
1. Introduction

Flow of a viscou s fluid near a disk of radiu s

L * , w hich rot at es steadily about it s ax is ,
poses a classical problem . Specifically ,
con siderat ion is giv en to th e situat ion in w hich
the disk rot at es w ith uniform an gular v elocity

* + * , w hile the fluid far aw ay from

the disk rot at es w ith an gular v elocity * .

T he stren gth of the result in g flow is gau ged

by the Rossby number * / * . F or the
ca se of a flat disk , an d, for the linearized flow

1, the description s of the three- compon ent
v elocity field of the Ekm an lay er solut ion are
w ell- docum ented [see. e.g ., Green span , 1968].
T he underlyin g a ssumption is th at th e direct
effect of viscosity on th e global flow reach es
at small dist an ce from the disk , w hich is
reflected in the sm alln ess of th e Ekm an

number E [ * L * 2 ] << 1, in w hich

den otes the kinem atic viscosity of th e fluid.
It is emphasized here that the m ajority of

previou s fun dam ental stu dies on Ekm an lay er
flow h av e been concerned w ith a flat disk .
T he disk s w ith surface roughn ess hav e n ot
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been treated in sufficient det ails . In view of
the prev alence of n on - flat disk s in indu strial
applicat ion s , th e flow features close to the
rotat ing disk s w ith rough surfaces w arrant on
in - depth scrut iny . Know ledge of the flow an d
tran sport characterist ics cau sed by the rot at in g
n on - flat disk is essent ial in the design and
operat ion of heat ex ch ang er s and
high - perform an ce fluid m achin ery .

A s a fir st st ep tow ard more complex
sy st em s , in th e present paper , th e surface
roughness is m odeled by an ax isymm etric
sinu soidal topography , a s sket ch ed in F ig .1.
Effort s are made to acquire analyt ical
descript ion s of the flow un der the assumption
that the surface roughn ess is g enerally mild.

In ch apter 2, th e m athem atical formulat ion is
provided. An aly ses are present ed in chapter 3,
w hich in clude the th eoret ical solution s for both
a flat disk an d a w avy disk . T he asymptotic

solut ion in the limit E 0 is con sidered in
ch apt er 4. T h e con cludin g rem ark s are giv en
in ch apter 5.

2. Mathematical Formulation

T h e problem is formulat ed on a cylindrical

fr am e ( r * , , z * ) , w ith the corresponding

v elocity compon ent s ( u * , v * , w * ), w hich

rotat es uniformly about the z * - axis w ith the

rotat ion rat e * . T he dim en sionless v ariables
(un st arred) are introduced as follow s :

( u , v , w) = 1
* L * ( u * , v * , w * ) ,

( r , z ) = 1
L * ( r * , z * ) ,

p = p *

* * 2 L * 2 ,

in w hich p an d den ote, r espectiv ely , the
pressure and den sity .

F or 1, th e departure from the rigid- body
rotat ion is sm all, an d, as v iew ed from th e
rotat ing frame, th e dependent v ariables are

O( ). Sum m arizin g the abov e con siderat ion s ,
the linearized nondimen sion al gov ernin g
equ at ion s for Ekm an boundary lay er emerg e :

1
r r

( r u ) + E 1/ 2 w
z

= 0 , (1)

- 2 v = E ( 2 - 1
r 2 )u , (2)

2 u = E ( 2 - 1
r 2 )v , (3)

- p
z

+ E 1/ 2 2 w = 0, (4)

in w hich it denotes th e Ekm an number

E ( * L * 2 ), the kinem atic viscosity ,

* the basic- st at e angular v elocity and L *

the disk radiu s .
T h e scales for depen dent v ariables are

acquired from th e abov e basic equat ion s [see ,
e.g ., Green span , 1968]:

u O( 1) , v O( 1) , w O( E 1/ 2 ) , p O( E ) .
It is n ot ed th at the radial deriv at iv e

t erm s are in cluded in the abov e equ ation s ,
w hich deal w ith th e radial v ariat ion s of flow
due to the presence of ax isymmetric surface
roughness . T he abov e represent gen eralized
Ekm an boun dary - lay er equat ion s .

