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Abstract 

Tapping mode atomic force microscopy (TM-AFM) utilizes the dynamic response of a resonating probe 
tip as it approaches and retracts from a sample to measure the topography and material properties of a 
nanostructure. We present recent results based on nonlinear dynamical systems theory, computational 
continuation techniques and detailed experiments that yield new perspectives and insight into AFM. A 
dynamic model including van der Waals and Derjaguin-Muller-Toporov (DMT) contact forces demonstrates 
that periodic solutions can be represented with respect to the approach distance and excitation frequency. 
Turning points on the surface lead to hysteretic amplitude jumps as the tip nears/retracts from the sample. 
Experiments are performed using a tapping mode tip on a graphite sample to verify the predictions. 
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A Hamaker constant 
R tip radius 
z instantaneous tip-sample gap 
E* effective elastic modulus 
Etip  Young’s modulus of tip  
Esample   Young’s modulus of sample "

tip      Poisson’s ratio of tip "
sample   Poisson’s ratio of sample 

a0       intermolecular distance # *      equilibrium gap between the tip and sample 
Z       approach distance 
k       bending stiffness 
Fi       total tip-sample interaction forces $

c         cantilever material density 
Ec         cantilever Young’s modulus 
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Fig. 1 Schematic diagram of the experimental setup for 
measuring the nonlinear behavior near resonance 
of microcantilever interacting with sample
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Fig. 2 Experimental amplitude and phase (w.r.t. driving 
frequency) response of the silicon tip on HOPG 
sample. Nonlinear tip amplitude (a) and phase (b) 
response with 60nm tip-sample approach 
distance (in monostable region). Dots: response 
during frequency sweep-up; circles: response 
during frequency sweep-down. The arrows 
indicate the abrupt discontinuities in amplitude 
and phase that are important signatures of the 
nonlinear interaction potential. Tip amplitude 
indicates the peak-to-peak tip oscillation 
amplitude of the microcantilever. 
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Fig. 3 Two different tip-sample interaction regimes: (a) 

when the tip is located far from the sample ; and 
(b) when the tip-sample contact is initiated 

 
 

 

 
Fig. 4 Interaction model described by van der Waals 

and DMT contact forces. The interaction can be 
divided into two regimes: van der Waals force 
regime (Eq.(1)) and DMT contact regime 
(Eq.(2)). Negative interaction implies attractive 
force, whereas positive interaction in contact 
regime represents repulsive or elastic restoring 
force. 
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Fig. 5 Equilibrium solutions of the nonlinear 
equilibrium and their stability. The solid lines 
represent Liapunov stable solutions while the 
dashed line indicates an unstable equilibrium. 
Tip-sample approach: A � B � C� E� F. Tip-
sample retraction: F� E� D � B � A. 
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Fig. 6 Schematic diagram of the cantilever 

configurations: (a) Initial statically deflected 
configuration under van der Waals tip forces. Z is 
the approach distance in the absence of van der 
Waals forces. (b)Dynamic (current) configuration 
as cantilever vibrates about its electrostatic 
equilibrium.  
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Table 1  
Constants and properties of the Si microcantilever and 
HOPG sample used in numerical computation. 
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Fig. 7 The response prediction in monostable region 
using periodic solutions continuation and 
stability routines in AUTO. Solid/dotted lines 
indicate stable/unstable solutions, respectively. In 
(a), tip amplitude indicates the peak-to-peak tip 
oscillation amplitude of the microcantilever. In 
(b), phase between the first harmonic of response 
and the base excitation is computed in AUTO 
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<�4 5 5  y�'�_Q�

I  V - W-X  q�r*'  (-ª@j*F  H�#�b 5 O1y  0 G
'  Vd(  

� `  ���  IQW  V - W*X  q�r@'  t �  

Description Value 
Tip radius R = 20nm 
Cantilever length L = 240nm 
Cantilever width b = 64� m 
Cantilever thickness h = 2.1� m 
Cantilever material density $

c =2300kg/m3 
Cantilever Young’s modulus Ec =176 GPa 
Effective elastic modulus E*=10.4 GPa 
Static bending stiffness k = 2.0N/m 
1st natural frequency f1= 52.4kHz 
Q factor (in air) Q = 66.7 
Hamaker constant (Si-HOPG) A = 2.96 × 10-19 J 
Intermolecular distance a0 = 2.0 Å 
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� M  ) !  2-c , �  H�#�b  ���*(  g@h ( G@s��
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S v�T�© , © = , ����O 5  & ) (  /�� =  

�
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K�� j��dn . C�oQ6  ¡ <  � { ' J�(  ��)

c  O �  2dc�(  C�OQI-���  ?Q� / �Q�  w@q�' J
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