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Abstract 

Comprehensive analytical models focusing on the anode water loss, the cathode flooding, water equilibrium, and 
water management strategy are developed for polymer electrolyte fuel cells. Analytical solutions presented in this study 
are compared with two-dimensional computational results and shows a good agreement in predicting those critical 
characteristics of water. General features of water concentration profile as a function of membrane thickness and current 
density are presented to illustrate the net effect of the back-diffusion of water from the cathode to anode and the water 
production by the cathode catalytic reaction on water transport over a fuel cell domain. As one of practical applications, 
the required humidity level of feed streams for full saturation at the channel outlets are investigated as a function of the 
physical operating condition. These analytical models can provide good understanding on the characteristic water 

 
 

Nomenclature 
A Area, cm2 
Ax,c gas channel cross-sectional area, cm2 
a water activity 
c      molar concentration, mol/cm3 
D     mass diffusivity of species, cm2/sec 
EW equivalent weight of membrane 
F Faraday constant, C/e-mol 
I     current density, A/cm2 
J  back-diffusion of water 
j      transfer current, A/cm3 

L  gas channel length, cm 
n  molar flow rate, mol/cm3⋅sec 
na  2, number of electrons per H2 molecule 
nc  4, number of electrons per O2 molecule 
nd  electro-osmotic drag coefficient 
P     pressure, Pa 
Q   volumetric flow rate, cm3/sec 
R    gas constant, 8.314 J/mol⋅K 
RH  relative humidity 
t     membrane thickness 
T    temperature, K  
v    velocity, cm/sec 
X mole fraction 
y    axial location 

1. Introduction 

It is widely recognized that an in-depth study 

of the water balance across the membrane electrode 
assembly (MEA) of polymer electrolyte fuel cells is of 
extremely importance to achieve the optimal 
performance in a fuel cell engine. For instance, the full 
humidification of reactant gas streams might cause the 
cathode flooding by the cathode catalytic reaction  
which interrupts the mass transport process of oxidant 
flow through the gas diffusion layer (GDL), resulting in 
the mass transport limitation on a cell polarization curve. 
While for gas streams with low humidity at the gas 
channel inlets, the anode/membrane interface loses the 
water molecules by the electro-osmotic drag, causing the 
ionomer membrane more resistive to the protonic flow. 
Therefore, water balance is one of the significant 
considerations in the design of polymer electrolyte fuel 
cells. 

Remarkable mathematical models for water 
balance in proton exchange membrane (PEM) fuel cells 
have been proposed to identify the water transport 
phenomena and facilitate the experimental study in the 
open literature.1-3 These models are one-dimensional and 
the membrane remains fully saturated or low humidified 
for effective water management study. The use of the 
detailed experimental data of diffusion and electro-
osmotic drag coefficients of water in Nafion® 117 
membranes has been made by Springer et al.4,5 in order 
to predict the steady-state water profile and resulting 
ionic conductivity. Multi-dimensional fuel cell modeling 
in two- or three-dimension were also made coupling the 
water transport with other transport phenomena and the 
electrochemical-kinetics 1-3, 6-11 in efforts to present more 
extensive water management model which, however, 
requires large scale computing capability and rather time 
consuming processes. Aside these extensive numerical 
models, theoretical pre-estimation focusing on water 
transport in PEM fuel cells can be greatly utilized to 
grasp dominant water transport mechanism under a given 
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operating condition in a simplified manner. It can also be 
used to determine optimal system parameters ensuring 
well-balanced water distribution over a fuel cell domain 
with hands-on calculation. 

Based on the aforementioned purpose, the 
present work is intended to present an analytical study of 
water transport, which examines various water transport 
regimes of practical interest, such as anode water loss 
and cathode flooding, and proposes a continuous stirred 
fuel cell reactor (CSFCR) model for limiting situations 
where anode and cathode water profiles acquire an 
equilibrium state. The anode water loss location at the 
anode/membrane interface along the gas channel is 
computed as a function of the various operating 
parameters at which a fuel cell shows the highest ionic 
resistance in the Nafion® membrane. The cathode 
flooding point at the cathode/membrane interface is also 
predicted along with the anode water loss location. The 
water activity at the gas channel outlet is also obtained 
by employing the continuous stirred tank fuel cell model 
which is applicable to the advanced thinner electrolyte 
membrane. With the CSFCR model, it can be determined 
whether the amount of the water along the outlet 
boundary of a fuel cell system reaches the saturation 
level or not. Moreover, a particular water management 
strategy is introduced to suggest appropriate humidity 
levels of the inlet feed streams, reaching fully saturated 
state at the channel outlets as a function of various 
operating parameters: pressure, temperature, and so on. 

