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I. Introduction

* Types of repair

Minimal repair

Perfect repair
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» Imperfect repair
- Chan and Downs(1978)
- Nakagawa(l 9795
- Murthy and Nguyen(1981)
- Canfield(1986)

- Doyen and Gaudoin(2004)
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* Doyen and Gaudoin imperfect repair model

— ARI, imperfect repair model
ho(t)=h(t)- ph(Ty), 0<p<l,
— ARI imperfect repair model

N,-1 _
h,()=h(t)-pd (- pY T, _), 0<p<l,
j=0

where N, is the number of failure observed up to time ¢,
and A(t) is initial failure rate.
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* Purpose of this paper

1. To develop the two periodic preventive maintenance models based on
ARI, and ARI,, imperfect repair models.

2. To derive the expected cost rate per unit time for two PM models.

3. To obtain the optimal periodic PM schedules. That is, to obtain the
optimal number of PM's and optimal period which minimize the
expected cost rate per unit time

4. To make a comparison between the optimal PM schedule of the
periodic PM model based on ARI, imperfect repair model and one of
the periodic PM model based on ARI ., imperfect repair model

2006. 5. 18
» Notation
h(t) hazard rate without PM
h,,(#)  hazard rate with PM
X period of PM
N-1 number of PM's conducted before replacement
p improvement factor in hazard rate, 0 < p<1
C cost of minimal repair at failure

Cpm cost of PM
C, cost of replacement

C(x,N) expected cost rate per unit time
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II. Model and assumption

+ Assumptions

1. The system begins to operate at time t = 0.

2. The PM is done at periodic time kx (k=1,2,---,N—1;x>0),
and the system is replaced by new one at the N th PM.

3. Each PM reduces the hazard rate by a certain amount. Under the periodic
PM model based on ARI, (hereafter, PM model 1), each PM reduces the
hazard rate increased since the last PM. Under the periodic PM model
based on ARI_ (hereafter PM model 2), each PM reduces the hazard rate
of an proportional to the current the hazard rate.

4. The system undergoes only minimal repair at failures between PM's
5.Times for repair and PM are negligible.

6. h(t) isstrictly increasing and convex functioninz >0

- .
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» Model description

1. Model 1
LG 0<t<x 1
T he) - phlke) ke <1< (k+1)x M
2. Model 2
A1) O<i<x o

h ()= h([)_pkz_l‘(l—p)jh((k——j)x) Jx <t < (k+1)x

fork=1,2,,N-1, 0Sp<l, h, (0)=h(0)

When p = 0, the system after PM is as bad as old one while when p =1,

the system after PM is as good as new one.
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< Fig. 1 > Preventive PM model 1
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h(t)

h(x)x p h@x)xp
h2x)x p
' } ' f > time
x 2x 3x 4x
< Fig. 2 > Preventive PM model 1
13
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B, (1) A )
Model 2

O<t<x

A1)
h (D)= {h(t)— pi(l—p)fh((k—j)x) k<t (k+D)x

J=0

h(t)

< Fig. 3 > Preventive PM model 2

(N-Dx Nx
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o) 4

h(t)

h(3x)x p
e
h(2 -
h(x)x p < h(2x)x < h(2x)x(14p)
h(x)x(1- p)’
h(x)x(1-p)
; } ; } > time
x 2x 3x 4x
< Fig. 4 > Preventive PM model 2
15
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II1. Expected cost rate per unit time

+ Expected cost of minimal repair in [0, Nx)
Nl (k+1)x
= Cmr[; J.kx hpm(t)dtj

* Expected cost of preventive maintenance in [0, Nx)
=(N-1C,,

* Expected cost of replacement in [0, Nx)

=Ch
= Expected cost rate per unit time

1 Nx
C(x,N)= M[Cm, L how(O)dt +(N=1)C,, +C,, } 3
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Subtituting 4, (¢) in the equation (3), by the equation (1) and (2),

we obtain two expected cost rate as follows.

