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Characterization of some classes
of distributions related to operator
semi-stable distributions.

Sang Yeol Joo! and Gyeong Suk Choi'

ABSTRACT

For a positive integer m, operator m-semi-stability and the strict operator
m-semi-stability of probability measures on R are defined. The operator m-
semi-stability is a generalization of the definition of operator semi- stability
with exponent . Translation of strictly operator m-semi-stable distribution is
discussed.
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1. Introduction

Let m be a positive integer. In [3], the classes of m-semi-stable and strictly
m-semi-stable distributions on R? were studied. In one dimension, they are first
investigated by Lévy [4]. The characterization of these classes on It was developed
by Linnik [5], Shimizu [9], Ramachandran and Rao [6], and others. Extension to
multidimension was done by Krapavickaité(1980) and Choi [3]. Here we extend those
classes to linear operator cases.

Let T(R%) be the collection of infinitly divisible distributions on R%. The char-
acteristic function of € I(R%) is denoted by fi(z), = € R%. Let M, (R¢) be the
class of linear operators on R¢ all of whose eigenvalues have positive real parts. Let
0<b <1, Q€ M (R% and m a positive integer in this paper throughout. We
call a distribution x on R¢ operator m-semi-stable if 4 € I(R?) and there exist real
numbers by, ¢;, | = 1,2,--+,m, and a vector v € R? satisfying

m m
c >0, ch >1, and Zblcl =1
=1 =1
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such that )
A(z) = IR b? 2) (1.1)

The class of distributions satisfying (1,1) is denoted by OSS(b1,--,bm,c1, "+, Cm,
Q). We call distributions in OSS(by,-+, bmyc1y  *,em, Q) (@,b1,++,bmyc1,--,
¢m)-semi — stable. Here (,) is the Euclidean inner product in R? and Q' is the
adjoint of Q.
Further, a distribution x on R? is strictly operator m-semi-stable if u € 0SS(by,
<+, by, 1,0+, Cm, Q) satisfying

Az) = I, A 2)%. (1.2)

The class of distributions satisfying (1.2) is denoted by OSSy(b1,- -+, bm, 1, -, Cm,
Q). We call distributions in OSSy(by, -+, bm, 1, ,¢m, Q) strictly (Q,by,- -+, b,
c1,° ", Cp)-semi — stable. The distribution satisfying (1.1) with @ = I is a m-semi-
stable distribution in the sense of [3].

The main purpose of this paper is to obtain a characterization of translations

of strictly operator (@, b1,-*,bm,c1," - ,cm)-semi-stable distributions and to dis-
cuss relations between translation of strictly operator semi-stable distribution and
translation of strictly operator (Q,b1,-+,bm,c1," -, cm)-semi-stable distribution.

Our results in this paper are extension of results in [1,2,3], [7] and [8].

2. Preliminaries

We begin with some notation. Let 8;, 1 < j < ¢+ 2r denote all distinct eigen-
values of @ such that 0,,...,0,, are real if ¢ > 1 and that 6441,...,0442, are
non-real and 6; = G4y for g+ 1 < j < g+rifr > 1. Let §; = o; +if;
where a; and f; are real numbers. Let f(¢) be the minimal polynomial of @ with
F(O) =A™ . fare(Q)r, where fj(C) = ¢ —aj for 1 < j < gand (¢ — a)* +5;2
for g+ 1 < j < g+ r. We write W; for the kernel of f;(@Q)™ in R%, 1< j<q+r.
We denote the kernel of (@ — 6;)™ in C4, 1 < j < g+ 2r, by V;. Let T be the
projector onto V;. We denote

D;={(Q-8;w:veV;} in C% 1<j<q+2r

Let P; be the projector onto D; in C%, 1< j <q+2r
We easily show the following proposition.

Proposition 2. 1 Suppose that 1 is not an eigenvalue of Y%, clle. Then any u €

OS8S(by, -+ bm,c1 -+, Cm, Q) is a translation of a strictly (Q,b1,--+,bm,c1 -+, cm)-
semi-stable distribution.
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Weset J={j:1<j<q+2r satisfying 3, clbloj =1 and «; >1/2}
andT={j:1<j<q+r satisfying o; >1/2}. Let Wr = @jcrWj, and let

Sp={6eWpr:€|=1,|ul|>1 forall u>1}.

