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Abstract 

 

The geoidal undulations are needed for determining the orthometric heights from the Global Positioning System GPS-derived 

ellipsoidal heights. There are several methods for geoidal undulation determination. The paper presents a method employing a 

simple architecture Two Layer Multiquadric-Biharmonic Artificial Neural Network (TLMB-ANN) to approximate an area of 4200 

square kilometres quasigeoid surface with GPS-levelling data. Hardy’s Multiquadric-Biharmonic functions is used as the hidden 

layer neurons’ activation function and Levenberg-Marquardt algorithm is used to train the artificial neural network. In numerical 

examples five surfaces were compared: the gravimetric geometry hybrid quasigeoid, Support Vector Machine (SVM) model, 

Hybrid Fuzzy Neural Network (HFNN) model, Traditional Three Layer Artificial Neural Network (ANN) with tanh activation 

function and TLMB-ANN surface approximation. The effectiveness of TLMB-ANN surface approximation depends on the 

number of control points. If the number of well-distributed control points is sufficiently large, the results are similar with those 

obtained by gravity and geometry hybrid method. Importantly, TLMB-ANN surface approximation model possesses good 

extrapolation performance with high precision. 
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1. Introduction 
 

The geoidal undulations are needed for determining the 

orthometric heights from the Global Positioning System 

GPS-derived ellipsoidal heights. There are several methods for 

geoidal undulation determination. To approximate an area 

quasigeoid surface with GPS-levelling data is one of these 

methods. R. L. Hardy presented Hardy’s Multiquadric 

-Biharmonic method to approximate an complex surface in 

1977 [10][12][13]. The idea of this method can be described as that 

any one smooth mathematical surface can be always 

approximated accurately at will by the summation of a series of 

regular mathematical surfaces. In the engineering application 

process, the form of kernel function, the number of nodes and 

the smoothing factor are needed to determine. All the 

parameters are very important; an improper choice will change 

the results greatly. Yet in the past time, all the important 

parameters are chosen artificially. 

C. Jekeli said in one of his papers in 1994 that the potential 

theoretic foundations proposed by Hardy for his 

multiquadric-biharmonic method were shown to be either 

erroneous or deficient for the purpose of gravity predictions 

based on mixed data types [3]. C. Jekeli's paper not only attacks 

multiquadric equations but the material space integral itself. 

Then in 2001 R. L. Hardy explained that Jekeli's complaints 

was about "the old numerical results" in the use of multiquadric 

equations at his university, but he failed to enumerate the exact 

cause of these results, only hinting at a mysterious defect in the 

multiquadric method. What C. Jekeli stated in his paper was 

incomplete correct [11]. 

Some examples show that the approximation results will 

change greatly when the smoothing factor changes only 810− , 

and the approximation error can not be decreased efficiently no 

matter what smoothing factor value to be adjusted. The 

approximation results are affected by smoothing factor in a 

large scale. It is difficult for Hardy’s method to be used in 

engineering application [6]. A smoothing factor choosing 



method based on fuzzy set theory is brought forward by Bin 

Qiu et al in 2004 [2]. It is said that various kernel functions are 

necessary to be tested and compared [4][16]. A modified 

Multiquadric-Biharmonic method is presented by Guang-wen 

Zhou et al in 1996; the purpose is to decrease the dependence of 

kernel function choice. All the control points in the survey area 
are adopted as nodes; the Q  matrix is set as square matrix [5]. 

In this case, the modified method just equals the direct solution 

without adjustment. Although they claim that the maximum 

error of interpolated value is only 1.6cm under the different 

kernel function condition, and claim it do not need to consider 

the choice of kernel function, another examples show the 

modified method does not possess general applicability. The 

choosing principle of kernel function and smoothing factor are 

offered in some papers [7][9][15][18]. A combined Multiquadric- 

Biharmonic and Movement method is presented by Wan-lin Liu 

et al in 2004 [14]. The main idea is to use the same measured 

base data of control points, adopt the Multiquadric-Biharmonic 

and Movement method separately to approximate the unknown 

geoidal undulations of points in the GPS network, then process 

the weight synthesizing according the approximation results.  

 

 

2. Two Layer Multiquadric-Biharmonic 
Artificial Neural Network 

 
The approximation results of Multiquadric-Biharmonic 

method is affected greatly by the choice of kernel function, the 

number of nodes and the choice of smoothing factor. Aiming at 

the optimal parameters determining, a new method is presented 

to solve this problem. From the expression we know that the 

Multiquadric-Biharmonic method can be replaced with the 

artificial neural network architecture showed in figure 1. The 

kernel function of Multiquadric-Biharmonic is equivalent to the 

activation function of hidden layer of the artificial neural 

network, the coefficient is equivalent to the weight W of layer 

2-3 in the artificial neural network. The different is that the 

linearity neuron in the output layer has a threshold value b. We 

call the artificial neural network showed in figure 1 as Two 

Layer Multiquadric-Biharmonic Artificial Neural Network 

(TLMB-ANN). Comparing to the traditional three layer 

artificial neural network, the different is that layer 1-2 has not 

weight. Obviously, it is simpler than traditional three layers 

artificial neural network. 

