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Abstract - In this paper, a novel and efficient discretization
method of a continuous-time Takagi~Sugeno (TS) fuzzy
system is proposed. Because of the highly complex and
nonlinear interaction among the subsystems, it is very
difficult to develop the discretized version of
continuous-time TS fuzzy system. More precisely, to obtain
the suitable discretized version, it is necessary to solve two
main problems: to discretize global state equations of the
continuous-time TS fuzzy system and to hold the polytopic
structure after the discretization. This paper will show the
solution to above two problems. Main key idea is to
transforme the sampling period into the intersampling period.
Finally, To show the feasibility and the validity of the
proposed method, a computer simulation is provided,

1. Introduction

There exist two digital design approaches for
state~feedback digital control systems. The main stream in
design approaches to a suitable digital controller is first to
discretize the continuous plant, and then to determine a
digital controller for the discretized plant, which is called the
direct digital design approach [3]. Anocther efficient approach,
which is called digital redesign, is a digital controller design
procedure, where an analog controller is first designed and
then converted to an equivalent digital controller in the
sense of state matching [1,4].

We should notice that, at both design approaches,
discretization procedure plays an important and basic part.
There are several methods for discretizing Ilinear
time-invariant (LTH continuous-time system,
Unfortunately, these discretization methods cannot be
directly applied to the discretization of the continuous-time
TS fuzzy system since defuzzified output of the TS fuzzy
system is not LTI but implicitly time-varying {2].

In this paper, a new discretization method is proposed for
the continuous-time TS fuzzy system, To obtain a suitable
discretized version, there are two critical points to be
considered. First, the discretized version must be obtained
by discretizing the global state equation of the
continuous-time TS fuzzy system. Second, the discretized
version must bholds the polytopic structure to be
systematically analyzable. To accomplish the above two
objectives, we presents a new approximation method based
on the inter-sampling time conversion method. Consequently,
our discretized version vields the low discretization error
and holds polytopic structure. The main contribution of this
paper is to originally provide the global discretized version
of continuous-time TS fuzzy system. Moreover, our global
discretized version is directly applicable for design of the
fuzzy-model-based digital controller.

2. Problem Description

Consider the continuous-time TS fuzzy system
W H= 218;(z(t)) (A 2D+ B uld) m

If the state transition matrix (4 ¢;)  satisfies

Dt )= Ot ¢ YD(£, tg) with initial
Otot)=1 and 5 01t)= 3.0 (DA, K to),
the general solution of (I) excited by the initial
state %(#,) and the input w(#) is given by
!
=0, t)xlt,) + f o, r)(iﬂ,»(dt))B,-)u(r)dr(Z)

If an input u(# is generated by a digital computer
followed by a digital-to-analog converter, then ()
will be piecewise constant, ie, () =2(kT) for
te[kT,kT+T). Besides, assume that the firing
strength G {2(9) for e[k RT+T) is 8 (kT

For this input and (kT AT+ 7), (2} is exactly
evaluated by
x(kT+T) = WeT+ T, kDx(kT)

+ [T oer+ 7,0( 3,0 (0B Juthae
= exp( 30D A T(kD)
+ [ exn( 350 (kA T+ T 0)
o 3,0 k1B JukDree
= exp( 5,0 (kD) A T)s(kD)
+(exo( Fy0 (k14 1)~ )

(Fo0ma) (2o mB Juin
A& {KDHET) + B ARDkED)

condition

(3)
This is a discretized version of (1). Note that there is no
approximation error involved in this derivation and yields
the exact solution of (1) at f=kT if the input and the
firing strength is piecewise constant.
However, (3) has too strong nonlinearities to practically be
applied in the problem of the controller design such as
intelligent digital redesign. In the other words, it is
impossible to systematically analyze (3) since it is not
represented in the polytopic structure unlike the TS fuzzy
system.
To resolve this problem, Li ef al attempt to the conversion
(3) to the polytopic structure by the following approximation
2.