 

2. Analytical Study of Water Transport 

2.1 Characteristics of Water Concentration 
Typical water concentration profiles in the 

anode and cathode along the flow direction are depicted 
in Fig. 1. Interesting characteristics include zero water 
flux across the membrane and hence the minimal point in 
the anode water profile, the onset of cathode flooding 
where water vapor becomes saturated, and the 
equilibrium of the water activity between the anode and  

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1 Graphical representation of general water 
concentration profiles along the flow direction in both 
anode and cathode, showing various regimes of water 
transport and the region of applicability of the CSFCR 
model 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2 Schematic diagram of a continuous stirred fuel cell 
reactor for water transport analysis 
 
cathode at the outlets where the continuous stirred fuel 
cell reactor (CSFCR) model is applicable as illustrated in 
Fig. 2. As shown in Fig. 1, the water concentration at the 
anode/membrane interface decreases along the axial 
direction and then reaches the minimal point at which the 
net water flux across the membrane becomes zero, 
implying that the electro-osmotic drag is balanced by the 
back-diffusion of water. The location, ycrit, in Fig. 1 
indicates this zero net water flux location.  Before this 
critical location, the anode is characterized by water loss 
and after it the anode gains water. The anode can be fully 
dehydrated if the back-diffusion from the cathode is not 
strong enough to compensate the anode water loss by the 
electro-osmotic drag in the worst scenario. This critical 
location is also important in that it signifies the most 
resistive location of the membrane. 

For current densities high enough for abundant 
water production, water is produced in the cathode such 
that the gas is saturated with water vapor and vapor-to-
liquid phase change is imminent, which brings about 
cathode flooding. Theoretically, liquid water appears at a 
flooding point, yfl, shown in Fig. 1.  

When a thin membrane is used in fuel cells, the 
water exchange between the anode and cathode is greatly 
facilitated, thereby resulting in the water concentration 
on the anode and cathode sides of the membrane 
approaching each other towards the exit, a state called 
“equilibrium.” This is depicted as the curve C1 in Fig. 1. 
This equilibrium condition occurs only when the back 
diffusion of water through the membrane is largely 
dominating. However, if the membrane is sufficiently 
thick that back-diffusion of water cannot compensate for 
the electro-osmotic drag of water, the differential in the 
water concentration between the anode and cathode gets 
widened as a result of water production on the cathode 
side. This is shown as the curve C2 in Fig. 1. 

2.2 Water Loss 
This section presents an analytical solution for 

the critical anode location where zero net water flux or 
equivalently the minimum anode water concentration 
occurs. This analysis is of great importance for water 
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control in PEM fuel cells, as it determines whether or not 
the anode feed stream can gain water from the cathode at 
given operating conditions. 

A conservative estimate of the zero net flux 
location and the extent of anode water loss is to assume 
that the water diffusion through the membrane is 
negligible as compared to water drag before reaching the 
zero net flux point. Such an analytical estimated is 
performed below. The water and total gas molar flow 
rates in the anode can be calculated, respectively, by 

, ,
W W W
a a i a dn n n= −& & &     (1) 

2
, , ,

total total W H
a a i a d a consn n n n= − −& & & &     (2) 

Similarly, the water and the total gas molar flow 
rates at the zero net water flux location in the cathode 
can be calculated as 

, , ,
W W W W
c c i c d c pn n n n= + +& & & &     (3) 

2
, , , ,

total total W W O
c c i c d c p c consn n n n n= + + −& & & & &    (4) 

If the electro-osmotic drag and the back-diffusion of 
water are assumed to balance each other beyond the zero 
net flux point, an analytical estimate of where cathode 
flood occurs can be made. 