To determine the hidden layer neurons’ number in artificial 

neural network, is like to determine the nodes’ number in 

Multiquadric-Biharmonic method. In Multiquadric- Biharmonic 

method, the control points chose as nodes are usually possess a 

higher approximation precision. Yet equalization accuracy can 

be obtained by adding a smoothing factor to the kernel function 

expression. In TLMB-ANN, none of the control points will be 

chosen as node, then the subtle change of smoothing factor will 

not affect the approximation results greatly. 

 
Figure 1 The architecture of TLMB-ANN 

The activation function has many choices in artificial neural 

network. In TLMB-ANN we adopt the typical kernel function 

of Multiquadric-Biharmonic method: 

2 2 2 0.5[( ) ( ) ]i i iq x x y y g= − + − +    (1) 

In Eq.(1), g  is the smoothing factor and its optimal value 

will be searched, ,x y  are coordinates of control points, 

,i ix y  are coordinates of nodes. Nodes are chosen from control 

points at present, but we believe parameters ,i ix y  need not 

bound to the coordinates of control points. Our method is as 
follows: first, the ,x y  coordinates of control points should 

be normalized to [0,1] ; second, ,i ix y  in activation function 

are set to (0, 0) , (0, 0.1) , (0, 0 .2) , ...... , (0.8,1) , 

(0.9,1) , (1,1) . The coordinates interval 0.1 can increase or 

decrease according to the shape and area of survey area, and 

number of control points. 

The output expression of TLMB-ANN is: 

1 2 1 2[ 1][ ]T
n n bq q q w w w w= = L LM QW  (2) 

In Eq.(2), M  is output of the network (i.e. height 
anomaly). 1 2[ 1]nq q q= LQ  is output of the hidden layer 

and can be calculated from Eq.(1), 

1 2[ ]T
n bw w w w= LW  is weight of the network and will 

be calculated. 

Interior precision can be defined as:  
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In Eq.(3), iI  is the surveyed height anomaly results of 

control points which used to approximate. iM  is the 

approximation height anomaly results of control points, in  is 

the number of control points. 

Exterior precision can be defined as:  
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In Eq.(4), iE  is the surveyed height anomaly results of 

validity check points. iM  is the approximated height 

anomaly results of validity check points, en  is the number of 

validity check points. 

Levenberg-Marquardt algorithm is adopted to train the 

artificial neural network [8][17]. The training times combine with 
controlling interior precision (for example: 1.7inP cm< ) are 

usually adopted as the criterion to stop training the artificial 
neural network. The smoothing factor g  and network weight 

W  are the optimization parameters to be searched. The 

Jacobian matrix J , Hessian matrix H , error vector E  and 

matrix G  are calculated by Eq.(5) and Eq.(6). 
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Then the correction value of optimization parameters 

,g W D D  can be calculated by Eq.(7). 
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In Eq.(7), lambda  can be calculated be Eq.(9) and 

Eq.(10). i  is the iteration times. I  is the n-by-n identity 

matrix. The strategy to iterate the parameters is as follows: 

Let:
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In Eq.(8), E  is error vector, n  is length of h , pi  is 

the residual error. 
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When the training times or controlling interior precision is 

reached, the training process will be stopped and the 
optimization parameters ,g W  are obtained. Then we can use 

Eq.(1) and Eq.(2) to calculate the height anomaly of unknown 

points with GPS coordinates (x,y) dataset. 

 
3. Application in the determination of quasigeoid 
 

In order to study the characteristics of TLMB-ANN, this 

paper uses TLMB-ANN to determine a region quasigeoid in 

Putian, Fujian, China. Putian region, with an area of 4200 

square kilometers, located in the southern of Fujian, China, east 

longitude spans 64′, from 118°28′ to 119°32′; and north latitude 

spans 42′, from 25°1′to 25°43′. In the southeast of Putian, it is 

Taiwan Strait; in the northwestward, it is mountainous district 

with height about thousand meters; in the middle part, the 

topography characteristic is very complex. From October to 

December, 2005, we measured more than 200 GPS leveling 

points in this region. The GPS observation in one point would 

last for over 8 hours. Based on these data observed, the GPS 

leveling quasigeoid of Putian region is determined by 

TLMB-ANN described in section 2. The results are as follows: 

 

Table.1 The interior and exterior precision in different node’s number condition 

Coordinates Interval Number of Nodes Interior Precision (cm) Exterior Precision (cm) 

0.1 121 1.59 1.77 

0.05 441 1.51 1.86 



Although the number of nodes is different with nearly 4 
times in two cases, fixing the smoothing factor g  as 0.13, 

table 1 shows that the interior and exterior precision does not 

change greatly in this case, i.e. the precision of the model is not 

sensitive to the number of nodes. 

