SYMMETRIC SPACES WHICH ARE MAPPED
CONFORMALLY ON EACH OTHER

By Younki Chae

Introduction,

The considerations of Einstein spaces, which are mapped conformally
on each other, were studied by Brinkmann [1]. In this paper we are
going to study about symmetric spaces as in the case of Einstein spaces.

Let V, and V, be n-dimensional Riemannian spaces with their funda-

mental metric tensors g;; and £;, respectively, and the correspondence
between them is given by

(O- 1) g:‘f"__ezag;'f ’ O_:O*C,’xl, TR, xn) »
then, we have the following relations [ 2]:
(0. 2)  gU=etg,
(0' 3> {.!zj} ={:'zf} +8§O-,j+85‘0-,;_g“‘g£m0-,m ’
where 0, ;=- 90 . If 0,;; denote the second covariant derivatives of O

oX*

with respect to g;;,, and we put

(0. 4) 0:1=0,;;—0,:0,;
then we have
(0. 5) e "0 Eﬁ;‘jk =R+ 8 0+ 8:i01h—&1i0 s2—L:50 1.
+(Gugii—Eni k) 40
where

410‘=g""0', : 0,5 .
Furthermore we have

(O' 6) E:':f=R;'J' +<%—-2) O-:'1+:Aﬂo- +(”-2.)A10-J gff ’

Azo' =g;'f0—: ij?

(0. 7) R=e¢ [ R+2(n—1) 4,0 +(n—1)(n—2)4,0 ],
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— 1 _‘...—..- — - 1 - _.-——'—
(0- 8) O:j (n—?.)(R” RH) 2(%_1)<%#2)(§.;1R gUR)
1
_ 2 gfj AIO—'

1. Some Preliminaries.
Let us think about an #-dimensional Riemannian space V, with the
metric tensor g,;, and an #-dimensional symmetric space V, with the
metric tensor £,;, which are related to g;; in the equations (0.1). For

any second order covariant tensor B;;, we have the following relations
in virtue of (0.3)

(1. 1) By =B, —2B;,0,,—B,;0,,— B;,0,;
+(giuBaj+g51Bia) 80 ,m s
where comma (> ) and solidus (|) denote the covariant derivatives with
respect to g;; and &;; respectively. In the same manner, for any second
order contravariant tensor B‘/, we have
(1 2) B, =B*, ,+2B"7,, +(8:B¥ +8] B?) ¢,
—(g'"" BY + g""B'*) 80,0\ m .
(zenerally, we can have the following relations between the two kind
of covariant derivatives (,) and ( | ) for any tensor T'%*%%,....;» whose
contravariant order i1s p and covariant orer 1s ¢

T i1 =T gty 1+ (D= T g0,
+ (8T vy b o FSIT O a )T

(1. 3) — (T pan it o GO i) E i s
—(0, s T it o0, T i)

SR -7 TY AR SEPRRE Y. S AL AL LD - s

The above-mentioned general rule gives us the following relations im-
mediately:

(1. 4) Zij1=—2g:i0,: » &%=2¢"0,,,
(1. 5) 1=0 ,

and
(1- 6) Ri.fll:R;'hl_zRif O-:l I_R!JO-J j"_RjJO-l {

+(g: RS+ g,; R%) 0,0 .
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Furthermore, on account of (0.8), we have

1 | 1 |
17— 2 2(n—1)(n—2)

(1. 7) +2(n—1)(n—2)(4,0) 0,
—-(%'— 1)(%‘_‘2><dlo_>lt:|gﬁ y

which can be rewritten in the iollowing form by means of (1.6)

RHH"" ERII—'ZRO-H

Oij11=—-

1
Oitn1=— 71— 2 —R:f,:“‘QRHO'. —R,,0, :"'"'RHO-: 7
a a, - 1 '
-l—(g“R ,-+£':1R ;)0-: E]+ 2('?3_1)(”._2)ER“'
(1. 8) —2R0, ,+2(n—1)(n—2)(4,0 )0, ,

~(n—1)(n—2)(40), ,1g:; .

We have used R,, and (4,0),, instead of R,, and (4,0),, in the above

equations (1.8). Infact, for the scalar function, the covariant derivatives

with respect to g;; are equal to the one with respect to g;;.
Multiplying g¢’/ to (1.8) and contracting over z and j, we have

- 1
‘_[ iJ . — J —
( . 9) g O-;JII 2(%_1) CQRO-:I R.‘l I)

+0[ (4,000, ,——~(40), )] .