When the water concentration in vapor phase 
reaches the saturation value which means the flooding in 
the cathode gas channel, i.e. ,W W sat

cc c=  at 
fly y= , the 

critical flooding location, yfl in the cathode channel along 
the axial direction can be calculated, 

,
, , , , ,2

W sat W cell cell
c bulk x c c i d rx crit rx fl

I Ic v A n n A A
F F

= + +&      (5) 

When a thin electrolyte membrane is used for a 
fuel cell, water exchange between anode and cathode is 
greatly enhanced due to fast diffusion through the thin 
membrane, rendering the water activity values to be 
equal between the two sides of the membrane, a state of 
equilibrium for water balance between anode and 
cathode. Under this equilibrium state as depicted in Fig. 
2, the water activity values at the anode and cathode 
outlets are the same, making the fuel cell essentially a 
“Continuous Stirred Fuel Cell Reactor (CSFCR)”. It 
consists of two flow channels for the anode and cathode 
feed streams and a thin membrane electrode assembly 
(MEA) in between. In a typical Continuous Stirred Tank 
Reactor (CSTR) model, all reactants entering a chemical 
reactor well mix and react to form products of uniform 
concentration at the exit. The CSTR concept is extended 
below to fuel cells for an analytical estimate of water 
activity towards the anode and cathode exits.  

The total molar flow rate entering the anode gas 
chamber can be computed by the stoichiometry 
definition; i.e. 

( )
,

2
, ,

,

2 1

a ref rxtotal
a i sat

N
a i a i

a i

I A
n

PF X RH
P

ζ ⋅ ⋅
=

⎡ ⎤
− − ⋅⎢ ⎥

⎣ ⎦

&
   (6) 

where ,
total
a in&  is the total molar flow rate at the anode 

gas channel inlet. 
Similarly, the total molar flow rate for the cathode feed 

stream is given by, 

( )
,

2
, ,

,

4 1

c ref rxtotal
c i sat

N
c i c i

c i

I A
n

PF X RH
P

ζ ⋅ ⋅
=

⎡ ⎤
− − ⋅⎢ ⎥

⎣ ⎦

&
  (7) 

where ,
c
total in&  is the total molar flow rate at the 

cathode gas channel inlet. 
The overall electrochemical reaction for a fuel 

cell system is found, 
2 2 22H O 2H O+ �  (8) 

, ,2 2 4 4 2
ref ref W Wcell cell cell

a c a i c i

I II I In n
F F F F F

ζ ζ
⎛ ⎞ ⎛ ⎞ ⎛ ⎞− − + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠
& &  (9) 

Equation (9) describes the net molar flow rate 
change by the overall fuel cell reaction. 

The total molar flow rate of water supplied to the 
anode and the cathode feed streams and produced by the 
oxygen reduction reaction should be equal to the partial 
water molar flow rate out of the total molar flow rate 
considering the over-all molar flow rate change as in Eq. 
(9), 
( ), , , , ,+total total W W W W

a o c o o a i c i c pn n X n n n+ ⋅ = +& & & & &   (10) 

3. Results and Discussion 

A set of theoretical calculations are made using 
the analytical solutions developed in this work and these 
analytical results are compared to the two-dimensional 
computer simulations for qualitative validation. First, 
additional two-dimensional simulation plots using the 
computational fuel cell dynamics (CFCD) program are 
presented to develop a basic understanding of water 
transport. Theoretical predictions are introduced in detail 
thereafter. 

Fig. 3 displays the numerically predicted water 
concentration profiles in the through-membrane direction 
at two different current densities. Fully humidified fuel 
and dry air enter the gas channels in a co-flow manner. 
At the low operating current density ( 0.23cellI =  A/cm2) 
as shown in Fig. 3(a), the water concentration on the 
anode/membrane interface is seen to be higher than that 
on the cathode near the channel inlet, i.e. up to y = L/4. 
This is indicative of forward water diffusion from anode 
to cathode through the membrane. However, the water 
concentration in the in-plane direction then gradually 
decreases by this forward-diffusion and the electro-
osmotic water loss, while there is water buildup at the 
cathode/membrane interface due mainly to the oxygen 
reduction reaction (ORR). In the middle section of the 
fuel cell (i.e. y = L/2), the diffusion of water through the 
membrane switches the direction, transporting water 
from the cathode back to anode. Fig. 3(b), however, 
illustrates a remarkably different feature of water 
transport when the current density is close to the typical 
maximum power density ( 1.17cellI =  A/cm2). First, there 
is a significant concentration gradient across the 
membrane because the mass diffusivity of water in the  
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(a) water molar concentration @ 0.23cellI =  A/cm2 
 
 
 
 
 
 
 
 
 
 
 
 
 

(b) water molar concentration @ 1.17cellI = A/cm2 

 
Fig. 3 Computed water concentration profiles in PEM 
fuel cells: (a) 0.23cellI =  A/cm2, and (b) 