T h e associat ed b oundary con dit ion s are
stat ed : at the disk surface an d at the far field
:

at z = cos ( 2 r) , u = w = 0 , v = r , (5a )

at z , u = v = 0 . (5b )

in w hich [ a *

L * ] den otes the

F ig .1 Configurat ion of the w av y disk
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n on dim en sional amplitude and [ L *

* ] the

w av e number b ased on disk radiu s L * ,
r espect iv ely , of th e surface rou ghnes s . (T he
dim en sion al amplitu de an d w av elen gth of th e

surface rou ghnes s are a * and * ,
r espect iv ely .)

3. Analysis

In th e present chapter , a complet e formal
solut ion procedure is provided w hen the
sy st em Ekman number h as an arbitrary
m agnitu de. A n approx imate explicit solut ion
w ill be secured to the secon d order . Of cour se,
higher all order s of solut ion can b e obtain able
alon g the rout ine procedure by the m eth od
giv en here.

It is conv enient to introduce a v ariable
by combinin g eqs .(2) and (3) such th at

- 2 i = E ( 2 - 1
r 2 ) , (6)

in w hich = v + i u , i stan ds for the unit of

im aginary number , i ( - 1) 1/ 2 . T he boundary
condition s , eqs .(5a ) & (5b ), are ex pressed a s

= r at z = cos ( 2 r) , (7a )

= 0 as z . (7b )

3 .1 S olut ion f or th e f lat di s k prob lem , = 0
T his redu ces to the w ell- kn ow n Ekm an

lay er flow for a flat disk [see, e.g ., Green span ,
1968]. F or this case, as suming a solut ion

= r 0 ( z ) and sub st itut in g into eqs .(6)

& (7) produ ces

- 2 i 0 = E
d 2

0

d z 2 (8a )

an d

0 ( 0) = 1, 0 ( z ) = 0 , (8b )

for w hich the solut ion is giv en a s

0 = ex p [ - ( 1 - i) z / E 1/ 2 ] . (9a )

F inally , the solution is

[ v + iu ] = r ex p [ - ( 1 - i) z / E 1/ 2 ] . (9b )

3 .2 S olut ion f or th e w av y di s k problem ,

i .e . , 0

F or 0 , it is adv antageou s t o a ssum e the
solut ion to eqs .(6) & (7), from eq.(9b ), as

= H I ( , ) , (10)

in w hich ( r / E 1/ 2 ) and ( z / E 1/ 2 ) are
the proper boundary - lay er coordinates . T h e
sub stitut ion of th e form of eq.(10) into eq.(6)
leads to

- 2 i ( , ) = ( 2 - 1
2 ) ( , ) , (11)

in w hich 2 =
2

2 + 1 +
2

2 .

Also, from eqs .(7a ) & (7b ), the
boun dary con dition s can rew rit ten as

= 1 at = cos (2 k ) , (12a )

= 0 at , (12b )

in w hich = a * / ( * )
1/ 2

an d

k = ( * )
1/ 2

/ * . In the rescalin g process ,

it is seen that E 1/ 2 an d k E 1/ 2 .

Obviou sly , ( / * )
1/ 2

r epresent s the
dim en sion al thickn ess of th e boun dary lay er .
T herefore, the nondim en sion al amplitu de

param eter in dicat es th e rat io of th e
roughness amplitu de of the disk to th e

boun dary - lay er thickn ess . Similarly , k is the
w av e number of the disk surface roughn ess
ov er the length of the boundary - lay er
thickn ess .

A ssuming th at the amplitude param eter

is sm all but finit e, i.e., < 1, a series

solut ion w ith the ex pan sion param eter is of
u sefulness :

=
n = 0

n
n ( , ) . (13)
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Clearly , the zeroth - order solution 0

corresponds to the case of a flat - disk , i.e.,

0 = ex p [ - ( 1 - i) ] from eq.(9).

Placin g eq.(13) into eq.(11), on e has

- 2 i n = ( 2 - 1
2 ) n , ( n = 1, 2 , ) .

