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Shape Optimization of the Cross-section of a Rotating Cantilever Beam

Jung Eun Cho and Hong Hee Yoo
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Abstract

When a cantilever beam rotates about the axis perpendicular to its longitudinal axis, its natural frequencies

vary. This phenomenon which is caused by centrifugal inertia forces is often referred to as the stiffening

effects. Since the variation of natural frequencies often creates critical problems for the rotating structures, it

is necessary to control the variation of natural frequencies. As the cross section of a rotating cantilever beam

varies, natural frequencies can be changed. The thickness and the width of the cantilever beam are assumed to
be cubic spline functions in the present work. An optimization method is employed to find the optimal
thickness and width of the rotating beam. This result can be used for the design of rotating structures such as

turbine and helicopter blades.
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Fig. 1 Configuration of a rotating cantilever beam
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Table 1 Data for numerical simulation

Young’s modulus(E) 69.0x10° Pa

Density( p) 2.71x10° Kg/m®

Length( L) 04 m
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Fig. 2 Band of 1* natural frequency vs. rotating speed

749

6.0 6.0

5.5 —&— Maximum result (Q_=0) 55
—e— Maximum result (_=300)
—&— Minimun result (Q_=0)
—¥— Minimun result (Q_=300)
— — -Thickness limit

Original shape

5.0 4 5.0

/-4_5
/
/
v

S IS S S

0.0

4.5

4.0 -\
—

3.54

3.5

3.0 4 3.0

Thickness(mm)

254 25

2.0 2.0

1.5 1.5

0.0 T T T
0.0

Length(m)

Fig. 3 Thickness shapes which maximize or minimize
1* natural frequency

w
a

—=&— Maximum result (Q_=0)
—&— Maximum result (Q_=300)
—4A— Minimun result (Q_=0)
—¥— Minimun result (Q_=300)
— — - Width limit

Original shape

w
S
1

N
o
1

N
153
1

Width(mm)
&
1

=)
1

o
1

=3

o
o

0.1 0.2

Length(m)

0.3

Fig. 4 Width shapes which maximize or minimize
1* natural frequency

3.3 5N Al IRAES PEzA| HI}
oulel = gl BAF AM S FATHY BHL
A 3}A] ME}E 3do] gle wWe IRETs
e @I SLdSA FAAZ A FEEAS
FAshe F5e Anee 4unE i o
u BAGe TEEAL et o] e 4
AT
Min/ Max F(X)=w, (100, X)
Subject to @,(0,X) —,(0,X,)=0
_[]Lh(X, x)b(X, x)dx < Lhyb, (15)
X, x)2hy, (0<x<L)
b(X,x)2b,, (0<x<L)
o714 X, =[0.002, 0, 0, 0, 0.035, 0, 0, 0] & ©]+=

T3 1ot 2t AANSES YET

Fig 5, Fig. 6, 18] 3 Fig. 78 9 Ao HA 3}
oR dojdl ANERA If{AES Wske}
el wstE vehdl= g Eolth

2~ 3
T3
w4



2003

Fig. 5+ 3|d 74455 7kl & A a4
AEFe] bedde wolFth vyl s
Gl HAH A AFAEEE AN, 2
AE5e Frhiol Webd & 9eg o Ast:
HolEuh, EI 3 ojFne] wWe] w3l
A, ngAEEt A Fosk A U
AEEst DGAEFE ALBHE 0GP E
EA8HA BEe BoEr

150 150
140 Natural frequency of uniform beam '/' 140
7 —-—- Maximum result Ve B

=--=-Minimum result

130 4 - 130

120 4 .+ 120
110 4 - 110
100 4 +— 100

90 - 90

80 - 80

Natural frequency (rad/s)

Natural frequency

= Rotating speed

70 70

60 - 60

50 50

80 100

Rotating speed (rad/s)

Fig. 5 Band of 1* natural frequency vs. rotating speed

55

55

—&— Maximum result
—A— Minimum result
— — —Thickness limit
Original shape

5.0 5.0

4.5 4.5

4.0 H 4.0

3.54 35
3.04 3.0

254 25

Thickness(mm)

2.04 20

1.5

A

— e
A

/ I~ /'/.

054 e e e e e e BT 105

F15

A

1.0 ]

1.0

0.0

0.0 T T T
0.0 0.1 0.2 0.3
Length(m)

0.4

Fig. 6 Thickness shapes which maximize or minimize
1* natural frequency

30 30

—=&— Maximum result
—A— Minimum result
— — - Width limit
Original shape

25 25

20 20

Width(mm)

__a
/-/'5"::___::::"’-“""-—-——._._.- 10

012
Length(m)

0.0 0.1 0.3 0.4

Fig. 7 Width shapes which maximize or minimize
1* natural frequency

750

avy

-

N ol

Fig. 63} Fig. 7 19| Zojo] w&
H3tE HoFE adoln AfEs
St 342 L pE 04L Fo AH
& Ha=E ste 42
—“%—E«l AFol A Fol= Ao &Y
Kol 9t} ﬂﬂ‘ﬁj—?(mﬂwb H7hE =
A% Al we} nfsFe S7HF gt
HoFoled & AT A= o9 fAke A
HolFa lvh

)
2,

NI
NN g% S [ & oo

to mo o\ wlo m X ku Lo,

1

o

X

1
L

o 7

3

0.

