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Optimal pricing and spare parts manufacturing strategy for EOL (end-of-
life) services

Bowon Kim - Deoksoo Ko

KAIST Graduate School of Management
Seoul, 130-722 Korea

Abstract

We study the firm's strategy to price its

products and plan the spare parts
manufacturing so as to maximize its profit
and at the same time to fulfill its
commitment to providing the customers with
the key parts continuously over the relevant
decision time horizon, l.e., the production
plus warrantee period. To examine the
research question, we developed and solved
a two-stage optimal control theory model.
Our analysis suggests that if the cost to
produce the spare part during the warrantee
period is more expensive than that during
the production period, the firm should
increase its sales price gradually throughout
the production period to control its sales. In
addition, during the production period it is
optimal for the firm to produce the spare
parts more than needed so that the
overproduced spare parts can be used to
partially meet the demand during the
warrantee period. We conducted numerical
sensitivity

analysis to investigate the

dynamics among key variables and
parameters such as inventory holding cost,
unit spare part production costs, part failure

rate, and parameters in the demand function.
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2. Research motivation and Literature

Review
2.1. Research motivation
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Carrent product
) e -

Current product
production period

Warrantee period ( 7) after
production is discontinued

New produg¢t production

q(l‘): quantity of spare garts manufactured

p(t) : pricing current products

<Figure 1> Decision problem - key control

_ = = A = 5
S(t)=F() & wE5A7)= AHol tzﬂ% Aol
Cumulative] A(t)

Quantities
Fo) 5
0 T t T+t
A(t): cumulative demand (sales or production) at ¢
S(?): cumulative spare parts production at ¢
F(f): cumulative parts failure at #
" :the first time at which S(£) =F(f)

<Figure 2> Example dynamics of key state

variables
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2.2. EOL(end of life) A¥] 2~
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Lok giFEe dAFEo] AFFHT], AEQ
HofF(sales)} Lol WE AFE IFE T
%z =W (dynamics)o] THIA =

235} tH(Spengler and Schroter 2003).

2.8 8FA]

2.3. Two-stage optimal control theory

BAE] oA el ARy RS
719 At AEAeE o] F Ufe] A=
2 A4 AZgE X233 optimal control
problem< TU}F+= optimal control theory7}
). ol 71¥£9 one-stage optimal control
theory A7} o}ld, two-stage
problem& =M  tFojxjof b,
ANt FE= v 2t Makris 2001).

optimal

control

Maximize

jexp[—@s]F ' (x(s), u(s))ds

+ T exp[—Os1F” (x(s),u(s))ds —exp[-0, 1p(x(2,))

4
1

subject to
x= £ () u(s),0< s <1,

Y= L)) <5<

x(0)=x,l=1,..,1,
x,(0) free,l =1, +1,...,n,

x(t,) free
lim exp[~0#, J4(x(1)) =0

x(s) = Ao, 74 A& nE
7}s 3 state variable©]™, u(s) & control
variableolt}. F', i=1 2+ ¥ ¥ "& 7be
o Aggeln,  exp[-04]1P(x(1)) & 17
stageoll A 2™ stagez EA7} wlE o
switching costE& 213t (Tomiyama 1984).

3. Model development
3.1. A two-stage optimal control model for

optimal pricing and manufacturing
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max | {(p ey =dyp)~h{S0) - FO} =240 ~¢, a4) —F(z))}}dz

+(la)

T+t
+f [—h{S(r)—F(t)} —%q([)z —c, {a(AT) —F(z))}}dtwR(S(n 7)—F(T+1))

T

-+ (1b)

First stage constraints Second stage constraints

&=d ~d,p @  &n=0 7
S =q() ®)

Bty=a{AT)-F@©)} (9)

$%) = q(t) 3)
By =a{A() - F(0)) 4)

S(t)= F(1) (G)  SO=F@)

