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Introduction. 

The considerations of Einstein spaces, which are mapped conformaUy 

on each other, were studied by Brinkmann [1]. In this paper we are 

going to study about symmetric spaces as in the case of Einstein spaces. 

Let V" and ïζ be n-dimensional Riemannian spaces with their funda­

mental metric tensors g ;j and 흥ij respectively, and the correspondence 

between them is given by 

(0. 1) 효i1 =e2 6g‘U' σ= (J(xI， ...... , x") , 
then, we have the following relations [2J: 

(0. 2) 흥iJ_ e-2 a g ‘·1 , 
(0. 3) "{깐}""{/j}+인σ，j+8$σ’‘--gJjglmσ， m , 

aσ where σ.i vv .• If σ， μ denote the second covariant derivatives of σ 
- - ôX ‘ - .. 

with respect to g“’ and we put 

(0. 4) 

then we have 

(0. 5) 

where 

σ;j =σ.{j --σ， iσ， j , 

e-2a 훈ι.·jk =Rι/Jk+gμ σil +g‘·jσμ -'g'"Jσik g‘， kσ"j 
+(g，ιkgO一 ghJga.) Å,(J , 

Å ，σ g"(J". σ，j. 

Furthermore we have 

(0. 6) Ru-Rjj +(n一2) σU+[Å.σ +(n-2)Å'1σJ g ,'J ’ 
where 

Å-:σ -g;jσ， I j ’ 
and 

(0. 7) 효 =e-2a[R+2(n-l) Å2 σ +(n 1)(12 2).1，σ] 
’ 



‘ 
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=--L-(훈i1-Rti)- ---J-←-.-.，.(흥;; R -gIJR) (n 2) \.Il.t J ~'fU 2(n一1)(n-2)
8) 
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(0. 

-추g;; .11σ. 

Some Preliminaries. 1 

암le Riemannian space V" with n-dimensional an Let us think about 
e 
r 

m 
R 

symmetric space V" with 

g;; in the equations (0.1). 

we have the following relations 

n-dimensional metric tensor go, 
홍0' which are related to 

any second order covariant tensor Bo’ 
in virtue of (0.3) 

and an 

metric tensor 

B iJ ’ I-Bo,1 2B'jσ， 1 一Bliσ".-B'Iσ， j
+(gi/Bai+g j/ Bja) gamσ， m , 

comma (, ) and solidus (\) denote the covariant derivatives with 

(1. 

where 

for any second same manner, 1n the g ;j and gij respectively. 
Bii , 

B끽 1 =B/~I +2BiI(),z +( 8;Bai +8{ B,a) σ， a 

_(g' n< Bai +gi"'B''') galσ’ "' . 

Generally, we can have the following relations 

of covariant derivatives ( ,) and ( I ) for any 

contravariant order is p and covariant orer is q 

we have contravariant tensor 

respect to 

order 

kind 

whose 

between 삼le two 
tensor Tab---cdk….jk 

2) (1. 

Tah-- cdai ---lk l I =Tab --- cdai ---lk, 1 + (P - q)Tab--- cdai ---ikσ， 1 

十 (8~T"b… cdai---jk+ --- +히Tab--·c”ai---jkjπ ， " 

_(gOmT"b… cdkt·--jk + --- +gdmTab--- c”at---jk)g”’σ， ’ 3) 

-(σ， aTab--·cdIi…ik+'" +σ， kTab--cdat---ll) 

+(gaITab--·cd”t…μ + --- +gklTab---cdai---i”jg”m6, m 

The above-mentioned general rule gives us the fo l1owing relations im-

mediately: 

’ 

gt{ 1 2g，"Jσ， 1 , 
’ 

giJμ =-2gijσ， 1 

8김"1 0 , 
4) 

5) 
(1. 

(1. 
and 

• 

R'ill Ro, I 2Rij σ， 1 Rll() ， j-Rjzσ• I 
+(g" R'j+g'i Ra,) σ.a 

6) 



s:ymmetric spaces 

Furthermore, on account of (0.8), we have 

(1. 7) 

σμ 1/--' u는RiJ 11 +,=;/-- : a 、[R 11 2Rσ1 1 

+2(n-1)(n-2)(4!σ) σ1 1 

-(n-1)(n 2)(t1 1σ )1/]giJ , 

‘ 

which can be rewritten in the following form by means of (1.6) 

σi/ II- -쓸-.，-[RiJ’ 1 2R"σ， 1 R Ii(], i RiIσ， I 
IRa j + g l/RaiJ 

(1. 8) 
-2Rσ， 1 +2(n l)(n 2)(41σ)σ， 1 

-(n l)(n 2)(41σ)'1꿇iJ • 
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’ 

We have used R, 1 and (t11(J), 1 instead of R 11 and (4 1(J) 11 in the above 

equations (1.8). 1n fact, for the scalar function , the covariant derivatives 

with respect to gjj are equal to the one with respect to gil. 

