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Laplace Transforms of First Exit Times
for Compound Poisson Dams
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Abstract

An infinite dam with compound Poisson inputs and a
state—dependent release rate is considered. We build the Kolmogorov's
backward differential equation and solve it to obtain the Laplace
transforms of the first exit times for this dam.
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1. Introduction

We consider a dam of infinite capacity which water flows in according to a
compound Poisson process {A(p,t >0} and flows out with a release rate ,(y)
depending on the present content , of the dam. The compound Poisson

process {A(f),t =0} can be expressed by
M ®)
A=,

where {(N(D, =0} is a Poisson process with intensity ) and S, S, are
i.i.d. random variables with common distribution ; We assume that G(0)=0
and S, are independent of the arrival process {N(D), =0} If we let X be

the content at time j; then its sample paths satisfy the following storage
equation:

X()=x+A()— [ X)) ds, 120

with X(0)=x being the initial content of the dam. We assume that 70)=0
and ") 1s strictly positive, left continuous, and has a strictly positive right
limit at every point in () c0). We also assume that for any ()¢ < oo

|
fo ") dy<eo,

meaning that level zero can be reached in a finite amount of time from any
level 45 (-
Harrison and Resnick(1976) derived the first exit probability that the content
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exceeds one specified level before it reaches the other specified level,
starting from some level between them. For the case of constant release rate,
Perry et al.(2002) found the Laplace transform of the first exit times for the
infinite dam while Bae et al.(2001) obtained the Laplace transform of the wet
period of the finite dam. Kinateder and Lee(2000) determined explicitly the
expectation of the first exit time by adopting the martingale arguments in
Rosenkrantz(1983) when the release rate is constant. Kella and Stadje(2001)
especially computed the Laplace transform of the first hitting times for the
dam with exponential jumps and linear release rate.

In this paper, we extend the results in Bae et al.(2001) of constant release
rate into the case of the general release rate function. In the following
section, we obtain the Laplace transform of the first exit times for the infinite
dam. To do so, we derive an integro—differential equation based on the
method of Kolmogorov's backward differential equation and solve it in terms
of a certain positive kernel.

2. Laplace transforms of the first exit times

We assume that (< 4¢ g<¢ o For 5< x< g, we define

T . 8(x) = inf {t=01X(?) 2(a, B], X(0)=x}
representing the first exit time from (o, Al for the process (X(D), =0}
starting at X(0)=x Then, the Laplace transform of Ta//?(x) can be given by

b dx, 0 =He "]
= ¢ ap(x, O+ Foplr, 0), 60,

where

¢ 0sCr, O =He "1 (xr. sl (1)
and

& 05 0 =He "1 ir. oy—al. 2

Here if we define

oo FX(T, (0)=a,
Tayﬂ(’@—{n,ﬂw i )«Ta,/g(ﬂg)m,a

and

[T, (0 if X(T,{x)=a,
72a,ﬁ(x)_[oo o zf X'(Taii)»ﬁcf

then the functions B and Fus of (1) and (2) are the Laplace transforms of
Taﬂ(x) and ﬁaﬂ(x), respectively, given by

¢ o, O=He "Y1, 60

and
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# ot O=He "T=91 650,

Let Fla,ﬂ(x, t):p{ Tlaug(x)ét}- Clearly Yia,ﬂ(a/):Oo and then };ia’ﬁ(a,,t):o
for all 4>(. For 4¢ x< g, we employ the method of Kolmogorov's backward

differential equation to get Fa/g(X,l‘)- Conditioning on whether an input of
water into the dam occurs or not during the infinitesimal interval (0, 4] gives

T! w3 (x—7r(x) 4D + 48, if wmo imputs occur,
T wp={ T wgx—r(0dt+S)+ 4,  if an input occurs and S<B—x+ r(x) At
A, if an input occurs and S> f—x+ r(x) At

where ¢ is the generic random variable with distribution ( Since the
probability that two or more inputs occur during 0,4 Wwe have that, for

>0
F'y (e, = (1—=24) F', ;(x— A ) 4t, t—40)

B—x+r(x) 4t

+ A4t fo F' = A0 dt+ 2, t— ADdG(2)

+ 2401 — G(B—x+ A x)4)]1+ o( 4D,
where o( 4D/ At goes to zero as (- Dividing each side of the above
equation by 4 and letting 4 go to zero yield

Kx)% F o sx, t)+% F s d= —AF ,4x, t)+’1foﬁ_xFla,ﬂ(x+Z» hdz) ()
+A1-GB—x].

