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Simulation of a Rotating Chain with an Absolute Nodal Coordinate Formulation
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Abstract

A physically simple but mathematically cumbrous problem of rotating heavy chain with one fixed top

point is studied. Nonlinear equation of its two-dimensional shapes of relative equilibrium is obtained and

solved numerically. A linear case of small displacements is analyzed in terms of Bessel functions. The

qualitative and quantitative behavior of the problem is discussed with the help of bifurcation diagram.

Dynamics of the two-dimensional model near the equilibrium positions is studied with the help of simulation
using the absolute nodal coordinate formulation (ANCF). The equilibriums are found instable, and the reason

of instability is explained using a variational principle.
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The problem to be discussed here could probably
have attracted many people’s attention if they ever
twirled a chain or rope in similar way that cowboys did.
That is why it is surprisingly that this very interesting
problem has almost been not described in the literature
before. We only could find paper[1] and similar work of
the same authors[2] that also stated that, to their
knowledge, there has been no solutions of this Aelicoseir
problem (from the Greek for rotating rope).

Our interest is to determine the exact shape of the
helicoseir and the conditions under that they exist. The
problem of determination of the shape of a continuous
medium subjected to rotation and some force and
constraint condition is, of course, not a new one and has
its own history. For instance, the catenary problem[3].
The problems arising here often have a simple physical
representation but surprisingly complicated equations.
Such is the case of the helicoseir problem, which exact
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solution is unknown..

The studied phenomenon is a nonlinear mechanical
system that is why we are especially interested in taking
into account large displacements and choose the absolute
nodal coordinate formulation[4] as the most proper in
this case.

This paper is devoted to the two-dimensional
simulation of the helicoseir problem. The variants of full
nonlinear configuration equation are discussed in
section 2, and the results are compared with these from
the preceding paper[2]. The dynamical formulation and
simulation results of 2D model using absolute nodal
coordinate formulation are in section 3 and 4,
respectively. Conclusions concerning instability of the
model and the reasons are in sections 5.

2. Equations of a Helicoseeir in 2D Case

The object is a rotating inextensible rope or chain,
which is fixed at the top point and twirled around a
vertical axis under uniform gravitational field. Now we
consider a two-dimensional problem, i.e. we assume that
the shape of the helicoseir is a flat curve in plane xy,
which is rotated around x axis,.

Let us consider the relative equilibrium of the part AB
rotating around x axis. We should account inertia forces
in addition to gravity forces, in accordance with
d’Alembert principle. One of the equations of this quasi-
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equilibrium is the momentum equation

> MR+ M (R =0,

keAB keAB

(1

which states that total sum of moments M, of gravity and
inertia forces w.r.t. point 4 is zero.
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Fig. 1 A chain rotating along the vertical axis

The part AB begins at point 4 given by arc coordinate
s with the origin in point O and end at point B when the
arc coordinate is equal to the total length ¢ of the chain.

Consider an infinitesimal element C(o) of part AB
marked by bold strip in. Let x(o) and y(o) be its Cartesian
coordinates, where ¢ is an auxiliary arc coordinate
running from s to length ¢. These coordinates can be
calculated as integrals

x(s) =jcos p(o)do, )
0
()= [sinp(c)do, 3)
0
with an unknown function ¢(¢) of slope angle. This

function defines the shape of our chain.
Using the introduced values, momentum equation (1)
assumes the form

[ y(0) (x(0) = x(5)) 1 do
“4)

g(¥(@)-y(s)) udo

o —

where 4 is the linear density of the chain material.
In the latter equation, the values x(s) and y(s) can be
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taken out of integrals because the integration is assumed
over o:

gy(s) [do - a*x(s) [ W(o)do
= J;y(O') (g - a)zx(O'))da

To avoid integrals let us note that I édg =¢—g and

differentiate the latter equation with respect to s,
applying a rule of derivating integrals with respect to
their limits:

g(l=5)y'(s)=g ¥(s)=@’x'(s) [ ¥(o) do
+ 0 x(5)(s) = —y(s) (g - 0 x(5))

where we introduce the derivatives x'(s) =dx/ds and
Y'(s)=dy/ds . Simplifying, the latter equation
becomes

/
g(l=5)y'(s)-o’x(s) [y(o)do=0. (5
Dividing by  gx'(s) we note that

V'(s)/x'(s) = tan@(s) (see definitions (2) and (3))
and introduce a new unknown function

i(s) = tango(s) ©)
as well as a new parameter
a,=w’lg. %

In paper [2], the authors used similar dimensionless
frequency parameter & = a)zf/ g, so we can establish
the following relationship between them:

a,=all.