Any z € Wr is uniquely expressed as £ = u?¢ with £ € St and u € (0, 00).
For some 0 < b < 1, let 08S(b, Q) be the class of u € I(RY) such that

A(z) = erp? 2)°

for some ¢ > 0 and y € R%. Distributions in 0SS(b, Q) are called (Q, b)-semi-stable.
For some 0 < b < 1, u € 0554(Q,b) means that

A(z) = B9 2)°

for some ¢ > 0. Distributions in 0SSy(b, Q) are called strictly- (Q, b)-semi-stable.
We note that operator 1-semi-stable distribution is (@, b)-semi-stable distribution.
For any p > 0, A, (0) and Ay, (p) are, respectivly, the sets of all m-tuples (by, -+, bm)
with 0 < b; < 1, j = 1,---,m, satisfying the following conditions.

A (0) : for some [ and i, logh; /logb; is an irrational number,

Am(p) : log;/logb; is a rational numbers for every [ and i, and m; = —logh;/p,
[ =1,---,m, are positive integers with their greatest common factor equal to one.
Using tool in Lemma 2.1 in [1], we can show the following lemma.

Lemma 2. 2 For 1 <j<qg+2r, set

1 ~H
st §) = [ TfZ”(lﬂuQs]z T+ (@) Qaz)d( i(u)>,

where He(u) will be given in Section 3. Then the function g;o(bi oy b, €) is well-
defined, bounded, and measurable on Sr.

3. Main Results

Any p € I(R?) has the Lévy representation (4,v,7), which means
(e) = eop 7,2 — Az, 2) + [ Glaovldz)],
R
with G(z,z) = e%#®) — 1 —i(z,z)(1 + |z|?)~L. Here v € R%, A(called the Gaussian

covariance of u ) is a symmetric nonnegative-definite operator on R¢, and v (called
the Lévy measure of u) is a Lévy measure satisfying v({0}) = 0 and

/ 2[2(L + |2?)" v (de) < oo
R—{0}
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These A, v, and «y are uniquely determined by . When v = 0, we call u a Gaussian
distribution. If A =0, then we call u a purely non-Gaussian distribution.

The following Theorem 3.1 characterizes the class of all purely non-Gaussian
operator m-semi-stable distributions. But we do not treat the whole structure of
Gaussian operator m-semi-stable distributions. The complete description of Gaus-
sian operator stable distributions and Gaussian operator semi-stable distributions is
respectively obtained by Sato[7,8] and Choai [2].

Theorem 3. 1 Let u be a (Q,b1,-++,bm,c1,- -+, Cm)-semi-stable distribution on R¢
with Lévy representation (0,v,7y). Then, u € OSS(by, -+, bm,c1, -, Cm, Q) if and
only if
o
v(B) = [ M) [ In(9)d (~Hewpu™), B e B(RY,
Sr 0
where

(i) X is a finite measure on Sr,

(i) He(u) is a real-valued function being right-continuous in u € (0, 00) and mea-
surable in & € St such that Hg(u)u”l is decreasing( in the wide sense allowing
flatness), He(1) = 1, He(bu) = H¢(u) for any u and £ and in addition, one of
the following (a) and (b):

(a) (b1, bm) € Am(0), He(u) =1,
(b) (br,--- bm) € Am(p): HE(bu) = Hg(u)

Theorem 3. 2 Let u be as in Theorem 3.1. Then p is a translation of a strictly
(Q,b1,++ by, c1, -+, cm)-semi-stable distribution if and only if

[ @~ Pgiobr,-- b, OTHENEE) =0 for s
r
Theorem 3. 3 Let OSS(by, -+ ,bm,c1, -, cm, Q) = OSS(b,Q) for some b. If p €

0SSy(b1, b2, by, c1y e+ Cm, @), then p is a translation of a strictly (Q,b)-semi-
stable distribution.
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