(14)

T h e boun dary con dit ion at the disk surface,

by introdu cin g eq.(13) into eq.(12a ), g enerates
the relat ion s show n below :

1 ( , 0) = ( 1 - i) cos (2 k ) , (15a )

2 ( , 0) = i cos 2 (2 k )

- 1 ( , 0)
cos (2 k ) , (15b )

n ( , 0) = ( - 1) n + 1

n !
( 1 - i) n cos n ( 2 k )

-
n - 1

p = 1

cos n - p (2 k )
( n - p) !

d n - p
p ( , 0)

d n - p ,

( n 3) . (15c)

F or the far - field boun dary con dition , ,
one obtain s , from eq.(12b ) togeth er w ith eq.(13)
:

n ( , ) = 0 , n = 1, 2 , 3 , . (15d)

Clearly , th e abov e sy stem of equat ion s ,
eqs .(14) and (15a )- (15d ), pose a w ell- posed
eigenv alue problem . By m ean s of th e
eigenfun ct ion ex pan sion t echnique, the solution
is acquired in the form of the F ourier - Bessel
fun ct ion s .

By w ay of abov e procedure, th e complet e

form al solut ion , un der E 1 but finit e, can
n ow be obtain ed a s

( v 0 + i u 0 ) = r
n = 0

n
n , (16)

from w hich u - and v - solut ion s to th e
secon d - order are giv en :

u 0 [ Im { }] = u ( 0) + u ( 1) + 2 u (2 ) + O( 3 ) ,

u (0 ) = r e - s in ( ) ,

u ( 1) = r
n = 0

e
a n ( s in ( b n ) - cos ( b n ))

I 1

I
J 1 ( n r) ,

u (2 ) = r
n = 0

e
a n [ ( 1 + a n - b n ) cos ( b n )

- ( a n + b n ) s in ( b n ) ]
I 2

I
J 1 ( n r) ,

F ig .2 Plot s of str eam funct ion . E = 10 - 4

and n = 1 . T he amplitu des , a , from
th e top frame, are : 0, 0.1, 0.2, 0.3.
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0 [ R e { }] = v ( 0) + v ( 1) + 2 v ( 2) + O( 3 ) ,

v ( 0) = r e - cos ( ) ,

v ( 1) = r
n = 0

e
a n ( s in ( b n ) + cos ( b n ))

I 1

I
J 1 ( n r) ,

v ( 2) = - r
n = 0

e
a n [ ( 1 + a n - b n ) s in ( b n )

+ ( a n + b n ) cos ( b n ) ]
I 2

I
J 1 ( n r) .

It follow s that th e v ert ical v elocity w and

pressure p can be procured by u sin g eqs .(1)
& (4).

T h e actu al calculat ion s , by summin g up an
appropriat e numb er of term s in th e ab ov e
equ at ion s , are str aightforw ard and easy to
implement .

Ex emplary str eam fun ct ion s near the w avy
disk are plot ed F ig s .2- 3.

In order to gain furth er in sight into the basic

phy sics , an asymptotic an aly sis under E 0
is produ ct iv e . In the n ex t chapt er , an explicit
complete solut ion w ill be ex amin ed.

4 . A s y m ptotic s olution , E 0

In an effort to reinforce th e complete form al
solut ion of the previou s chapter s , th e

asymptot ic solut ion in the lim it E 0 w ill be
discu s sed.

T h e radial v elocity , u , is

u = r Im{n = 0

n
n }

= r e - [ s in ( ) +

n = 1
( 2 )

n
C n s in ( - n

4 ) cos n (2 r)].(17a )

T h e azimuth al v elocity field , v , is

v = r R e{n = 0

n
n }

= r e - [ cos ( ) +

n = 1
( 2 )

n
C n cos ( - n

4 ) cos n (2 r)]. (17b )

T h e v ertical v elocity field , w , is obtained
from eq.(1) :

w = - 1
r

( r u )
r

d

= 2 e - {s in ( +
4 )

+
n = 1

( 2 )
n

C n s in ( + ( 1 - n )
4 )