2. Conformal correspondence of symmetric spaces.

In order to think about the conformal correspondence of symmetric
spaces, the conditions that a Riemannian space can be mapped conior-

mally on a symmetric space are desired to find out,
Let V, and V', be n-dimensional spaces mentioned in the previous sec-

tion, since V, is a symmetric space, we have
Eh’fﬁ'lI=626ERkl'fkl2+gkklIo-f.f-l_g:'.flfo-hk_ghilIo-:'k
—~Z 11T 10 it T &ei0rvi—8riU i 11— & ir0nj1 s
(2. 1) +(ghklfg;'f+gkkg;'ilI_ghflIgik—gkfg;'kll)dto-
+ (1185 —-g:u-gu)@ﬁ) i1 126" Ry it 8140 ;5

+ 20 i &ni0 ir— L0 nj T (Eugu—gug:k.)(dlg)] Y
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On account of (1.3), (1.4) and (0.8), (2.1) is as follows:

1 { e*opR

2 '('n_l)('n_z)' +Alo—}gkkgl'f0-|f

gkkO_l'J' Y

1

-} n__2 (Rﬁklfg;'f—R;'kl :g)&j'_"-kaHg:'k)

1 T 1 r
—. (e*°R" — R )g4:8:i0 14

(2. 2) 71—
+ x (8218 481i81x )0
2(% ])('n 2) 72 i ShID Tk | {

RI!

. 2(%'—" l)cn___ 2) (.gkﬁgf}' _ghfgi'k>

—R.?EEJ'A-H_RkIJ'kO_H
By putting
_ 1 ¢*°R

R
TS —1)(n—2) (8ugis—&1i8 e Ruin

Lﬁ i1k

(2. 3)

1
7—2

(2- 4) AJH'J'H_ ' {RﬁklIg.-'.f—R;‘ngf;J"_Rk.flIg:‘k

“(eEdEHI—RHIDO—Iﬂghﬁgff}_Rhffl‘lf ’
(2.2) can be reducible as

Ca0isvi=Lg: 00 1+ Apiin

R
2Wn—1)

(2. 5)

({n_ 2) (gﬁkgl'f—gkfg;'k) .

Hence we have the following theorem, because the sufficiency of the
theorem is evident, since we did not contract (2.5) with respect to any
indices_

THEOREM 1. A necessary and sufficient condition that a V, for
n>2 can be mapped conformally on a symmelric space V., is that

there exist a function 0 satisfying the equations (2.5).

Now let us find the integrability conditions of the equations (2.5).
On account of (1.5), we have the following equations by multiplying
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g% to (2.2)

'R

(n—1)(n—2)

-] 1 3
5,,0'_.-;-”‘"“ O { ‘+-410-}8kg£fo-lt

1 ; s s s
+ n— 2 CR kI gi.f‘"QR kgffo-lf_S.f R:‘kl:"'R ive ik

3 1 2 T a S
+ 2K J'g:'ko-lf)_ %_2'(9”6 K I_R -') akg:'.fo-lﬂ

A (1) (=2 (6} 8:—4658:4) 01,

R,
2An—1)(n—2

) (8:8:;—285 &ix)
— R TR 0y
By effecting the covariant derivatives with respect to g¢/, we have
£ s 1 L)
8}: O-;'.H Im—Sk O-;'J' | m! =-2—{(A10')|n;0' [ ] ""(-410-)1 10 lm}akgff

-+ ni2 [(Rsk l Im_Rs.& l ml.)g:'f”S;(R;'kl !m'—'R;‘k Imf)

_(RSJ'I IHI_RHJ'ImZ)g:'k] + ?’B"—Zﬂ (Rﬂf lm—Ram I 1)8; g:i0a

— 2 -
(2. 7) 7—2

926

———5 (R0 1en—R°n 0121084 &

1
9 — 2

(REICT;H;“RHH, O-II) 8; B:i D ta

- (Rﬂ; O-I::.'m—Ram O-IHJ)S.: g:i

1 s
- 2(?@_1)(%“2) (R”O-|m"""RimO-I!> 5!;' gy

_CRS;'J”?IIm_Rsfjkln:f)+(R=;jk|m O- 1! "'Rs;jk |4 O-|m) o

In virtue of Ricci identity, we have the following integrability conditions
of the equations (2.5) :

