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CHANGE-POINT ESTIMATION WITH SAMPLE FOURIER
COEFFICIENTS

JAEHEE KIM !

ABSTRACT. In this paper we propose a change-point estimator with
left and right regressions using the sample Fourier coefficients on the
orthonormal bases. The asymptotic properties of the proposed change-
point estimator are established. The limiting distribution and the con-
sistency of the estimator are derived.
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1. Introduction

Consider a sequence {y;} of observations with finite fourth moment. The
model considered is

Yi=f(zi) +e (1)

where the errors are independent N(0,1) and z; = i/n,i=1,2,...,n. Also
f is right continuous and left continuous except at an unknown change-point
or discontinuity point 7 € (0,1). For definiteness, we suppose that 7 is an
event time i.e. 7 = z; for some 1.

Left and right local regressions with the sample Fourier coefficients are
used to estimate the left and right limit of event times. Hinkley(1970) pro-
posed the maximum likelihood estimator of the change-point estimator with
the normal errors in the mean shift model. McDonald and Owen(1986) and
Hall and Titterington(1992) investigated change-point estimation based on
three smoothed estimates of the function. Loader(1996) proposed an esti-
mate of the location of the discontinuity based on one-sided nonparametric
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regression estimates of the mean function using the kernel function. Kim
and Hart(1998) proposed a test for change using the sample Fourier coeffi-
cients with the dependent data.

2. Left and Right Function Estimation using the Sample Fourier
Coeflicients

We assume that the underlying function f has the following Fourier series
representation with the cosine system {cos7jz} and z € (0,1) :

f(z) = o+ 2§: P CcOSTIT (2)

=1

where ¢; = f; f(z)cosmjzdz, j = 0,1,..., which are the Fourier coef-
ficients of f. The sample Fourier coefficients using a cosine system are
defined by

a 1>
¢j=ﬁzin0S7TjiL'i, j=0715"'7n_1 (3)

i=1

where z; = i/n. Consider the following Fourier series estimator of the left
and the right function estimation with the (K'+1) sample Fourier coefficients
and the bandwidth h. With the data in bandwidth at each point, left and
right estimators can be obtained as follows:

K
fre(@) = ¢o+23 ¢;cosmity (4)
=1
~ K ~
fr-(z) = Po+2 9;cosmitas ()
i=1

with ¢t; = (¢ — 0.5)/nh, and 0 < t; < linz € (h,1 — h) thatis, nph <m =
nr < n — nh,
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where
1 nh
¢ = ﬁﬁ;ymﬁ

1 nh
b= o Semscosni

1 nh
1»/"0 = Eizzlym—nh+i

R 1 nh
Vi = — Y Ym—nh+iCOS Tjt;.
nh =

Define the size of change is measured by
A=A, = f(r+) - f(r-).
The estimator of A, at the point z can be defined as
As = fri(z) = fx-(z), h<z<1-h (6)

The estimate 7 of 7 is the value of £ which maximizes Aﬁ. overh <z <1-h.
That is,

7 = arg maxhschl_hAi. (7)

One could also consider the maximizer of [Az| or the maximizer of A, if
A > 0. The choice of the number of the sample Fourier coefficients K and
the bandwidth 4 depend on the selection criteria. We do not discuss the
selection criteria in this paper.

Theorem 2.1.  Let .., ,e_j,€,€,... be independent N(0,1) random
variables. Then we have the following limiting process as
lim P(n(? —7)=35)=P(Sa=39), (8)

n—00
where Sh is the location of the maximum of the process
—iA+2A T e+ AT (€iru +Eoy), i>0
Z; =% 0, ‘ i=0 9)
—[i]A2 +2A 5 L e + AT (6 + €i-u), <0,
The limit distribution of the proposed change-point estimator has the

same form of the asymptotic distribution of the change-point estimator with
nonparametric regression considered in Loader(1996). The local regression
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estimates will require a larger n and nh for the estimation and for the
asymptotics to be applicable.

Theorem 2.2. 7 is a consistent estimator of 7, i.e. for 4y = o(nh) and
19>0

Pllp-1>2) 250, (10)
n

3. Proofs

proof of Theorem 2.1. We consider nh(A, 4 /n— A,) in one level change
model in which the amount of change is A.
Let m = nr, consider the mean level change model

_ ) e, 1=1,...,7
%= put+A+e, i=7+1,...,n
in which the difference about the change-point is A.
The difference of the right estimators is
K
Fri(T +i/n) = fra (1) = do — dor +2 D (b5 — bjr) cosmjta.
. j 1 )

]:

nh K
nh(fxs(T+i/n) — fes(™)= D  emtitu(l+2D cosmjty cosmit)
u=nh-i+1 Jj=1

i K
€mtu(l+2 ) cosmjt, cosmjt;)
u=l1 j=1
And we get the similar result for the difference of the left estimators. There-
fore

~

nh(AT+i/n - AT) = —iA(1 + 2K7)

nh i i
SRS D SEEREL) SEAE S
u=nh—i+1 u=l1 u=1

where K* = O(K) since for u < i, t* € (t1, 1),
cos Tjt, — cosmjt, = (mji/nh)sinmjt* = o(1)
and for u > nh —i+1, t* € (ty, tnn),
COS T jty — COSTjtnn = (mji/nh)sinmjt*(i/nh) = o(1).
Since ATH/,, + A, = 2A for |i —m| < g
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We achieve
nh(sz'—i/n - A2) nh
T _ .A2 _ A z u
2(1+2K*) Z u=n§i+1 it
+ A emiu— A €m—nntu +0(1).
u=1 u=1

proof of Theorem 2.2. We assume A > 0 ; the case A < 0 is similar.

P(|+—T|2’—°) = 1—P(T—’—°gfsr+%°)

n n
. P(7'+%0§'f'§7'+h)+P(T—h§f‘§7‘—%0).
We only consider that
- nh
P(re2<i<ren) <Y P(A2, > &7)

i=ig

nh R . nh ” o
< Y PAni-A>0)+Y P(A L +4,<0).

i=ip i=ip

Then we have P (AT+ i+A < O) — 0 by the assumption and

ihj P(Apipm—Ar > 0) = % P (nh(A4im — Ar) > 0)

i=ip i=1ip
nh 2
1 Csi
- igi% 02\/1—' P 2
— 0

using ¢(a)/a > 1 — ®(a) for a > 0, as nh — co and iy/K? — oo, where
A" = B [nh(A 470~ A7) = O(Ki)
and
M =Var [nh(A 4y — A.)] = O(K%).
Note that
A* = E [AH%- - A,]
= B[(A :i-A.5) - (A ~A)] + Anps— A —A,

since A_ i AL +i = 0 at the continuity point.

n
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4. Concluding remark

The objective of this research is to find a consistent change-point or dis-
continuity estimator. The left and right estimators with the sample Fourier
coefficients were used for the proposed change-point estimator. The selec-
tion of the bandwidth and the truncated number of the Fourier series affects
the estimation. The appropriate selection will increase the power of detec-
tion. Also we expect further development with wavelet function estimation
in change-point estimation.
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