A LKD) ~ 3,0 (kD) exp(4 D
BAKD) = 36 (kD) (exp(4, D~ DA 'B,

Unfortunately, this discretization approach may lead to the
big undesired approximation error for the long sampling
time 7, and also it is only the equivalent result of the
defuzzified output of the descretized version of the local
state-space equation describing linear time invariant {LTI)
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system for each TS fuzzy model, iLe, local discretization,

due to coarse approximation.

Therefore, in this paper, we deal with extremely critical

issue, which has not so far been made at providing the

satisfactory solution. That briefly is formulated by the

following Problem.

Problem 1 (Global discretization of the continuous -time

TS fuzzy system) The pointwise dynamical behavior of

the continuous-time TS fuzzy system are sufficiently

satisfied with the following design objectives:

(i) It must be obtained to discretize the global state
equation of it as accurately as possible.

(ii) It must maintain the polytopic structure to be
systematically analyzable.

3. Main results

In this section, we presents new dicstretization version of
the continuous - time TS fuzzy system through Theorem 1. It
is designed to definitely satisfy two objectives of Problem 1.
Notice that our key idea is to transform the sampling time
period T into inter-sampling time period 7/#, where
n>1 and » is constant.

We begin with the following Corollary, which is necessary
to prove Theorem 1.

Corollary 1
exp( 3% 6 (2(kT)A ,T)
x50 x5 00(2(RT)) xex 0, (2(RTY) @

x exp (A ,1";,1:)X---xexp( A7f” n)
Prodof: Tt holds since
exp( 356 (2(kT)A ,.T)

= exp( 3 0 (atk1nA L)
(%6 (aterexn(a L))" )
- ﬂélx...x 5 0 4 (2(kD))xx0 ,(2(kT))

=

1
T
“e(a 1 s[4,
B
The following main theorem gives the rigorous

mathematical approximation to accomplish two objectives of
Problem 1.

Theorem 1 The continuous-time TS fuzzy system
x(H= g}lﬁi(Z(t)) (A ;x(8)+ B (D) (6)

aan be converted to the following well approximated
pointwise dynamical behavior:

x(kT+T) = ‘ilx---x m;:;loﬂ(z(m)w--xa RECT)
G e, (BT + H ... 2 kT))

where, (7)
Gopsin = exp(A ,1—5)x---xexp(A ,n%)
Hywiin

) (exo(a,T)-1a,8,4+(exo(4, L) a3,

n
yfeolas ool T)- oo
et exp(A ,177‘)(@(9(14 ,-,‘%‘)—I)A wB m)

+e exp(A a%)x“'xeXD(A in- n)_i)(exD(A ,..—‘5) _1)

X'A l"lB m

+ 4+

Progf: The general global approach is already illustrated in
Section 2.2. Start from the kemel of question, namely
approximation of (3). Using Corollary 1, A fk7) and
B (kT) of (3) are finely approximated as follows: A £&T)
is directly approximated from Corollary 1.

A L&D

= exn( 0.6 A ‘.T)

o S 3 0,0) )
x-ex§ . (2(kT)) exp(A ﬂ%)"'"Xexp(A m%)

= 2 20T x50 (2R TNG ..o

and
B (kD

- Eeg( ;510,(2(k7)‘))A 1)-1) 30 42614 )
«( 36 (24)B,
—‘t((i‘,‘ﬁ‘(z(kﬂ)exp(A,—Z))n— )
(Soseema)) (50 4m8)
(oc0menls 7)1

o (emexp(a, L)-1
A 50 4tk exn(4, L) -]
(Foema) ($06m8)

(( ,ﬁle,(z(kT)) exp(A—T' n)) " )
3 6 L2tk exn(4 L) -1
x 34,6 (21 (exn(4 L)~ 1)a 18,
=(1+ 5 0 (e exn (4, L)
bt ( ilé‘,«(z(kﬂ) exp (A ,%)) ! l)
x ,ilf) (2(£T)) (exp(A ,—ZI‘) - I)A B,
= 3 xex 306 ,(2AT) xx6 (2(RTY)