Putting y—p—x.  F300=F 48—y and  "Wy)=np—y for the
convenience of analysis, the equation (3) can be rewritten in

~H S b g Fusd= -2 F oot Fo-zndda @

+A(1-&y), 0=KB—a
and the Laplace transform ﬁaﬂ(x’@ of Taﬁ(x) can also be written by

¢ o 5(x, )= fo e "d,F', 4(x, D
= [ e " F s 0lses
= g-l'a,ﬂ(yye)-

Since ’Ea’ﬂ(y, 5):@1)@@*6’1‘?&3(%,})6{;, by multiplying g,—% on both sides of

the equation (4) and integrating both sides with respect to ¢ from O to oo, we

have the following integro-—differential equation for gwl

2 B s 0=h0 0+ [ K0,2,0d. F 420, 5)
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where

A, 0:= B, 50, OLO+AL— G —A(1— ) A ) (6)
and

K(yv Z’ 9): = : ’
)
where parameters , and g are omitted in the notations of functions ACH)

and K(+) for the simplicity.
In a manner analogous to that in Harrison and Resnick(1976), let

K'(v,2z,0)=K(y,2,0), 0<z{y{B—a, =0
and define its iterates recursively by

K" Y(y,2,0) = ny”(y, w, K (w, z, 6)dw
= nyl(y, w, DK (w, z, Hdw, 0<z<{y{B—a, 0=0,

for ;>1. Using the bound Kl(y z 6)<(6+2)/ A y)y 1t follows easily by
induction that

O+ " [ = dul”
. & 0<z{y<{B—a, 0620,

Hy)n! ’

K" (y,z 0)<

for all ,>1. Thus the kernel

K*(v,z, 6): = ;K”(y,z, 0)

is well-defined. Iterating the relation (5) for N—1 times gives

y N—1 y
0 Tk 0 =00+ [ 1120 [K 0z 0+ [ K020 5T L ).

Letting pr>c0 and using the dominated convergence theorem, we conclude

that the derivative § ’Eaﬂ(ya )/dy is given by

yay BToA D =F 0+ [ (2, OK (3,2, O)dz.

Substituting A, 0 of (6) into the above equation and then integrating it
with respect to y from O to ; yield

D0 = B0 001+ f;my,o,e)dy] 7
— [ Kw,0.00+ [ K, 0. 0d)do, 0=2¢s—a, 020.

From the boundary condition that it follows that
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B—a L—a
f K(w,0,0)[H—f K(y, w, 0)ayldw
P 50,0="" v

B—a

1+f K'(v,0,0)dy
0

which completes the function gw(z,@ of (7).

By the similar method we can show that the Laplace transform

¢2a,,@(2, Or = ¢2a,ﬁ(,8_2,19) 1s given by
1+f02K*(y,0,t9)dy

(2. 0= . 0=z(B—a, 6>0.

B—a
1+f0 K'(5,0,0)dy

Remark We note that ¢1a,e(x,0) is the probability that the content process of

the dam operating with the release rate function A+ which starts from ,,
up—crosses level B without reaching level , and is given by

x B
# (e 0= | K(B=300a1+ [ K(8=30,0d,

which coincides the first exit probability %) for the case that ,—, and
b=p in Harrison and Resnick(1976). Moreover the probability g1,20118(9@0) 1s that
the dam process reaches , before hitting 8 when it starts from ,, that is,

¢2a,ﬁ(-x,0) =1- ¢1 a,,@(x,o)'
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