1. Expected cost rate per unit time in Model 1

C,(x,N) = i {Cm,{H(Nx) - pr‘: h(kx)} +H(N-1)C,, + c,e}

2. Expected cost rate per unit time in Model 2

N-1k-1
C,(x,N) = i{cm,{H(Nx) - px;;o(l - pY h((k —j)x)} +(N-DC,, + C,e}
where H(f) = jo h(x)dx
- . ;
2006.5.18

IV. Optimal schedules for the periodic PM policies

4.1 Optimal number of PM(when PM period x is known in model 1)

To find the optimal number N, we form be following inequalities

Ci(x, N+1)>C(x,N) and C,(x,N)<C,(x,N-1) )
For0< p<1,Ci(x, N +1) 2 C;(x, N) implies
N-1 —
L, (x, N)|N{H((N +1)x) ~ H(Nx)}~ H(Nx) — Npxh(Nx) + px)_ h(kx)[> C”C Com
k=0 mr
Cy(x,N) < Cy(x, N —1) implies
(N =D{H(Nx)= H(N =1)x)}~ H((N ~1)x) ~ (N =D pxh((N - 1)x)
N2 c,-C
+px Y h(ke) < =27
k=0 Cmr
2006.5.18 18
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4.1 Optimal number of PM(when PM period x is known in model 1)

* Lemma 1
If A(¢) is convex and strictly increasingin ¢ > 0,

then L (x, N)is increasing functionin N

2006. 5. 18

proof >Letm(k)= [ h(t)dt - prhies) = H((k +1)x)~ H (k) — pxh(x)
(k+1)x

and E(k) = j h()dt — xh(k).

hx
Then, for all k € N, we have

x{h((k + Dx) - h(kx)}
5 .
It is note that the left - hand side and the right - hand side inequality of (5), respectively,

21
"—”3(11) < JZ‘”’ h(t)dt — xh(kx) < 5)

is increasing in k since h(r) is convex.
Therefore, £(k) = f:ﬂ)x h(t)dt — xh(kx) is increasing in k. Then
m(k) = £(k) + (1 - p)xh(k).
Since both £(k) and A(kx) is increasing in k, m(k) is also increasing in k for 0 < p<1.
Thus, we have
L(x, Ny=L(x, N-1)
= N[{H((N +1)x) - H(Nx)}- {H(Nx) - H(N -1)x)}
- {pxh(Nx) - pxh((N - 1)x)}]
= N[m(N)-m(N-D]>0

20
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» Theorem 2
If h(t) is convex and strictly increasing in¢ 20, then ther e exists

a finite and unique N~ which satisfies (4) for any x > 0.

proof > Itis shown from Lemma , that L, (x, N) is increasingin N.

From equation (5), we have

L(x,N)= }i [ { (" heyar- pxh(Nx)}— { (" neoyae - pxh(kx)ﬂ
-l[xzh'(Nx) _ xf((k+1)x— h(kx)}}

2
2 2

= %[Nxh'(Nx) — h(N)]

which becomes as N — .

Thus there exists a finite and unique N* which satisfies (4) for any x > 0.

21
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4.2 Optimal period of PM(when PM number N is known in model 1)

Differentiation C;(x, N) with respect to x and set it to zero,

then we have

(N-1)C,, +C,,
C

mr

(6

Nxh(Nx) - H(Nx) - px* Nz' kH (k) =
k=0

£1(x) C

%Q(%NF&(X)-C

2006. 5. 18 22
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4.2 Optimal period of PM(when PM number N is known in model 1)

¢« Lemma3

N-1
Suppose that N2xk'(Nx) > px Y (2 (ke) + k2xh" (k) )
pp

k=0

Then g,(x) is increasingin x > 0.

proof > Taking derivative of g,(x), with respect to x yields

dg (.X') N-1 2N—l .
_clz__ = N’xh'(Nx)-2px Y kh'(kx) — px* ) k*h"(kx)
X k=0 k=0

> 0,and g,(x) is increasing in x.