(2- 8_) 1{5;'J'kfﬂl+8; Bfmgi.f:Ts:'f“m ’
where we have put

1
B."m — 2ﬁ{('d!0-)lmo_ | 2 '_(AIO-) I Jo-lm}
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1 . g
+‘n__2 (Rflm_'RmH) U
2. 9 2 . o L
C ) — 4 —9 (R lo-lm_R mo-lf.)o-la_'n_:z (R fo-lnm
o 3 1 a a
_R mo-lal) + __?;_2 (R Io-ﬂ'lm—R mo_laf) y

; 1 ' ; ;
K PkIm = n_:2 {(R J;Hm"'_R klm!)g:"f_a.i(Rikl:m—R;'klml)

(2- 10.) _(Rsflfm—Rsflmf) g;'k:l""(R’HklIm_RsUklmI)
+<Rs;'fklmO-H'_Rs:'J'kH O-Im) ’
(2- 11) T’ifktm=6;(0_ki Ekum +O_:‘k Ekf!m.) .

Hence we have the following

THEOREM 2. The integrability conditions of the equations (2.5)
are given by the equations (2.8).

Next, we shall find out the conditions that two symmetriCc spaces can
be in conformal correspondence. We can easily obtain them by substi-
tuting R,;=R,,=0 into the equations (2.5), hence we have the following

THEOREM 3. In order that a symmelric space can be mabpped
conformally on a symmeiric space, il ts necessary ihat the function ¢
satisfies the equations

(2- 12) ghko-i'!lf:Lh;‘fho-lI+A.f:£ikf .

In virtue of (1.6), (2.12) is written as follows:

(2.13) i Uiy 1=Dpj 0 — _%'ig

(deEﬂ! = Raf.)gkkg;'fo-:a

o
1n—23

[ {(gfifRﬂﬁ" +gIkRa}:)o-: a

_2Rkk0-11’ _R”;O-,;;'_RJ;;O_, k}g-‘f + {QRI-'-J'O-! i
+R!.f0-r K +R!:IO-, .f'+ (gk.!RaJ' +g!fRak)O-: ﬂ'}gik
+12R,0, ,+R,,0, ; +R,0, 4+ (g4 R°,
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+gHRa;')O-1 ﬂ}gﬁfj+4Rk£fko-: I+R1f.fk0-.r 72 +Rk!fko-l ']
+Rk“k0-l J'+Rk:'."lo-: k—CgklRﬂif§+gilRﬁaf.&
+ 8 Ry v+ &Ry i%) 0,4 .

Finally, we shall find out a condition that both of the scalar curva-

tures of V, and V, vanish.
Multiplying g** and g%/ to (2.13) and summing over %, &, z, and j,

we have
it __Ln QEG—E-
g O.I.flf 2 { (ﬂ—l)(%—-Z) +A10—}0-l H
. /[ 20 14 ___Ra )
(2. 14) (%—2)(9 R 1) Usa

8n”— 290" + 141 — 12

T on(n—1)(n—2)

Ro,,; ,

and on account of (1.9), the equations (2.14) can be reducible as
follows:

A (} 2 T a — a
( leg _').r! :'—n__2 (eﬂR I+e ﬁR I)O-.Id

R &
(2.15) =1 (n—2) ¢ >

8n° —31%° + 187 —12 "
+ W (n—1)(n—2) R(e™%),, .

If 4,0 Satisfy' the following equations:

AO- 2 o a .=
(2.16) s )” = g (RYE TR 0,

we have

h R v N —31n°+18n—12 c__
(2.17) (n—1)(n—2) ¢ w(n—1)(n—2) R+cet=0,

where “c” is constant.

On the other hand, a necessary and sufficient condition that there
exists 4,0 satisfying the equations (2.16) is

(2.18) 010 me =R 010 m1.=0 ,
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since

(Ra"e-—ﬂ'o-’ n.).! m__(Rdme_so-: a): I=e-6(Rﬂ10-am"‘Ram0.a:) »
and

(eﬂ.}—éaio-: a):m'—(eﬁ Eum 0-: a.).r ! -:"EREIO-'HJE .

From the equation (2.17), R=pR=0 if 4,0 satisfy the equations
(2.16), hence we have the following

THEOREM 4, If 4,0 saiisfy the equations (2.18), both of the
scalar curvatures of the two spaces V, and V, vanish.

Oct., 1959
Mathematical Department
Kyungpook University
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