3.4 8H Al DRASS TAze| £}
o¥lel Qelz A4
ro AR $stel

=

FE2AS U Fht &
ul

A
hrd o

g d

=

100rad/s

1555 E 140rad/s B 7E5F2AS F7}
ste] AP ES AHREE v B4 g
TEH2AL g9 2ol yeRd 4 9l

Min/ Max F(X)=w, (100, X)
Subject to w, (0, X) = 140
@0, X)—w,(0,X,)=0

J;Lh(X, X)b(X, x)dx < Lhyb, (16)

WX, x)2hy (0<x<L)

b(X,x)2 by, (0<x<L)
Fig. 8, Fig. 9, 18]l Fig. 102> ¢ wAl9 A3}
FPo R dojxl Axsoln e WIket
gl Wats yede adselt 4E5=

100rad/soll A 52 =7 140rad/s7F A 9=

A7l B F4 Fig. 9% Fig. 100 Foixl A
o] F= 7P7<1U:1 °]:= Fig. 6% Fig. 79| i
[e) - & [e) [e) s}
IFAEFE A= 2o 4 v fAES
S 5 >~
gl & 9l
160 160
150 4 Natu_ral frequency of uniform beam L1150
—-—- Maximum result P
W 140 =--=-Minimum result o . 140
E 130 - - Arbitrary frequency /‘, [ 130
& 120 . 71120
c
§ 110 110
L
& 100 - 100
K]
5 904 P L 90
E 80 Natural frequency 80
= Rotating speed
704 70
60 - 60
50 T T T T 50
0 20 40 60 80 100
Rotating speed (rad/s)
Fig. 8 Band of 1 natural frequency vs. rotating speed



2003

5.0 5.0

—— Thickness shape
— — —Thickness limit
Original shape

45 4.5

4.0+ 4.0

3.5 3.5
3.0 3.0
254 /O 25

204 2.0

Thickness(mm)

1.54 15

1.0 1.0

05 = == m— e e e e e e e e == == 105

0.0 0.0

T
0.1

02 03
Length(m)

0.0 04

Fig. 9 Thickness shape of beam for a prescribed natural

frequency

25 25

—e— Width shape
— — = Width limit
Original shape

204

Width(mm)

0.1 0.2

. 0.3
Length(m)

Fig. 10 Width shape of beam for a prescribed natural
frequency

-

2
4
2
2

¢

o
iz b o
S
il
rOoL B
rgooh

flo

o M o, N, fob pf

= ]

E
il

2t o o rlo o rfE

rE

A
s
Lo

_O|L

ko

=

o
o o

o g
X o X
=

e
fo 0o

dob pft 1 ¥0 )y o ol ofh fob i S off Ho th
(L

O M rr
ﬂl?-z“l }-U.'.

+
¥ 2
1o

751

7|

o

o] = @ndsge A dFoista HAH
AA A7E AT A Adow Sy
AFU T

Hozd

(1) Southwell, R. and Gough, F., 1921, "The Free
Transverse Vibration of Airscrew Blades," British A. R.
C. Reports and Memoranda No.766.

(2) Scilhansl, M., 1958, "Bending Frequency of a
Rotating Cantilever Beam, "J. of Appl. Mech. Trans.
Am. Soc. Mech. Engrs, 25, pp.28~30.

(3) Carnegie, W., 1959, “Vibrations of Rotating
Cantilever Blading: Theoretical Approaches to the
Frequency Problem Based on Energy Methods,” J.
Mechanical Engineering Sci., Vol. 1, pp. 235~240.

(4) Yntema, R., 1955, “Simplified Procedures and Charts
for the Rapid Estimation of Bending Frequencies of
Rotating Beams,” NACA 3459.

(5) Putter, S. and Manor, H., 1978, "Natural Frequencies
of Radial Rotating Beams," J. Sound and Vibration,
56,pp.175~185.

(6) Kane, T., Ryan, R., and Banerjee, A., "Dynamics of
Cantilever Beam Attached to a Moving Base," J. of
Guidance, Control, and Dynamics, 10, 1987,
pp-139~151.

(7) Yoo, H., Ryan, R. and Scott, R., "Dynamics of
Flexible Beams Undergoing Overall Motions," J. of
Sound and Vibration, 181(2), 1995, pp.261~278.

(8) Yoo, H. and Shin, S., "Vibration Analysis of Rotating
Cantilever Beams," J. of Sound and Vibration. 212(5),
1998, pp.807~828.

(9) Yoo, H., 1995, “Flapwise Bending Vibration Analysis
of Rotating Cantilever Beams,” Transactions of the
KSME, A, Vol. 19, No. 2, pp. 348~353.

(10) Yoon, Y and Yoo, H., 2001, “Shape Optimization of
Rotating Cantilever Beams Considering Modal and
Stress Characteristics,” Transactions of the KSME, A,
Vol. 25, No. 4, pp. 645~653.

(11) Kane, T. and Levinson, D., 1985, Dynamics: Theory
and Applications, McGraw-Hill Book Co., New York,
N.Y.

(12) Arora, J., 1989, Introduction To Optimum Design,
McGraw-Hill Book Co., New York, N.Y.

(13) Vanderplaates Research and Development, Inc.,
1995, DOT user manual.

(14) Yoo, H., Seo, S., and Huh, K., “The effect of a
concentrated mass on the modal characteristics of a
rotating cantilever beam,” J. of Mechanical
Engineering Science, Vol. 216, Part C, pp. 151~163.



	INDEX
	제1발표장
	제2발표장
	제3발표장
	제4발표장
	제5발표장
	제6발표장
	제7발표장
	제8발표장
	제9발표장