(EXD(A 11%:)_1)‘4 a'Byt +(exp(A "'_Z)_I)‘? ’,"]B_”’

n
+ nil (exp(A n—:)(exp(/l ,2—:)~1)A 2B,
+-~+exp(A ,1%)(%9(‘4 ,',.“5)— )A ,,.‘B,-,.)
RS exp(A ,1%)X""‘6XD(A #n 1)%)
“(exp(4,L)-1a,8,)

= ’Z';lx---x ,21” a(2(RT)) x-x0 (2 (RTNVH ; ...,

9)
B

Remark 1 Note that the proposed pointwise behavior (7)

yields not only the high accurate resuit as n approaches to
infinity but also the polytopic structure.

Remark 2 In proposed discretization method two
approximations are performed as follows:

exp ( ';"0 {z(kTHA iT)z( ,2:‘\ 8 (z(kTY) exp(A "_Z; )) ’
(10)
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(R0 emexs(a, L)~ F00e6ma) |
x( glo L«kD)B .-) an

~ 36 kD) (exp(4 L) - )78,

In [2], the approximations are also performed at above two
aases, and the approximation results are exactly equal to
(10) and (11) when mn=). Therefore, our discretized
version (7) yields smaller approximation error than it o
[2], since the approximation error of (10) and (11) clearly
decreases as n approaches to infinity.

Remark 3 The proposed discretized version (7) of the
continuous-time TS fuzzy system reduces to the local
discretized version of it for 1l =12 =---=n. Therefore, the
local discretization method is special case of the proposed
discretization method

4. Computer Simulation

An application example on discretizing a controlled inverted
pendulum system [5) is given in this section. The TS fuzzy
system of inverted pendulum system [5] is given by

R':TF x (9 is about I,
THEN x(8 = A x()+ B ;:{d)
R2:TF x,(p is about I,

THEN x(8) = Ayx()+ B i) (12)
where
0 1 20 I
= = 74
A {41/3—4»11 04 2= | a3 amicos @ ) %) 0]
0 0
B =|-—2 _|p=|- A\cos(88 )
1 Alf3—aml |' 72 41/3~ amlcos (88 *) 2

From the standard Lyapunov stability criterion for the
continuous-time TS fuzzy system, the gain matrixes for
the analog fuzzy-model-based controller is obtained as
follows:

F1=[-1172.7 —334.5], F2=[-2670.2 —0.782.9]
As shown Figure 1 and 2, the proposed discretization
method yields the discretization error in comparison with

[2}.

2 Kl 3 5 3 2 t H 3 4 5 5
tine L

Figure 1: Responses of the controlled inverted pendulum
at T=0.3 (solid line: continuous-time, dashed line:
discretized version by [2], solid line and bullet point:
discretized version by (3), and solid line and circle
point: discretized version by the proposed method).

i th (IR} 82 (1% 6.4 (IR [IX8) " .

Figure 2: Trajectories of the controlled inverted
pendulum at T=0.3 (solid line: continuous-time, dashed
line: discretized version by [2], solid line and bullet
point: discretized version by (3), and solid line and
circle point: discretized version by the proposed
method).

5. Conclusions

We formulate and solve the discretization problem for the
highly nonlinear fuzzy system. Two main issue is to
discrete the global state of the continuous time TS fuzzy
system and to hold the polytopic structure after the
discretization procedure. With aid of the proposed
intersampling time conversion method, these problems can
be efficiently solved. Consequently, the obtained discretized
version of the continuous-time TS fuzzy system yields low
discretization error and holds the polytopic structure. For a
given simulation, the result shows that the proposed
discretization method yields the low discretization error in
comparison with the conventional discretization method,
that is, local discretization method. It indicates the great
potential for reliable application of design of the
fuzzy-model-based digital controller.
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