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Predicting Micro-Thickness of Phase Fronts in Propellants

Jai-ick Yoh*

ABSTRACT

I consider the structure of steady wave system which is admitted by the continuum equations
for materials that undergo phase transformations with exothermic chemical reaction. In particular,
the dynamic phase front structures between liquid and gas phases, and solid and liquid phases
are computationally investigated. Based on the one-dimensional continuum shock structure
analysis, the present approach can estimate the nano-width of waves that are present in
combustion. For illustration purpose, n-heptane is used in the evaporation and condensation
analysis and HMX is used in the melting and freezing analysis of energetic materials of interest.
On-going effort includes extension of this idea to include broad range of liquid and solid fuels,

such as rocket propellants.
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1. Introduction discontinuity, in which rapid changes of the

flow quantities occur. Two uniform end states

In the continuum theory, a shock is of a typical shock are related through a
interpreted as a thin region, rather than a smooth structure of finite length in microns

where the conservation of mass, momentum
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method of calculating the thickness of the
phase fronts that propagate in much the same
way as a shock wave in a continuous media.

A thermo-mechanical model for energetic
materials [1] is used in the analysis of wave
structures that exist between different phases.
In particular, the liquid-vapor interface that
moves with the phase transformation
(evaporation and condensation) is analyzed.
The phase front of solid-liquid interface is also
analyzed with the model equations of
energetic materials that is referenced in [1].
For evaporation and condensation of energetic
materials, n-heptane liquid fuel is considered
while an HMX is chosen for illustration of the
wave structure associated with melting and
freezing.

The shocked state is the

equilibrium. The integration of the structure

unstable

starts from this point to a stable point of
unshocked state. Figure 1 shows a steady
shock coordinate where =z~ D¢ U=u—2D so
that in this frame, velocities both upstream
and downstream are negative, pointing left.
Here D is the steady wave speed, directed in
the negative ¢ direction (ie. D<0). The

derivatives with respect to  z and t become
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and, the velocity gradient becomes
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Thus the equations of motion for the ideal gas
are as follows:
pU =m, (U=D—u)
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where m=pU and p=pRT. Using the

constants standard of air, such that u, = 1.95
X 10° Ns/m? K = 00276 W/m K, and R =
287 mz/ s°K, one can integrate from a shocked
state into an unshocked state, namely the
ambience.

In the following section, the wave thickness
of classical phase transformation fronts are
calculated much the same was as in the
classical shock structure analysis discussed.
With careful handling of the model with
accurate material data, qualitatively reliable
measurement of nano-width of phase fronts is

possible using this approach.
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2. Structure of Phase Front

Two uniform end states of a typical phase
front are related through a smooth structure
of finite length in fractions of a micron where
the conservation of mass, momentum and
energy is achieved. Resembling the structure
of a classical shock wave of gas dynamics,
evaporation - condensation front and melting -
freezing front are carefully studied in the
case of transitions between two uniform end
states. An estimated thickness of evaporation -
condensation front of n-heptane is on the
order of 107 micron while the HMX melting -
freezing front thickness is ‘measured’ at 1

micron.



2.1 Evaporation and condensation front

The details of wave structure between the
end states at oo are provided by
transforming the unsteady equations to the
steady flow equations in a frame of reference
moving with the wave using
E=z—D, U=u—D. Here D 1is the steady
phase front ‘wave’ speed, directed in the
negative { direction (i.e. D<0). The derivatives
with respect to x and t and the velocity
gradient du/dz are defined as before (see
Egns. 1 and 2).

The mass and momentum equations
transform as follows:
pU=m 4
AU 2,44, 40)
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Since the wave structure is of interest, the
momentum equation is integrated once with
respect to £ to arrive at a first-order ODE in
the form

mU“U—éﬂf%g:ﬂ (©)
where (3 is a constant of integration which
can be evaluated as & — -oo. With mass flux
defined constant, m, the structure momentum
equation reads

dU

3
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As for the energy and phase-field structure
equations, the partials with respect to z and ¢
are replaced with the derivative in ¢, and the
total derivative ¢ transforms to Udg/d¢ where
¢ is either T or . In order to write the
energy equation with the highest derivative in
first-order, a new variable H is introduced

such that the energy equation reads

dH 1 4 [dU\? dU )
Z R me, H 3,uf( df) pRTd£ B(',(UG')
9 QU : T
+8,(0) @,
@)
. . dT .
where H is defined —d€—=H, and the index k

equals one in the evaporation case and two in
the condensation case. As for the phase
equation, a variable G is introduced such that

46_ 1 up,e+ %W%(go(cp— 1)(e—-2))% (8)
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. . dy
with G defined —=G.
/3

Note the dependence of ¢, R, and 3, on
the phase field variable . This generalization
of phase dependent coefficients brings in an
added complexity to the equations with their
derivatives becoming non zero. The choice of
p-dependent coefficients conforms the
structure of evaporation wave. In other words,
the p-dependence is introduced in the form of
a(cp)=% al{tanh(ﬁe:i)+l} 9

+a2{tanh( L 4 )+1}

€

whose derivative with respect to ¢ is

a’(tp) = %aQ sechZ((p—_ew—)— 2—1Ealsech2( ,(P 6_<p )

(10)
Here, o can be any of c,c,f8,8,, or R with
appropriate end states specified. ¢ s
(3++/3)/3 for vaporization/condensation and

(3—+3)/3 for

chosen intelligently, the resulting transport

melting/freezing. With ¢

function works like a switch between the two

end states. With these switch functions, one



can proceed to solve the governing equations,
after specifying all other parameters relating
the properties of n-heptane as listed in Table
1.