Then, it is clear that M
X

23
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* Theorem 4

Suppose that there exists a x, > 0, such that
(N-1)C,, +C,
C

mr

g,(x) >

for all x > x,. Then the optimal period x* exist and unique.

proof > Note that g, (x) = 0at x = 0. Since from Lemma 3, g, (x) is increasing
(N-1)C,, +C,

and g,(x) > *, there exists x~ which satisfies equation (6) and
it is unique.
24
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4.3 Optimal number of PM(when PM period x is known in model 2)
To find the optimal number N*, we form be following inequalities
Cy(x, N+1)>Cy(x,N) and C,(x,N)<Cy(x,N-1) %)
For0< p<1,C,(x,N+1)>C,(x, N)implies
N{H (N +1)x) - H(Nx)} -~ H(Nx) - NPXNZ:: (1= p) h((N — j)x)
= :

L,(x,N) N-1 k-l . c. -C
+pY, > (= p) k- px) ==

™V

mr

G, (5, M) < G5 (x, N =) implies
(N = D{HNx) = H(N =10}~ H(NV =Dx) = (N =Dpx ) (1= p) H(N = j=1)x)

=0

N-2k-1 _ Cre -C -
+pxy. 3 (1= pY h((k - j)x) < :
k=0 j=0 mr
25

2006.5. 18

4.3 Optimal number of PM(when PM period x is known in model 2)
* Lemma 5
(k+1)x k-1 .
Let&(k) = Lx h(t)dt - xz (1- p)’ h((k — j)x). Suppose that
j=0
&(k) is increasing in k. If A(¢) is strictly increasing in ¢ > 0, then

L,(x,N)is increasingin N.

26

2006.5. 18

- 70 —



proof >Fort 20, it is easy to see that
L(x,N)=L,(x, N-1)
= N[{H((N +1)x)~ H(Nx)}- {H(Nx)- H(N - )x)}

—{pxi(l— P (N - )3)= px Y, (1- p)fh«N—j—l)x)}.
Letm(k)= [ h(t)ds- pxi (A= pY h((k - j)x)

= H((k +1)x)—- H(kx) - pxz_: (1= p)Y h((k - j)x)

=0

k-1
Then, m(k) =& (k) + (1= p)x) (1= p)’ h((k = /)x).
J=0
Since both £(k) and A(kx) is increasing in k, m(k) is also increasingin k for 0< p <1.
Thus, we have
Ly(%,N) = L,(x, N =1) = N[m(N)=m(N = 1)] > 0.

27
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* Theorem 6
(k

Let £(k) = jh eyt - xkf (1- p)’ h((k — j)x).Suppose that

= C.-C
> [6(NV)-&(k)]> —%’- as N = o, Then there exists

k=0 mr
a finite and unique N satisfies the equation (7).
N-
proof >Since 0< p<1,wehave L,(x, N)2 Y [£(N)~&(k)] forall V.
k=0
Note that L, (x, N) = 0 when N = 0 and L,(x, V) is increasing in N.
Since

N~

[V -&m)]=

C.-C,,
asN > w

k= mr

c,-C
L,(x,N)>~"— a5 N >0,

which completes the proof.

2006. 5. 18
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4.4 Optimal period of PM(when PM number N is known in model 2)

Differentiation C,(x, N) with respect to x and set it to zero,

then we have

LSES (N =1)Cpp +Cpe

Nxh(Nx) = HN9) = p* ) ) (1= p)Y (b = I (k= o) =——
k=0 j=0 mr
g2(x) C
®

d
—C(x, N)=g1(x)-C
dx

29
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4.4 Optimal period of PM(when PM number N is known in model 2)

* Lemma 7 N-1k-1 _
Suppose that N>xA'(Nx) > 2pxy_ > 2(1- p)’ (k- j)H (k- j)x)
k=0 j=
REYS ) s
+px’ Y Y (- p) (k= j)* K ((k - j)x).
k=0 j=0
Then g,(x) is increasingin x > 0.

proof > Taking derivativeof g, (x) with respect to x yields
ag,(X) _ a2y 'S irr s .
- N’xH(Nx)=2pxy. Y (1= p) (k= K (k- j)x)
k=0 j=0
2N—l k-1 )
= px*Y Y (1= pY (k= )’ (k- j)x)
k=0 j=

dg, (x)
dx

Then, it is clear that >0 and g,(x)is increasingin x.

