+03y +0.4xy +0.5x" +0.6y° (18a)

u, =0.6+05x+04y+03xy+02x" +0.1y" (18b)

o714 AL A o)dslsle] Qs FABE F37] WEe] WA i 23402 Fojzjo} i),
FAe A, ZALEFS] 9§ point collocation T4 Yukste 2ZA8E 389t 714 ks dn)
£ 23402 Foj ZAARNM gt YRER N T FESA ARHRASE stk

42 LfglE ZH|

% wis) $x)e) A 24 Timoshenko and Goodier "ol &JajA] &7} FolA Qi Rl EAZ jMaigit. Ad &
242)9) Wl At et Bapgo 2 Btk sl BAXEAN A5 E = 10000 7 Folkdn] v =025
gtk A AAZDE I8 3o SAE vhs} 2o, we Ho|p =2, oL =8, TAL &F P=100°2
A5t

JgAde) 3712 AR AS 4 9 B7le] Wk B9 @ oA 94} normE 27t 2% 4 2 23 590
SAS 23 4 2 3% 5¢) TAE H9) 2o] 7129 A5H4e] vls) B =EAA ARk 1R 24% AEEsd
B A U 8A 5 itk ok d 1R 2a4 A5Es Hele) ASEse 39 4, 7 2019 |,
W9 2 oA 4 norm 2o 7hE $5a NS AT $AT 5 gtk o] W, @ = 0.1L AHgIRI

y
'y

D I
—>X

| l,

L

I% 3. el A oA @ AAzRA

A9 o L AR A FHEE I 6o BB 2 $EEE p 2 ENSSI o) W, 4, =201 Z
o =0.1% A3 I8 6004 A9 uigt Zo] Agke Wil o@ Wel 2 U] o3} BFM FHE ¥
2449 28T BT S5 81 F Itk @, R 71 UF AL Z4lE point collocation el LJsiA 7
AzAS Aok AAY 471 UR Aol 27t frakainel vlslA gol daish= @4o] EASIH. Al A%
& 9 Aol 9, A ayel vls] a7} 3A FolEtke AL AT T Ul

ofigro 2 1@ 7ol 71&e] Fo Aol £5] AN 33 spline HENQ) TS AL S A4 B dTolA
AR U AN A9 B 5N $YER 0, § ol839) ulste] EABIILE F7HR] Aol EF 7
3 i AAEE FASL YA B ATl AL EESE AMSe A9l Bt o289} dAske RS A
AR 58 AT F U

- 588 -



2 3

log(error norm)

-
=]

A2t RaERMRRLL ¢

T T

4l

PSS |

'}'
t
i
i

—@i—— discontinuous polynomial 1
—.—l— dlseomlnuolucxpomnﬁnl
P T i R

25 3 35

3% 4. d,, o W 9902 norm ] W3k

—~ _. _‘ ,
Q
<, 2 =3 =X

=3

log(L, error norm of displacement)

10*

3 r —— T
F ]
3 E
E 3
3 =
E h-
E E
3 q
3 ]
F —g— FEM (p=1.916) B
[ —©—— cubic spiine (p=2.821) ]
E —4@— discon. exponential (p=6.299) 3

. ST RV S T

log(h)
(@) HY24 normd FE&

10’

T

T

T T T T

~—Q— Gaussian
~——a&—— cubic spline
—p—— quartic polynomial
———— cubic polynomial
-—a— discontinuous polynomial 1
—..—l Lclls«:ontlnlu»lu )cxponjemllal

T

) I
e 2 25 3 a5
dmax

95, d, o B A 23} norme) Wk

r RS ML

[ 1

10" 3 h:

g 10°p 3

< F 3

=z I 1

FOE E

g F ]

] - P

S0k

g f ;

w F ]

310" 3 3

b ——8— FEM (p=0.961) 3

100k —@E—- cubic spline (p=2.924) 4

E —@— discon. exponential (p=3.913) 3

E . n PR EETNEPENS BT By

0.5 1 15
log(h)