S(0)=0, 4(0)=0, F(0)=0 (6)

o)A AL&-3k variables %}

parameter® #A9:= thE Table 1. 3 #t}.
Table 1. and

Definitions of variables

parameters in the two—-stage optimal control

model

Variables

A(r) © cumulative sales/production (state variable),
A(0)=0

NORE cumulative spare parts production (state
variable), §(0) =0

F(t) cumulative  parts demand/failure (state

variable), F(0) =0

p(t) : sales price at f (control variable)

q@) -

variable)

amount of spare parts produced at f (control

Parameters
d ., d,:

function (2)

exogenous parameters in the demand

C; * unit production cost

02 : unit part’s replacement cost

h : unit inventory holding cost

Q  parts failure rate

k1 : unit part’s production cost for 0 <¢<T

k2 : unit part’s production cost for T <t <T +71

T, - unit salvage value of the spare part

(10)

A 0<t<T (la)<}
T<t<T+7z (Ib)¢ F FEo=m o]Fojxith
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<Figure 3> Dynamics of optimal pricing

& ovishrl, T<rolAs A9l AF AL ad 4z ap de ay.12)
A(¢ 12 -2 2 g2
o Fusma 0o Hoh WA (9) 3 (4) R
of & omo] Aolxut A(r) wiilel A(T) )
& Apg )
. . A(T
3.2. Solutions to the two-stage optimal )
control model
9 Ao AAae] @ BeEAL
olgstel 8% Falw clesl .
HA7tA44 A2 dynamicsE  T-otH
0 T time
(D= 2
<Fi SOpti ) .
*(t):d1+cld2—d2/l(t) 4 +cl+ht+Yem_£ Figure 4>Optimal dynamics of cumulative
P 2d, "2, 2 2 2 2 production
(11)
Where A <] A E A e (13a),
(13b)¢} Zow 1 Hel= <Figure 5>9 #t},
¥t 4a {h Tyt (d Gdy T 1= &7 ) dyhe™ (2T+2 20 }
2d,e”" —d, " —d,” | &’k, 2 2 a 4 a o o For OSIST
da W=y (oGl IT\1=¢7, dhe™ 2T 2 2671 Cdz ﬂ 1 dh o, g 2, dY" dy
Z:”T{(m){akf e H F@)= ( +—2)(t - ) (t . 0!2) o +2a
<Figure 3>elA & 5= lxel AA7F di-adi+dZ dh dY) .-+(13a)
. - . 2 200 4
ARNE 0<t<T oA Z7t39, decreasing “ “o
rate®l AL < 3= 9t} For T<t<T+r

(1D HAZAARA]  dynamicso]  F()=AT)+Ce, C HEAFRA et
meby FAAELEE@RGD) w29 B

#o] fr=¥H, 1 FEl= <Figure 4>} &t} oo (h s 47, 1-¢7) dhe“r( 21 2, d¥7 dh dY
2 2 2 «a 2 4 2w da
+++(13b)
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<Figure 5> Dynamics of cumulative parts failure

<Figure 5>9 t =8(t)=F@{) 7} &
o= A AL ou|sty 1 Ae theo 2 HE
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Zoto| = linearstAl E7FskAqF 1
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£ <t<T+7 50 convex pattern©. & 7+
28HA H .

olelgt dn]g FF ALbdg uwhef

A A g BE QFE Gt 2o

S*(t):g+k£t for 0<t<T, (178.)

1 1

e
s ML X for T<t<t*
_iﬂg_(l 1)hTt* (h— ﬂk)t* oT+e-1%) ( 1)(h_ﬂ-R)Tea(T\rﬂ*)_h_”Rea(D ) 2k kz
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A7 dug $E ARASFe G

211 e+ <Figure 6> Zt},

_r@) _h+X
k] k] forOStST...(lSa)
q*:¢*(t):ht+X
kz kz for TSZLSI e (15b)

¢ ()=-aCe™ ot SISTHT (15¢)

N\

0 1 t T# tim
<Figure 6> Optimal dynamics of spare parts’

production

N /

/

0 T t T  time

<Figure 7> Cumulative spare parts’ production

0<t<T o AZE Apojol Aol o] &

4. Numerical analysis
4.1. Optimal dynamics of state and control
variables

ok#boll A T3t analytical solutions&
a7
3}o] numerical analysisE 33t 2
2 Table 29F Zow, o] A5 Ao|~E
HlEr o 2 production period® 4 years, 9%

B 7|3+ 7 years®E AT

H}E © & managerial implicationsZ&
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Table 2. Parameters in the numerical

analysis
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4.2. Sensitivity analysis
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5. Conclusions
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