[ cos n (2 r)

- ( n ) r cos n - 1 (2 r) s in (2 r) ]}- 1. (17c)

T he last t erm in eq.(17c), W ( r) , is an

F ig .3 Plot s of str eam fun ction . E = 10 - 4

and n = 2 . T h e amplitudes , a , from
th e top fram e, are : 0, 0.1, 0.2, 0.3.
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int egration con stant . T his can be det ermin ed
by makin g u se of the n on - perm eable condit ion
at the disk surface. F or this purpose, th e
n on - perm eable con dition , i.e.,

w ( r , = cos (2 r) ) = 0 , is

T aylor - expanded at = 0 . T h e resulting
equ at ion at each order is con sidered for sm all

, w hich leads to the det ermin at ion of the

int egration con st ant , i.e ., W ( r) = - 1 .

It is seen that , as show n in eq.(17c), a s

, w - 1. T his implies th at th e Ekm an
lay er pumping v elocity at the boundary lay er
edg e rem ain s unaffect ed by the introdu ct ion of
the w all w av in ess . T h e n on - flatn ess of th e
disk h as influen ce on th e v ert ical v elocity
distr ibut ion only w ithin the b oundary lay er
int erior .

It is u seful t o define th e

h orizontally - av erag ed v elocity at as

<X ( , r ) > =
1

0
X dr ,

in w hich X st ands for u or v . In view of

eqs .(17a ) & (17b ), the av erag ed u - an d v -
v elocit ies are

< u> = 1
2

e - s in ( ) - 1
4

2 e - cos ( ) + O( 3 ) ,

<v> = 1
2

e - cos ( ) + 1
4

2 e - s in ( ) + O( 3 ) .

In the abov e calculat ion , for simplicity , the

w av e number is as sumed to b e int eg er . A s
ex pected, the fir st term is th e sam e for the
ca se of a flat disk an d the effect of w avines s
reflect s on the second term .

T h e phy sical m eaning of the abov e
ex pres sion s is int eresting . F or a disk w ith

surface rou ghn ess w ith amplitude a , in
compression to th e case of a flat disk , th e
azimuthal v elocity increases in magnitude,
t og ether w ith th e thick ening boundary lay er .

T he radial v elocity u , how ev er , decreases in

m agnitu de as a increa ses w ith fix ed.
Con sequ ently , the ov erall Ekm an pumpin g at
the edge of the boun dary lay er rem ain s
unch ang ed, maintaining the con stant v alu e

giv en in eq.(17c ). In summary , w ithin th e
fram ew ork of th e st at ed a ssumption of the
present analy sis , th e Ekman pumpin g is
unaffect ed by th e presen ce of the surface
roughness of the disk .

5 . Con clu s ion s
An Ekm an boun dary lay er flow in du ced by

rapidly - rot at in g w avy disk w ith sinu soidal
ax isymm etric topography ha s b een studied.
T he sy st em Ekm an number is assum ed to b e

v ery sm all, i.e., E 1. T he amplitu de of disk
w av in ess is as sum ed to b e order of the
thickn ess of Ekm an boun dary lay er , i.e .,

( E 1/ 2 ) an d the w av e number of the disk
surface is as sumed to be v ery larg e, i.e .,

n O( E - 1/ 2 ) , w hich m ean s the radial
diffu sion t erm is negligible no long er .

An analyt ic solut ion has been obtained for

E 1 but finit e. Also, asymptot ic solut ion ,

w h en E 0 , w as secured. T hese solution s
clearly show som e phy sics of boun dary lay er
flow s w ith surface w aviness - effect . F or a disk
w ith surface rou ghnes s , in contrast t o the case
of a flat disk , the azimuthal v elocity increases
in m agnitude, together w ith the thickening
boun dary lay er . T he radial v elocity , how ev er ,
decreases in magnitude as the amplitu de of
surface w av in ess in creases . Con sequ ently , th e
ov erall Ekman pumping at the edg e of the
boun dary lay er rem ain s unch ang ed,
m aint aining th e con st ant v alu e, w hich is equal
to that of the flat disk .
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