1.17cellI = A/cm2 
 

membrane is two orders of magnitude smaller than that 
in other regions. Water diffusivity in the electrolyte phase 
is an adversely self-recursive function of water 
concentration. Therefore, most of water produced by the 
catalytic reaction escapes through the cathode GDL and 
the neighboring gas channel. Secondly, strong back-
diffusion of water due to high water buildup at the 
cathode/membrane interface minimizes the anode water  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4 Two-dimensional results of the dimensionless 
water concentration profiles along the flow direction and 
comparison with the theoretical prediction of the anode 
zero net flux location in a Nafion® 111 fuel cell 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5 Two-dimensional simulation result of the 
dimensionless water concentration profile on the cathode 
side and the theoretical prediction of cathode flooding 
location in a Nafion® 112 fuel cell 
 
loss and therefore the variation of water concentration in 
the anode channel is negligibly small. At the anode 
channel exit, the water concentration is even slightly 
greater than that at y = L/2 with the help of back-driven 
water diffusion. 

Fig. 4 displays the axial profiles of dimensionless 
water concentration at the anode/membrane and 
cathode/membrane interfaces as predicted from two-
dimensional simulations, along with an analytical 
prediction of the minimum anode water content location 
for a low humidification case (RHa = 50% and RHc = 
10%) with a thin membrane of Nafion® 111. It is shown 
Fig. 4 that the theoretical estimate of the anode net-zero 
water flux location is in good agreement with the two-
dimensional simulation. Moreover, the water molar 
concentrations at the anode/ and cathode/membrane 
interfaces approach each other towards the exit of the gas 
channel, demonstrating the equilibrium state of water 
across thin membranes as schematically shown in Fig. 2. 

Fig. 5 compares an analytical prediction of the 
cathode flooding location with the two-dimensional 
simulation at high current density ( 1.2cellI =  A/cm2) at 
which water concentration on the cathode exceeds 
saturation level. Because the back-diffusion of water was 
neglected in the flooding location analysis, it was 
necessary to rather choose a thick membrane for 
comparison than the thin membrane as used for Fig. 4. 
The analytical solution predicts a slightly earlier cathode 
flooding location in the cathode than that estimated by 
the two-dimensional numerical simulation (

, 0.6fl theoy �  
and 

, 0.68fl simuly � , respectively). 
Fig. 6 compares the predicted water molar 

concentrations at the exits of gas channels by the two-
dimensional computational results and the analytical 
solution, respectively at low current density, 0.2cellI =  
A/cm2. A thin (Nafion® 111) and a thick (Nafion® 115)  
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Fig. 6 Two-dimensional simulation results of the water 
concentration profiles at both anode and cathode outlets 
in Nafion® 111 and Nafion® 115 fuel cells and 
comparison with the theoretical prediction of the water 
concentration at the channel outlets using CSFCR model 

 
membranes are used in order to elucidate the validity 
range of CSFCR model that hinges upon the equilibrium 
condition of water between the anode and cathode outlets. 

As expected, the thin membrane case maintains 
nearly the same water concentration at both anode and 
cathode outlets and the analytical estimation using 
CSFCR model is close to the two-dimensional 
computational water molar concentration profiles. On the 
contrary, for the thick membrane, there exists a large 
difference in the water molar concentration between the 
anode and cathode outlets. This becomes obvious in Fig. 
7 which displays axial profiles of the dimensionless 
water molar concentration in the flow direction. The 
difference in the water concentration between the anode 
and cathode grows larger for the thick membrane along 
the feed stream due to reaction water buildup on the 
cathode side, while the thin membrane shows an 
equilibrium state towards the end of the channel length. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 7 Dimensionless water concentration profiles for 
equilibrium and non-equilibrium states of water in PEM 
fuel cells 
 
 

4. Conclusion 

In summary, the theoretical solutions are success- 
fully and provide good estimation of the critical locations 
for anode water loss and cathode flooding under the 
various operating conditions in PEM fuel cells. The 
analytical solutions are compared to the previously 
developed two-dimensional computational results for in-
depth discussion on the critical water transport 
characteristics. The CSFCR model developed in this 
study shows unique feature of water equilibrium 
accounting for the effects of the membrane thickness and 
operating current density on the water concentration at 
both anode and cathode outlets. The CSFCR model can 
be used to calculate the water activity at the channel 
outlets when the thin membranes (i.e. ~ 20 μm) are used. 
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