®)

Then, after dividing by g x'(s), equation (5)
becomes

(L—s)t(s) —affy(a) do=0

and can be differentiated again:
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(l-s)t'—t+a,y(s)=0. ©)

The final differentiation turns the equation into

({—s)t"-2t'"+a, sinp(s)=0,

or, substituting sine in terms of tangent:

” ' a[ t
(L-s)t"-2t'+—=0. (10)
1+

Second-order differential equation (10) is the

simplest known form of configuration equation

describing the equilibrium shape of helicoseir. Using
substitutions /—s=¢ , t(s)=7(g) it can be
shortened little again and represented in an equivalent

form:  ¢r"+27'+a,r (1+7°)"* =0 or even

(gzz“)'+0{€g2'(1+2'2)_1/2 =0, but it is more

convenient for us to use argument s instead of ¢.

3. Formulation and Simulation with ANCF

3.1 Absolute Nodal Coordinates

Since we do not know any analytical solution for
dynamical and even for statical shapes of the helicoseir
in nonlinear case, we try in this section to simulate its
motion using a finite-element approach called absolute
nodal coordinate formulation (ANCF).

The literature devoted to implementation of the
ANCF for two-dimensional beams is numerous papers
[5-15]. In our case of helicoseir, which is considered as a
thin heavy beam, the most convenient abstraction is
Euler-Bernoulli beam model.

The current implementation proposed below repeats
most details published in paper[8]. However it has some
special features. The first is that the helicoseir has no
bending stiffness and only longitudinal forces appear.
The second is the presence of centrifugal inertia forces
due to rotation of the coordinate system.

r(p)

o

X

Fig. 2 Two-dimensional Euler-Bernoulli beam element
using ANCF
A finite element of a 2D Euler-Bernoulli beam is
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shown in Fig. 2 . Its middle line is parameterized by
value p=0.../, where [ is the initial length. Vector e of its
absolute nodal coordinates contains position vectors €y,
e; of the end points and tangent slope vectors e,, e, at
these points:
T AT AT oTT

e=1{e .e,.e;,e,} . (11)

Note that the components of vectors €, are not
supposed small and tangent vectors €,, &, may have non-
unit length.

The position of an arbitrary point of the element
centerline can be found as

4
r=>se.
k=1
where the beam shape functions are introduced:

S(P)=1-3+22, s,(p)=1(E-25+&),
(=328,  s(p)=1&-&),

(12)

&=pll.

3.2 EOM and Mass matrix
Equations of motion of the beam element can be
obtained from Lagrange equations

(%)

!
with the kinetic energy 7' =%IO ,Lthf dp (u is the

d

dt

_or oUW
oe oOe oe

linear density in kg/m), the strain energy U and the
virtual work oW of external gravity and centrifugal
forces, see below.

Taking into account relation (12), we find that the
equations assume the matrix form([8]

ME+Q°(e)=Q% +Q(e), (13)
where
1561 symm.
v o AL| 220 411
420 541 1311 1561
—13/1 =321 —-2211  47%1

!
M, = u[ss,dp 1 =M,
0

[ —
M.

is the mass matrix represented in a block form,
I=diag(1,1) is identity matrix. The generalized gravity
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Q¢ and centrifugal inertia forces Q% due to rotation of
the non-inertial reference frame are introduced in section
3.3, while the generalized elastic forces are briefly
reviewed in section 3.4.

3.3 Generalized Forces
Consider a 2D beam finite element in the coordinate

frame xy, which is rotating around axis x as shown in Fig.

3. This fact results in the explicit arising of centrifugal
inertia forces applied to the FE, which have not been
published in the literature before. That is why we start
with the thorough introducing more usual generalized
gravity forces and after that turn to the inertia forces.

W ¢
0)

¢

Y

p=0

np) p
dm

x(p) df

p=I

er
¥ d

Fig. 3 Gravity and centrifugal forces applied to a FE

Gravity force applied to an infinitesimal particle with
mass dm is df* =dm gi=pugdpi, where dp is
length of the particle and i= {1, 0}" is the unit vector of

axis Ox. Then we calculate the virtual work of this
gravity force and intergrate it over the beam FE:

gl

Here we use relation (12) as well as notation

4

Zﬁe?s[

i=1

SWE = erTdfgf

FE

]ﬂgdpi

4
= z de; 5, ug |
i

I
S, = J-OS[ (p)dp for the integration of shape functions

S
Now, the generalized forces are calculated as
gradients: Q¥ = SWgr/ de, =5,ug i, and full vector

corresponding to gravity forces is
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QU] [(ugl/2)i
ov - | & | _ (el /1D)]

QY| |(ugl/2)i

Q¥ |- (ugl’/12)i

Similar calculations can be done for the elementary
centrifugal force

df' =dm 0’y j= po’ydp j,

where j = {0, 1} is the unit vector of axis Oy. The
component y is the 2" component of the radius-vector r
of the beam particle and can be calculated as [8]

4
y=(r),= Zsk(ek)z , (14)
k=1

where (), denotes the 2™ component of the vector €.
The latter vectors are parts of vector of nodal coordinates
(11). If e is treated as a vector containing scalar values

then €= {el,ez,...,eg}T . It is evidently then that
(e,), =e,, informula(14).