The integration of these autonomous ODE’s, is
performed with the high-order Runge-Kutta
scheme [2] to march in £ In the case of

evaporation, the liquid state at k=1 (i.e. £ = -

T(+c0) is

o) is fixed with the following set of
quantities:
Table 1 Dimensional parameters for
n-heptane evaporation and condensation
Property Value
clawid 2136 x 10° J/kg K
¢l 2136 x 10 J/kg K
Riiquia 3J/kg K
Bopor 3 x 10° J/kg K
Hs—liquid 54 x 10™ kg/m s
1~ vapor 54 x 10” kg/m s
B, 35 x 10°
1, 20 x 107
' 40.0 x 10°
T uporization 3714 K

(7, =675 kg/m’, m=0.7315515 kg/m’s,
D=1.08378e-3 m/s, ;=0 m/s, 7;=300 K,
p;=6.07500e5 Pa, ,=1.0000001, H=G=0,
Q=+3.35e15 ]J) at {=—o0

The numerical integration starts from state 1
(liquid side) at —oo to state 2 (gas side) at
+oo. Figures 2 and 3 represent the structure
admitted by the

equations. As the initial state is perturbed, the

of evaporation wave
solution of the equation is described by the
integration path, going through a particular
structure-stable point on the far right side.

The velocity profile (though not shown) is
such that the initial value of 10° m/s jumps
to become 10" m/s positioned at a stable state

where the density jump corresponds to an

n-heptane evaporation case [3-5]. As the
phase-field variable changes from 1 to 2, the
thickness of the phase front measures on the
order of ten nano-meters.

Considering an experimentally measured
thickness of similar waves in helium on the
orders of millimeters [6], the suggested
evaporation front thickness is much smaller.
At each end, the

so that

temperature gradient is
T(~ o)

linear with

uniform is constant and
respect to ¢,
far-field

condition for

representing a constant

thermal-gradient evaporation

process.

9 15507 2E07
)
Fig. 2 Evaporation wave structure
based on the density field of
n-heptane.

In the case of condensation, the vapor
state-2 is fixed at -co, and the integration
extends to the liquid state at +co. The initial
conditions of integration' for condensation are
as follows:

(p,=5 kg/m’, U,=0.11 m/s, m=0.7315515
kg/m’s, T,=480 K, ©,=1.9999991, H=G=0,

Q,=-435¢14 ]) at £=—oo
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Fig. 3 Evaporation wave structure

based on the phase field of

n-heptane.

Here, the integration is reversed from the
fixed state at k=2 to a new state at k=1.
Figures 4 and 5 represent the structure of
condensation wave admitted by the solution of
described with k=2, The

identical to that of

the equations
structure is nearly
evaporation, except the direction of integration
is reversed. With a suitable value for the heat
of condensation, Q, the integration starts from
a vapor to a liquid zone through a thin
region of ten nano-meters. The density profile
in Fig. 4 resembles an experimental
observation of fuel-droplet condensation; the
density s 675 kg/ m’,
prototypical of hydrocarbon liquid fuel [4,7].
While the reverse heat is added to drive the

vapor state back to a liquid, the far end state

end state about

temperature gradients remain uniform, such
T(+o0) is

linearly decreasing with respect to &.

that 7(—o0) is constant and
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Fig. 4 Condensation wave

structure based on the density
field of n-heptane.
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Fig. 5 Condensation wave
structure based on the phase field
of n—heptane.

22 Melting and freezing front

The structure equations, in the case of solid
to liquid or liquid to solid transition, are
obtained in analogy to the previous case of
evaporation - condensation. Main distinction in
the equations is the added dependency of
conservative variables on the deformation field.
A variable, F, is the
deformation gradient which is introduced into

one-dimensional



the momentum, the energy, and the
phase-field equations. Again with mass flux
remaining a constant, m, the momentum
structure equation, after integrated from -oo to
a position in &, becomes

av_ 3

—~— (mU+p+pu G- uF
i 4uf{ o, u.}

+pF " —mU—p,
(11)

The equation represents melting if k=1 or
freezing if k=2. The energy equation reads
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where, like in the evaporation/condensation
case, a new variable, H was introduced to

split the original energy equation into a set of

two first-order ODE’s with %= .

