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SUMMARY

Locus ordering is the necessary step in constructing genetic map, and
the construction of reliable and fine genetic map is one of the most important
issue in genetic research area. Locus ordering searches for the best locus
order among the possible orders and it amounts to evaluating the maximum
likelihood for each order. With only 10 loci, for example, there are 1, 814, 000
possible orders, and therefore, locus ordering entails a big computational
problem. In this paper we suggest a useful algorithm for loci ordering via
the Fiedler vector. The suggested algorithm is easy to compute and can
handle many loci simultaneously. Furthermore, the required computation
time is very short compared to others and the result of locus ordering is very
accurate.

1. INTRODUCTION

Locus ordering is the necessary step in constructing genetic map, and
the construction of reliable and fine genetic map is one of the most important
issue in genetic research area. A locus is the chromosome location of a gene or
any specific DNA sequence, and can be regarded as a point on a line. Locus
ordering is a linear arrangement of genes or genetic markers in a linkage group
which is a group of genes with their loci located on the same chromosome.

Let I;,l5,---,1, denote n loci in a linkage group, then our interest is
ordering n loci to construct genomic map based on two-point recombination
fractions r;;, 1 <i < j < n for a pair of loci 4 and j, which usually ranges
from 0 to 1. If two loci ¢ and j are closely located, i.e., tightly linked, then
r;; is close to 0, and if not it is away from 0. With n loci, there are n!/2
possible orderings if the orientation of the orders is ignored. Locus ordering
searches for the best locus order among the possible orders and it amounts
to evaluating the maximum likelihood for each order. With only 10 loci, for
example, there are 1,814,000 possible orders, and therefore, locus ordering
entails a big computational problem. To avoid this problem, a locus order-
ing minimizing the number of crossovers was regarded as the best ordering,
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and this method has been shown to be the maximum likelihood ordering
under the full penetrance assumption, i.e. lack of interference, by Thomp-
son(1984). Also, several other approaches are closely related with this idea.
Among them, Falk(1989) suggested the minimum sum of adjacent recombi-
nation fractions criterion, Weeks and Lange(1987) suggested the maximum
sum of adjacent lod scores criterion, minimum sum of the probability of
double recombinants (Knapp et al. 1989), maximum likelihood (Lander and
Green 1987), minimum obligatory crossovers(Thompson 1989). Comparisons
among those methods were done by Kammerer and MacCluer(1988) and Ol-
son and Boehnke(1990) when the number of loci is 6 or 7. For details, see
Weeks(1991) for an overview in locus ordering.

In this paper we suggest a useful algorithm for loci ordering via the
Fiedler vector(Fiedler 1973, 1975). The suggested algorithm is easy to com-
pute and can handle many loci simultaneously. Furthermore, the required
computation time is very short compared to others and the result of locus
ordering is very accurate. In §2, we introduce basic definitions of graph
theory including the Laplacian matrix and the Fiedler vector, and give moti-
vation on locus ordering. In §3, a locus ordering algorithm is suggested. An
illustrative example based on the barley data is given in §4.

2. THE FIEDLER VECTOR
2.1 Laplacian matriz and Fiedler vector

A graph G = G(V, E) consists of a set of vertices V' and a set of edges E. Two
vertices v; and v; of a graph G are said to be adjacent if there exists an edge
e;; connecting v; and v;. The degree of a vertex v; is defined as the number
of adjacent vertices to v;. The adjacency matrix A = A(G) of a graph G
with 7 vertices is defined as an n X n symmetric matrix with components
aij, where the diagonal elements a;; are equal to zero for all © = 1,2,...,n.
The Laplacian matrix of a graph G is defined as L(G) = D(G) — A(G),
where D(G), called the degree matrix, is a diagonal matrix with the ith
diagonal element d; = 37, a;;. Note that the Laplacian matrix is symmetric
and positive semidefinite. If the graph is connected, then the rank of the
Laplacian matrix is n — 1, so that the smallest eigenvalue of L = L(G) is
zero with constant eigenvector and all other eigenvalues are positive. Let
0=2X < M <--- <\, be n eigenvalues of L in an increasing order, then an
eigenvector corresponding to A2, the nonzero smallest eigenvalue, is called the
Fiedler vector and an eigenvector corresponding to Ay, is called the Frobenius
vector.
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2.2 Motivation on locus ordering

