
1. Introduction

In nuclear power plant components and structures, 
almost all pressure boundary fatigue cracks can be 
initiated at welded joints. The mesh-insensitive 
structural stress procedure by Dong is modified to 
apply to the welded joints with local thickness 
variation and inignorable shear/normal stresses along 
local discontinuity surface. In order to make use of 
the structural stress based K solution for fatigue 
correlation of welded joints, a proper crack growth 
model needs to be identified.

By a recent review of a large amount of crack 
growth rate data collected from notched fracture 
mechanics specimens, there exist some significant 
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discrepancies in inferring the slope or crack growth 
exponent in the conventional Paris law regime. 
Some of the discrepancies can be attributed to 
specimen types and notch geometries used in 
testing and some can be attributed to so-called 
short crack anomalous growth effects observed in 
highly controlled testing conditions.

Conceivably, all these factors may affect the 
stress intensity behavior when crack size is small at 
notch, which may in turn contribute to the 
anomalous growth behaviors observed. It is well 
recognized that crack closure arguments were 
successful in explaining the discrepancies and 
so-called anomalous growth phenomenon in some 
data and not so successful on others. In the two- 
stage crack growth model was not considered since 
its applications are focused upon the fatigue 
behavior in welded joints in which the load ratio 
effects are considered negligible. However, in 
highly controlled crack growth rate tests using 
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typical fracture mechanics specimens without welds, 
the effect of R-ratio on crack growth rate have 
been investigated by many researchers [1,2]. It has 
been demonstrated that the effects of R become 
more pronounced when R becomes negative, 
particularly near the threshold regime.

In this paper, a two-stage crack growth law 
considering high mean loading is proposed and 
proven to be effective in unifying the so-called 
anomalous short crack growth data. Then, the 
effectiveness of the proposed two-stage growth law 
is demonstrated with some of well-known data.

2. Characterization of Far-field Stresses

As shown in Fig. 1, a typical through-thickness 
stress distribution at a notch root exhibits a 
monotonic through-thickness distribution with the 
peak stress occurring at the root of notch. It should 
be noted that in typical finite element based stress 
analysis, the stress values within some distance 
from the notch root can change significantly as 
different element sizes or element types are used in 
a finite element model, referred to as mesh-size 
sensitivity in those publications [3,4]. The 
corresponding statically equivalent structural stress 
distribution is illustrated in Fig. 2, in the form of a 

membrane component  and bending component 

, consistent with elementary structural mechanics 

definition:

(1)

The super script  signifies the definition of the 
structural stress is with respect to ligament length  
in Fig. 2(a) from the notch root. The normal 

structural stress  is defined at a location of 

interest such as at Section A-A from the notch root 
as shown in Fig. 1. A second reference plane can 
be defined along Section B-B in Fig. 1, along 
which both local normal and shear stresses can be 
directly obtained from finite elements solution. The 
distance , represents the distance between Section 

Fig. 1 Structural stresses calculation procedure for 
through-thickness fatigue crack

Fig. 2 Through-thickness structural stresses definition: 
(a) Local stress from FE model at a notch (b) 
Equilibrium equivalent structural stress of far-field 
stress (c) Approximation of self-equilibrating stresses 
(notch stress) with respect to a reference depth 

A-A and B-B (in local x direction) at the notch 
root. For convenience, a row of elements with 
same length of  can be used in a finite element 
model. By imposing equilibrium conditions between 
Sections A-A and B-B, the structural stress 

components  and  must satisfy Eqs. (2) and 

(3), if there is no loading between Section A-A 
and B-B:

(2)

(3)

The above two equations represent the line force 
and line moment relationships per unit thickness in 
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z direction. Since the stresses along Section A-A 
are influenced by the singularity at the notch root, 
the integrals in Eqs. (2) and (3) are performed 
along B-B.

In the present procedure, the mesh-insensitivity of 
the structural stresses calculated is ensured if the 
stress states two planes (A-A and B-B) can be 
related to each other in an equilibrium sense. As a 
result, the mesh size at the notch area (A-A) can 
be rather large, e.g., only one or two elements for 
the entire ligament for most of the fracture 
specimens. Note that as  becomes small (i.e. 
element size becomes infinitesimally small), the 
shear term drops out from Eq. (4), as:

(4)

However, for notched geometries, Eq. (4) was 
proven to be effective [5] for calculating the far 
field or structural stress when shear locking is 
negligible in element formulations, such as using 
parabolic elements with reduced integration. Then, 
Eq. (4) becomes more convenient use than Eqs. (2) 
and (3)

3. Fatigue Crack Growth Model Using 
Far-field Stresses

3.1 Stress Intensity Factor Estimation
Most cases in analyzing welded joints belong to 

lap fillet weld similar to the notch configuration 
show in Fig. 1. The stress intensity factor  

represents only the far-field stress combination to 
the stress intensity factor as described by Eq. (5) 
for a single edge cracked specimen.