 

Table.2 The interior and exterior precision in different smoothing factor condition 

Soothing Factor Interior Precision (cm) Exterior Precision (cm) 

0 1.59 1.93 

0.13 1.59 1.77 

1 1.98 1.94 

Table 2 shows that the smoothing factor g  has not a 

strong impact on the interior and exterior precision of the model. 
Usually we should search the smoothing factor g  

automatically according to the algorithm described in section 2 

in engineering applications. 

 
Figure 2 Training error 

Figure 2 shows the approximation error, i.e. training error 

distributes uniformly among all the control points. From the 

fact we can infer that the interpolation precision will nearly to 

be equal in the entirety surveying area. 

 
Fig.3 Prediction errors of validity check points of two different models 

Figure 3 shows that the differences of prediction errors 

between TLMB-ANN model and Gravity & Geometry Hybrid 

model are small. Point No. 8 has the maximum prediction error 

and the case is same in two models. 

Table.3 The interior and exterior precision of five different models 

Model Interior Precision (cm) Exterior Precision (cm) 

Gravity & Geometry Hybrid method 1.41 1.52 

Support vector machine model (SVM) 1.78 1.87 

Hybrid Fuzzy Neural Network (HFNN) 1.77 1.64 

Traditional Artificial Neural Network (ANN) 1.74 1.98 

TLMB-ANN 1.64 1.70 



Table 3 shows the differences of interior and exterior 

precision among five models are very small. The Gravity & 

Geometry Hybrid model has the minimum interior and exterior 

precision value, and follows with the TLMB-ANN model.  

When TLMB-ANN model gets the precision in table 3, the 
optimal value of smoothing factor g  searched automatically 

is 0.129138347172083, and the training times is 65. So, it is a 

very short time to train the TLMB-ANN. 

 

Table.4 Prediction errors of validity check points of five different models 

No. Point Name 
Gravity and Geometry  

Hybrid Model (cm) 

SVM  

Model(cm) 

HFNN  

Model(cm) 

ANN  

Model(cm) 

TLMB-ANN  

Model(cm) 

1 Santing -0.43 -0.38 -0.24  0.14 0.06 

2 Meizhou Island -2.12 -3.04 -3.43  -3.53 -2.58 

3 City zone -0.20 -0.91 -0.18  -0.87 -0.50 

4 Duwei town -0.96 -0.15 -1.03  -0.78 -0.46 

5 Jiaowei town -1.99 -0.13 -0.90  -0.72 -0.57 

6 Zhuangbian  0.04 1.53 -0.31  -0.15 1.40 

7 Jiangkou -0.27 -1.00 0.09  -1.38 -0.74 

8 Jinli Lake 3.07 3.78 3.60  4.59 3.95 

9 Baisha 0.91 1.68 1.20  1.54 1.05 

10 Level point No.25 0.20 2.23 0.71  0.02 2.24 

11 Xiyuan  2.30 1.67 1.04  1.55 0.44 

Table 4 shows that the differences of prediction errors 

among five models are small. In all the models, point No. 8, 

Jinli Lake, has the maximum prediction error; Point No. 2, 

Meizhou Island, has the second maximum prediction error. 

From the intuitive estimate, we believe there are some 

observing errors existed in the original data of these two points. 

B.Stopar et al proposed an artificial neural network and 

least squares collocation method to determine GPS-derived 

geoid in 2006 [1]. We tried a traditional artificial neural network 

to approximate the same surface and found that in the edge of 

the survey area, the quasigeoid surface will change sharply. 

Then we test the TLMB-ANN method with exterior data in the 

margin of the surveyed area. According to the geographic 
coordinates normalized to [0,1] , coordinates interval 0.05 by 

0.05 are calculated by the trained TLMB-ANN model. 

Although the plot area is extended partly, the three-dimensional 

height anomaly figure formed by the calculated data shows the 

quasigeoid surface is very smooth. It is indicated that 

TLMB-ANN model performs a good extrapolation capability.  

 

4. Conclusion 
 

Aiming at the parameters determination problem in Hardy’s 

Multiquadric- Biharmonic method, the TLMB-ANN is presented 

in this paper. The smoothing factor and network’s weight are 

searched automatically with machine study algorithm, and then 

the parameters determination problem is solved easily. Needless 

depending on the gravity data of survey area, a large area, high 

precision and complex GPS leveling quasigeoid is approximated 

integrally by TLMB-ANN method. The example shows that the 

TLMB-ANN model possesses high precision and a good 

extrapolation performance. The effectiveness of TLMB-ANN 

surface approximation depends on the number of control points. 

If the number of well-distributed control points is sufficiently 

large, the results are similar with those obtained by gravity and 

geometry hybrid method. Therefore, it is worthwhile to 

generalize the relatively simple TLMB-ANN method. 
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