Here we describe how to use the Fiedler vector to locus ordering based on
estimates of recombination fraction ri; between two locii and j, 1 <i < j <
n. To use the Fiedler vector to locus ordering let the adjacency between two
loci ¢ and j be a;; = 1 — r;; because if two genes are closely located then a;;
will be large. Also, let z = (21, ..., 2z,)’, where z; denotes the relative order
of the ith gene among n genes. Therefore, estimating the order of n loci
for each gene corresponds to finding z. Then, this goal can be achieved by
minimizing the weighted sum of squares

1 n n
Q=322 (2~ ) e

To avoid the trivial solution z; = 0 for all i, the constraint z'z = 1
is imposed. Also, the constraint z'1 = 0, where 1 = (1,---,1), is imposed
since the minimum is invariant under translations. Therefore the problem
can be rewritten as

argmin 5> (2 — 2)%a; subject toz'z=1and 2’1 = 0.
i1 j=1

[N

To solve the problem, note that

1

QR = 3 E?=122}1=1(2i2 — 2225 + ij')aij
= Y1 7di — Xy Xiy, %7405
= z'Lz

To minimize @ subject to z'z = 1, use Lagrangian method, i.e., for a La-
grangian multiplier A,
T = ZLz— \z'z—1)
6—T- = 2Lz—-2Xz=0
0z

= (L-ADz=0

which yields a nontrivial solution z if and only if A is an eigenvalue of L and
z is the corresponding eigenvector. By multiplying z’ on both sides, we have

zZLz = )\
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Therefore, the nonzero smallest eigenvalue and the associated eigenvector,
which is just the Fiedler vector, yields the optimal solution.

3. LOCUS ORDERING ALGORITHM
3.1 Hard and soft-thresholding

As is well known each observation is contaminated by noise such that
the observed value can be regarded as a sum of the deterministic part and the
noise part. Therefore, to obtain better trend for given data sets we need to
remove the noise part, and this step is also necessary in locus ordering. As a
method of shrinkage, we use the hard- and soft-thresholding functions given
by tgy(z) = zI(|z| > 6) and tg(x) = sgn(z)(|z| — &)+, respectively. Note that
§ > 0 is a thresholding parameter to be estimated. There are many methods
of estimating the thresholding parameter, and we will discuss them in §3.2.

Let t = (t(1),---,t(n)) and e = (e(1), - -,e(n)), where ¢(i) denote the
true order of the ith gene and e(i) denote the estimated order of the ith gene,
respectively. The accuracy of the estimated order e can be measured by

NCL = i I(t(i) = e(2))

i=1

and
PIL = Z| i) — e(3))]

where NCL(number of correct loci) denotes the number of correctly ordered
loci and PIC(penalized incorrect loci) denotes the number of incorrectly or-
dered loci with the discrepancy as penalty. Therefore, good ordering should
have both the large value of NCL and the small value of PIL.

3.2 Estimation of thresholding parameter

Let 21, 2o, - - - , Zn be corresponding eigenvectors of eigenvalues 0 = A <
Ao < +++ < A, of the Laplacian matrix L, respectively. Note that z is the
Fiedler vector and it contains the ordering information on n loci. To choose
the thresholding parameter d, note that as ¢ increases Ay decreases, and we
get more information as A; becomes smaller. However, if § is too large, then
A, will be zero so that we lose all the information. To solve this contradicting
situation, we consider \3. Since the eigenvectors z; and z3 are orthogonal,the
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information contained in z3 is independent on the information contained in
Zo. Therefore, it is desirable that A, must be relatively small compared to As.
Then, most of locus ordering information is contained in the corresponding
eigenvector z,. Hence, to estimate the thresholding parameter §, we propose
to choose 6 which maximizes

A= A3/

4. EXAMPLE

As an illustrative example, we consider 26 loci of barley chromosome IV
generated by the North American Barley genome Mapping Project (NABGMP).
Based on the several preliminary locus ordering method it has been known
that the best ordering for the 26 loci is 1,2, - +,26, where each number rep-
resents the relative locus of each gene. By applying the proposed method in
§3.2, we obtained § = 0.58 as a thresholding value. Based on this value, we
get the exactly the same order as the result given by the existing methods.
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