(5)

The  and  in the Eq. (5) are 

(a) K versus  - T joint

(b) Derivative K versus K
Fig. 3 Stress intensity changes as a function of 
crack size 

dimensionless functions of relative crack size  
for the membrane and bending components of the 
far-field stress state, given in handbook such as [6]:

As discussed earlier,  and  signify far-field 

structural stress components that are defined with 
respect to the entire thickness. Once the structural 
stresses are available, the stress intensity factor can 
be readily calculated from the Eq. (5)

3.2 Fatigue Crack Growth Estimation
The notch-induced stress intensity behaviors can 
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be conveniently characterized by defining a notch- 
induced stress intensity magnification factor are:

(6)

In the Eq. (6),  represents the total  due to 
both the far-field stress and the local notch stress 
effects. The term  represents only the far-field 

stress combination to the stress intensity factor.
Furthermore, the elevated  in terms of  

dies out at a relative crack size of approximately 
 (see Fig. 3). It can then be postulated 

that the short crack growth process can be 
characterized by the two distinct stages of the  
behavior as a crack propagates from  to 

. Alone this line, it can be argued that 
two stages of stress intensity solutions in the form 
of the notch-stress dominated  and 

far-field stress dominated  can be 

separated to characterize the full range crack 
growth behavior from (small crack) to 

(long crack). Here, the term  refers 
the stress intensity factor range corresponding to 
remote stress range. It then follows:

 (7)

Taking advantage of the definition of the stress 
intensity magnification factor  in dimensionless 

form and assuming power-law forms for both 
 and , Eq. (7) can be 

re-written as:

(8)

The terms  and  have been discussed in 

Eq. (6). The exponents  and  are to be 
determined based on crack growth data covering 
both typical short crack and long crack regimes.

(a) 

(b) 

Fig. 4 Stress range and stress ratio definition in 
cyclic loading

4. Fatigue Crack Growth Model 
Considering R Ratio

There are various empirical ways to modify 
either conventional Paris law or two-stage growth 
law in Eq. (8) for treating the R-ratio effects. 

Recently, a  parameter has gained an 
increasing popularity in fatigue research community 
[7,8], defined as:

(9)

 refers the positive range of the stress 

intensity factor K corresponding th  in Fig. 4 
and  corresponding to . As shown in 

Fig. 4, two situations need to be considered, 
depending upon the load ratio ( ) is 

positive or negative.

4.1 Positive Stress Ratio

If , Fig. 4 shows that =  and 
= . Again, for an edge crack 

according to Eq. (5), it can be shown that:
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(10)

(11)

Substituting  and  in the above Eq. 
(9), one obtains:

(12)

Note that  represents the structural stress 

calculated with respect to . In view of the 
two-stage growth model in Eq. (8), the R-effects on 
the stress intensity factor range as described on Eq. 
(12) can be included either in the first stage of the 
crack growth of the second stage of crack growth:

(13)

According to a detailed examination of the 
existing literature involved with a large amount of 
experimental data including both short crack and 
long crack growth, the effects of the loading ratio 
R is more dominant when a crack is very small, or 
dominated by the first stage of the crack growth 
governed by exponent  in the present two-stage 
growth model Eq. (13). Indeed, this was also 
confirmed by this investigation. Therefore Eq. (13) 
will be used to incorporate the R ratio effects.

Note that  as a function of  remains the 

same as before. To validate the modified  two-stage 
growth model as described in Eq. (5), a subset of 
data from Fig. 5 with different R ratio from Shin 
and Smith[**] were re-analyzed using Eq. (13), as 
shown in Fig. 6. The regression correlation 

parameter  for the four sets of the data are 

noticeably improved (  versus ) 
once Eq. (13) is used, as shown in Fig. 5.

4.2 Negative R Ratio
If , it can be seen from Fig. 4 that 

=  and = . Then,

Fig. 5 Consolidated results of short crack growth 
data without high mean loading

Fig. 6 Validation of the modified two-stage crack 
growth model with high mean loading

Eq. (9) becomes:

(14)

With the identical procedure as section 3.2 above, 
the two stage crack growth model becomes:

(15)

Comparing Eq. (13) with Eq. (15), the load ratio R 
effects on crack growth rate are much stronger if R 
is negative than if R is positive.
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5. Conclusion

The major findings are as follows:
(1) Although short crack anomalous crack growth 

phenomenon was clearly shown by Wire and Mill 
(2002) the two-stage crack growth law considering 
high mean loading has been proven to be capable 
of correlating both the short crack data with long 
crack data with a unified slope.

(2) A two-stage crack growth law considering 
high mean loading is proposed and proven to be 
effective in unifying the so-called anomalous short 
crack growth data with those for long cracks, 

resulting in the regression correlation parameter 
=0.98

(3) The load ratio R effects on crack growth rate 
are much stronger if R is negative than if R is 
positive.
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