Virtual work of inertia forces takes the form

3w = [orTdf
FE

B

where My are scalar components of mass matrix, and
generalized forces are

4

= a)zzMikeij .

i k=1

Sch
cf _
Q Se

The full vector of generalized centrifugal forces is
calculated by formula

Q" (€)= > M{ L,

using the definition of the mass matrix.
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3.4 Strain energy

The vector of generalized elastic forces Q°=0U/de is
the most cumbrous one due to complexity of the strain
energy U. We assume the helicoseir to be a chain
(without bending stiffness) that is why its energy is that
of longitudinal deformation only:

U

le .

with the longitudinal deformation ¢. Longitudinal
stiffness E£A4 is supposed constant within the beam
element.

Longitudinal elastic forces are gradient vectors of the
corresponding strain energy U:

. U
Qi_aei

‘ oe
=FA|le—dp.
-([ oe.

l

(15)

This expression contains the longitudinal deformation
1
e=|r|-1=~r"r-1= E(r'Tr' -1, (6

where prime denotes derivative w.r.t. arc parameter p. In
paper [8], it was shown that the latter formula represents
Green’s non-linear strain-displacement relationships[16]
in the 1-dimentional case.

The longitudinal deformation (16) and its gradients
can be expressed in terms of shape functions and nodal
coordinates (12) as follows:

1 4 4
&= E(Z D sisiene, —IJ, (17)

m=1 n=1

(18)

Direct substitution of expressions (17) and (18) into
(15) leads to elastic forces and the Jacobian matrix of
elastic forces were explained in paper[8].

4. Simulation Results

Due to absence of analytical solution for dynamical
shapes of the helicoseir, we used absolute nodal
coordinate formulation implemented in the program
package Universal Mechanism(www.umlab.ru) for
numerical dynamic analysis of the model.

We used the following parameters of the helicoseir:
length £=1 m, gravity acceleration g=9.81 m/s>, angular
velocity of rotation: w =12 rad/s (a=14.7) for the second
form and w =20 rad/s (a=40.8) for the third form.

We used a high value of Young modulus £=10" Pa
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in finite-element models in order to approximate an
inextensible chain assumed in theoretical investigations
in section 2. Density # and geometrical parameters of the
cross section are not significant and can take arbitrary
values.

Damping forces
Rayleigh model[16].

were simulated using simple

Qdamp :}/M é,

where M is the mass matrix, y is the damping ratio,
which numerical value was set to 10 to provide high
dissipation of energy.

078910 11 12
Fig. 4 Instability of the 2" mode in 2D

(w=12rad/s, a=14.7)

time=0

0.6

0304 05
Fig. 5 Instability of the 3" mode in 2D
(0 =20 rad/s, a=40.8)
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Initial configurations of the helicoseir were calculated
numerically as described in section 2. Initial velocities
were set to 0. The sequential positions of the helicoseir
during its motion are represented in Fig. 4 and Fig. 5.
The figures show instability of both 2™ and 3" modes:
because the initial positions obtained from numerical
approximate solution are not exact equilibrium positions,
the helicoseir runs quickly away from these to a position
corresponding to the 1% mode at given frequency
parameter a. Thus, it can be shown that the numerical
simulation proves instability of all higher equilibrium
modes except the 1* one.

=

2 =

5.

We considered a helicoseir problem, which is
phenomenologically easy-to-implement but represented
by surprisingly complicated nonlinear equations of
relative equilibrium. We studied the preceding paper by
Silverman at al., redeveloped and simplified their
equations in two-dimensional case as well as the
boundary conditions. This allowed us to obtain the
bifurcation diagram of this problem.

We also studied the stability of the equilibrium
configurations of the two-dimensional model with the
help of simulation using the absolute nodal coordinate
formulation; we found that all higher modes of the
equilibrium except the first one are instable. This means
that the helicoseir in reality has no relative equilibrium
positions and its shape is three-dimensional; its motion,
probably, looks like self-excited oscillations.

In the future, we intend to study full three-
dimensional model of the helicoseir.
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