(b dA 22} norm] +H&
I3 6. YR 29 AAA] Agle| nE FEE

o
1
Iy
-0 |
o Exact solution
- ——~e— cubic spline
20 ——g—-- discon. exponential
30
s
o -40F
-50 -
60 E—
i
70
807 05 0 05
y

OB 7. x=L/2949 AeEY o 9 EEXEHE

~ 589 ~



54 &

R oA s w849 ZAk3le] 98 point collocation M 23HE AFHALAEA ] 431 T2 AL
AR on, dusld 2 EE FalA EE T2 T30 £34 9 S AFEIeH, AR IAEA e 31]@1
< B 1 A E AT

Point collocation el A AFBYTAZA] Auidgals F28s157] dEel FAFEE A2 Azt ¥
L2 gkon], 14 ZAb TFFE ARSEEN 1A vlFARE wEA 3T ¢ S-S FAs £, T4
9 doe ARHD AARAY A £F point collocation T AMBER #iA AAAA ‘L-Mlii F U
A5

e AReRA B RH2 U E AR 7 U B3leT, £ d7oA AR 13 E4S AT
Fe9 71585 E Ak 73, 718 Aol ANe 7S AN AR 24t £3120 FESE
EF W2rhs 28 Ut ©, point collocation W& AM3hs 3¢ £ARES T du MR 4 ¢
a7} wizol BrAAzIoN AdRAzAS BHske 2AY 7t UF A4 99 27 g4 A 288 F Yol

8% 79 AT GHshks Zlo] Q8T g dFF

& 28

1. Lu, Y.Y,, Belytschko, T. and Gu, L., “A New Implementation of the Element Free Galerkin Method”, Computer
Methods in Applied Mechanics and Engineering, Vol.113, 1994, pp.397-414.

2. Krongauz, Y. and Belytschko, T., “Enforcement of Essential Boundary Conditions in Meshless Approximations
Using Finite Elements”, Computer Methods i Applied Mechanics and Engineering, Vol.131, 1996, pp.133—145.

3. Lee, S.—H., Kim, T.-Y. and Yoon, Y.-C., “An Application of Element—Free Galerkin Method through a
Combination with Infinite Element on Unbounded Domain”, Proceedings of 6" US. National Congress on
Computational Mechanics, 2001, p.52.

4. Aluru NR. and Li, G, “Finite Cloud Method: a True Meshless Technique based on a Fixed Reproducing
Kernel Approximation”, Infernational Journal for Numerical Methods in Engineering, Vol.50, 2001, pp.2373-2410.

5. Zhang, X., Liu, XH.,, Song, K.Z. and Lu, M.W., “Least—Squres Collocation Meshless Method”, International
Journal for Numerical Methods in Engineering, Vol.51, 2001, pp.1089-1100.

6. Park, SH. and Youn, SK., “The Least~Squares Meshfree Method”, International Journal for Numerical
Methods in Engineering, Vol.52, 2001, pp.997-1012.

7. Hao, S., Park, H.S. and Liu, W K., “Moving Particle Finite Element Method”, International Journal for Numerical
Methods in Engineering, Vol.53, 2002, pp.1937—1958.

8. Kim, D.W. and Kim, Y., “Point Collocation Methods using the Fast Moving Least Square Reproducing Kernel
Approximation”, International Journal for Numerical Methods in Engineering, in print.

9. Liu, WK, Li, S. and Belytschko, T., “Moving Least Square Reproducing Kernel Method Part I: Methodology
and convergence”, Computer Methods in Applied Mechanics and Engineering, Vol.143, 1997, pp.422—453.

10. Liv, WXK., Jun, S. and Zhang, S., “Reproducing Kernel Particle Methods”, International Journal for Numerical
Methods in Fluids, Vol.20, 1995, pp.1081-1106.

11. Zienkiewicz, O.C. and Taylor, R.L., The Finite Element Method I The Basis, Butterworth—Heinemann, 5
Ed., 2000, pp.253~-256.

12. Timoshenko, S. P. and Goodier, J. N., Theory of Elasticity, McGRAW—HILL, 1970. pp.41-46

- 590 -



