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ABSTRACT

For the almost certainly convergent series S, of independent ran-
dom variables, the limiting behavior of tail series T, = S — Sp,—1 is
reviewed. More specifically, tail series strong laws of large number
and tail series weak laws of large numbers will be introduced, and
their relationship will be investigated. Then, the relationship will
also be extended to the case of Banach space valued random ele-
ments, by investigating the duality between the limiting behavior of

the tail series of random variables and that of random elements.

Keywords: Real separable Banach space, Rate of convergence, Almost cer-
tain convergence, Convergence in probability, Tail series
1. Introduction

The primary objective of the current work is to review the previous

studies on the rate of convergence for an almost sure convergent series. Let
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{Xn,n > 1} be random variables and let {V,,,n > 1} be Banach space
valued random elements defined on a probability space (2, F,P) and, as
usual, their partial sums are denoted by S, = >.7-; X; (resp., Sp = Xoieq Vi),
n > 1. If the series S, converges a.c. to a random variable (resp., a Banach
space valued random element) S, define (set So =0) T,, = S — Sp—1,n > 1.
Then the tail series {T,,n > 1} is a well-defined éequence with

T, — 0 a.c. (1.1)

The sequence {Xn,n > 1} (resp., {Vo,n > 1}) is said to obey the tail
series weak law of large numbers (WLLN) with positive norming constants
{bp,n > 1} if the tail series {T,,n > 1} is well defined and for a given

sequence of positive constants with b, = o(1),

£,0, (1.2)

S|53

and is also said to obey the tail series strong law of large numbers (SLLN)
with norming constants {b,,n > 1} if the tail series T}, is well defined and

for a given sequence of positive constants with b, = o(1),

Iy
7 0 a.c. (1.3)

n
In this paper, for independent summands of random variables (resp., Banach
spaced valued random elements), we shall be concerned with the rate in
which S, converges to S, or equivalently, in which the tail series T}, converges

to 0.
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2. Tail series of independent random variables

Pioneering work on the limiting behavior of the tail series of random
variables {T,,n > 1} was conducted by Chow and Teicher (1973) wherein
they obtained a tail series law of the iterated logarithm (LIL). After nu-
merous other investigations on the tail series LIL problem had been made,
the tail series SLLN problem was studied by Klesov (1983, 1984), Mikosch
(1990), Nam and Rosalsky (1995a) and Nam (2004).

Recalling that (1.1) is equivalent to

sup [T;| -2 0,
j=>n

Nam and Rosalsky (1995b) provided various sets of conditions in order for

the limit law

=z P 2.1)

to hold for a given sequence of positive constants {b,,n > 1}, and then this
result was generalized by Sung and Volodin (2001). When 0 < b, |, Nam
and Rosalsky (1995b) observed it follows from

sup |Tj]
jzn < sup ITJ’
bn i2n b;

that the tail series SLLN (1.3) implies the limit law (2.1) and that (1.3) is

indeed equivalent to the apparently stronger limit law
sup | T}
j2

= —0a.c. (2.2)
bn

They also provided an example wherein the limit law (2.1) holds with
0 < b, | but SLLN (1.3) fails. In their follow-up article, Nam and Ros-
alsky (1996) proved apropos of the sequence of random variables that the
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tail series WLLN (1.2) and the limit law (2.1) are indeed equivalent when
0 < b, |, thereby establishing the validity of a conjecture posed by Nam
and Rosalsky (1995b). Moreover, Nam and Rosalsky (1996) provided an
example showing that without the monotonicity condition on {b,,n > 1},
the tail series SLLN (1.3) (as well as tail series WLLN (1.2)) does not imply
either of the limit laws (2.1) or (2.2).

3. Tail series of independent random elements

Throughout this section, {V,,n > 1} is a sequence of independent ran-
dom elerﬁents taking values in a real separable Banach space X with norm
[|-]|. The limiting behavior of the tail series of Banach space valued random
elements was investigated by Dianliang (188, 1991). Rosalsky and Rosen-
blatt (1997) provided conditions in their theorem in order for the limit law

sup;on I3 7

o 0 (3.1)

to hold for a given sequence of positive constants {b,,n > 1}, thereby
extending Theorem 4 of Nam and Rosalsky (1995b) which pertained to
only the random variable case. When 0 < b, |, Rosalsky and Rosenblatt
(1997) observed that the tail series SLLN (1.3) implies the limit law (3.1)
and that (1.3) is equivalent to the apparently stronger limit law

sup ;s T3]

b 0 a.c.

Nam et al. (1999) extended the Nam and Rosalsky (1996) equivalence
between the tail series WLLN (1.2) and the limit law (3.1) from the random

variable case to the case of Banach space valued random elements.
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