Likewise, the phase field equation reads
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. dy
with ~d?= G. Lastly, we need to close the

system with additional equation which relates

the deformation gradient field with the

velocity field via the identity %=—id—U

U, &
.
or F=e We choose HMX as a

candidate for solid - liquid structure analysis
for which a handful material data is known
[8-12]. Table 2 lists the parameters of HMX as
needed in the calculation of melting and
freezing structure.

In the case of melting, the solid state of
HMX is fixed by setting k=1 and the
following initial conditions at §=—oco:

(p,=2000 kg/m®, m=2.0 x 10° kg/m’s, D=1.0
m/s, u;=0 m/s, 77=300 K, p,=6.07500e5 Pa,
;=0.0000001, F=1.00000001, H=G=0,
Q=+33el4 J) at {=—o0

Since there is no data for melting rate of
HMX, D is assigned in the range of 10° to
10> m/s. The

corresponds to a

minimum in this range

typical deflagration rate
while the maximum corresponds to a typical
detonation speed [13-16]. A natural choice is
to take the mean value, approximately 1 m/s.
Figure 6 and 7 depict the structure of a
melting front admitted by the equations. In
particular, the initial density of 2000 kg/ m3,
typical of solid explosive, decreases by a factor
of two. The system of ODE for melting is
integrated from a slightly perturbed initial
state into a new state representative of a melt
HMX. The thickness of the phase front is on
the order of microns, supporting the
observation that explosive melting front is
approximately hundred times thicker than the
evaporation/condensation front of liquid fuel.
The initial state of solid HMX is essentially
unstressed (i.e. F=1) while the end state of the
integration is at a state at
F~0.3.

wave, on the far right side, propagates into an

compression

In fact, the wave, a compression



unstressed material on the left side at a steady
melting speed of D. This observation is
consistent with the principles of energy
transfer from a higher state to a lower state.
The temperature field (though not shown) also
supports this observation that uniform state on
the left is balanced by a linearly increasing
thermal field on the far right, causing the
energy transfer to go from liquid to solid,
essentially a melting process by definition

[17-20].
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Fig. 6 Melting front structure
observed from the density field of
solid HMX.

In the case of freezing, the liquid state-2 is
fixed at —co, and the integration starts from
the far left in the liquid region to a solid state
at +oo. Listed below are the initial conditions
of integration for which the liquid state is
assumed uniform:

(p,=1580 kg/m3, U,=14 m/s, m=2.0e3 kg/mzs,
7,=700 K, ¢,=0.9999991, F=1.00000001, H=G=0,
@=-42¢e14 ]) at {=—o0
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Fig. 7 Melting front structure
observed from the phase field of
solid HMX,

Figures 8 and 9 represent the structure of a
freezing front, admitted by the equations just
described  with  setting k=2, Previous
investigation of thermodynamic properties of
HMX suggests that the material can undergo a
liquid-solid transition at a temperature 550 K
and a pressure above 50 x 10° Pa. So the
process of ‘freezing’, in principle, is realizable
at this melting temperature with an elevated

10° Pa or above. typical
3

pressure of 50 x
melt explosive density of 10° kg/m’ makes a
rapid transition to a new state, a solid state as
shown in Fig. 8. Again, the thickness of
numerically obtained freezing front is in the
order of microns, which is about hundred
times the thickness of condensation front of
hydrocarbon liquid fuel. As the phase field
changes from 1 to 0, the deformation field
goes from an unstressed liquid at F(—c0) =1
to a tensional state at F(+ o) =~ 1.3. The front
again moves from right to left with a steady

propagating speed of D= 1.26 m/s.



Table 2 Dimensional parameters for HMX
melting and freezing

Property Value
et 1.06 x 10° J/kg K
clravid 21 x 10° J/kg K
Roiia 11 J/kg K
Rliquid 3.0 I/kg K
Hs —solia 1.0 x 10° kg/m s
Ky —tiguid 1.0 x 107 kg/m s
B, 35 x 107
Ee 2.0 x 10™
¥ 400 x 10°
zrlelting 558 K
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Fig. 8 Freezing front structure
observed from the density field of
solid HMX.
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Fig. 9 Freezing front structure
observed from the phase field of
solid HMX.

3. Conclusions

A thermo-mechanical model for energetic
materials that undergo phase transformation is
reconstructed to understand the structures of
waves that are present in combustion. In
particular, the thickness of evaporation and
condensation phase fronts are analysed by
integrating  the  structure  equations  of
n-heptane from one state to the other. The
thickness estimation of melting and freezing
waves are illustrated by considering HMX as
an energetic material undergoing phase
transformation. Based on the analysis, the
phase front width of liquid-gas or gas-liquid
phase (of, say, a liquid fuel) is approximately
one hundredth of the calculated width of
solid-liquid or liquid-solid phase front of high
explosive. Though not fully generalized at this
stage, the approach illustrated in this article
can be extended to phase front thickness
estimations of other matters where the
experimental measurements are not attainable.
Other use of this technique may include size
estimation of small scale device where melting
and evaporation of a fuel exist during the

normal operation of the device.
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