30
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» Theorem 8

Suppose that there exists a x, > 0, such that
(N - l)Cpm + Cre
C

g,(x)>

for all x > x,. Then the optimal period x” exist and unique.

mr

proof > Note that g, (x) = 0 at x = 0.Since from Lemma 7,

g,(x)isincreasingand g,(x) >

N—l C _C *
( )Com=Cr , there exists x

mr

which satisfies equation (8) and it is unique.

2006.5. 18
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V. Numerical examples

* Optimal number of PM's N' and its expected cost rate C(x,N")

Cre
20 3.0 33

4 N o@rNY L N oxN) N oxN) N C(x, N

G N
01 i 32651 i 38901 1 2 44860 2 4.7985
0.2 1 32651 1 38901 H 44019 2 47144
03 1 32651 i 3.8901 2 431772 46302
04 { 32651 1 38501 2 42336 2 4.5461
0.5 i 32651 2 3.8369 2 41454 2 44619
06 1 320513 37537 2 40652 2 4.3777

ik i I3 2 Ty6686 2 39811 3 43726

08 i 32651 2 35844 3 38572 3 40876
0.9 2 31878 3 34859 3 36542 4 3.8740
[ 3 3.0526 s 3.3582 7 33625 9 3.4400

e G N

ot T 38901 2 44360° 2 47985
(¥} 38901 2 44019 2 47144
03 38901 2 43177 2 46302
04 38901 2 43336 Z 45461
as 38369 2 41494 2 44619
0.6 37527 2 4.0652 3 43229
0.7 36686 3 3.9464 4 41482
0.8 35811 4 37783 H 35206
0.9 34333 5 35742 7 36762
10 32582 7 33625 9 3.4400
2006. 5. 18

h(t) = AP 1A
£>0,t>0
B=224=1

Cpr =1,Cppy =1.5
x=0.8
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* Optimal period of PM's x* and its expected cost rate C(x", V)
P

0.1 0.3 0.6 1.0 h(t) = ﬂ,{ﬂ'ltﬁ‘l
N = CE"N x° Cix".N x° Cix" N} x| c".N)
(x.N) ( ! ) (x".N) ( B>0,t>0
Cx . N}
1 1.5166 3.6264 1.5166 3.6264 36264 15166 . 36264 ﬂ =22 A=1
3 0.7142 51342 07642 4.7082 42333 111237 32969 s
3 0.5187 6.3618 0.5647 58438 49426 10058 | 32810 C =1.C. =15
7 0.423% 74203 0.4647 67623 5.5980 09514 © 33033 mr > pm .
9 0.3652 8.3668 0.4026 7.5004 6.2036 09168 | 33338
11 0.3249 92317 0.3593 8.3503 6.7659 0.891%5 | 336%) Cre =3.0
13 02951 10.034 0.3269 9.0572 7.2032 08723 33952
15 0.2719 10.786 03017 9.7212 77014 0.8367 34237
7 0.2333 11,497 0.2813 10.349 8.2649 0.8438 34506
19 102378 12173 0.2644 10.943 87172 0.8328 34757
Cx", N

1 L5i66 | de2ed | 135166 | 3eied 3166 ie2ed L3166 | 34264
3 07204 s0899 | 07E3 T AGHRTTUOE083 T 408I6 T II122 33860

5 iosssUededd TGS UERGETTUGRIeY T uddel U005 380
9

04481 7013208304 58364 | 0.6b6x 4502009519 13038
03961 | TFIN 04986 61641 06867 4631409168
T 0.3611 S8165 | 04671 64219 T 0.63497TaT248 T 0851
Bk 03339 98163 04469 66265 66167 43030 0.8722
15 0.3167 02611 0.4317 6.7938 0.6023 4.3681 0.8568
17 1 03016 06528 04198 659344 03911 49250 | 08438
19 0.2894 10.000 04103 70550 05316 49776 o338

33
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» Comparison between model 1 and model 2

- Optimal number of PM is smaller when C,(x, N ") than C,(x,N")
for given x.
— Because PM effect of model 2 is greater than PM effect of model 1

-Optimal period of PM is smaller when C,(x", N) than C,(x", V)
for given N.
—> Because PM effect of model 2 is greater than PM effect of model 1
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