Mu1tiplying g i/ to (1. 8) and contracting over i and j , we have 

(1. 9) giiσ‘·i ’ l = --프 .. "\ (2Rσ>1 R ,/) 2(n-1) 

+n[(4 1σjσ， l-초(41σ)， 1)] . 

2. Conformal correspondence of symmetric spaces. 

1n order to think about the conformal correspondence of symmetric 

spaces, the cOnditions that a Riemannian space can be mapped confor­

mally on a symmetric space are desired to find out. 
Let Vn and Vn be n-dimensional spaces mentioned in the previous sec­

tion, since V n is a symmetric space, we have 

(2. 1) 

IE“，lkll-e2 t1CRkilkl/+ghkllσ ，， +gi/llσhk ghjllσ ik 

-gik 11σhl+gkkσiil/+gijσhk 
’ 1 g"lσikll gjkσhj 11 

+ (ghk Ilg
‘U+g"kgilll gAJ lI gik ghjgjkll)4 1σ 

+(g샤gi/ -ghjglk)(4t(J) 11 J + 2eM [Rwk + gkkσij 
+gi/따k gMσIk g/kσA/+ (gug i/ gh，gik)(JJσ)J σ 1 1 

-0 • 
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On account of (1. 3), (1.4) and (0.8), (2.1) is as follows: 

(2. 2) 

By putting 

(2. 

4) 

‘ e 2 tJ 1F 1 
guσij ” =--t ( +4lσ }g1í kgjJσI 1 

2 ‘ (n-1)(n-2) ’ 

+ 꽉τ(R1í k Ilgjj- Rik 1 ,g k/- R !zj Ilg Ik) 
‘ 0-

-끓5(e26pal-Rπl)g líkg jj(J III 

+ Rr 二따(g"kgj j- 4g/， jgik)σ1 1 

R Il • , (glíkg,Oj-ghlg‘. 2(n-1)(n-2) '6"'b jJ 6hl6j k./ 
-

-R"iikll 一R""kσ1 1 • 

1 n26;; 
L !t iik ==-;느 {- /.0... : π - +.ð lσ 1 g'lkgjj 2 l (n-1)(n-2) 

+호강二감r강펴j(gι/gjj- g"‘ jg)‘tk-R ,;,-jk , 

A'u'jkl == 1 -{R@k llgi1 -Rtk llgIJ - Rl·l ! lgtk 

_ (e2 1J훈QI-RaJσ 1 ag"kg‘·사 -RμUk 11 , 
(2 0 2) can be reducible as 

(2. 5) 
g 1í kσ ‘u'I=L1í ‘ Jkσ 11 + A"iikl 

ELL--- (gakgii -gkjgi·k) • 
2(n-l)(n-2) 

Hence we have the following theorem, because the sufficiency of the 

theorem is evident, since we did not contract (2.5) with respect to any 

indices. 

THEOREM 1. A necessary and sufficient condition that a V n for 

that mapped conformally on a symmet1'ic sψace Vn is 

a function (J satisj ying the equations (2.5) 0 

n>2 can be 

there exist 

Now let us find the integrabi1ity conditions of the equations (2.5). 

On account of (1 .5), we have the following equations by multiplying 
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g'ι to (2.2) 

8~σ j 11 =동{ e~ (J 륨 

(n l)(n 2) 、 + d10"} 8~gjJσ ” 

+ τ논(R'" ’ 1 gij 一2R'kgljσ 1/-8j R;"kl/-R'jll gik 
‘’-

n-
(2. 6) 

-

-R 'iik 11 十R' ‘ jk σ 1 1 • 

By effecting the covariant derivatives with respect to 흥“， we have 

n-

(2. 7) 

1 
-(R' illm -R' iI ml)gikJ + u .l. n {Ra/l "‘ _Ra"‘ 1 1 )8~ gijσ 1 Q n-

-τ묶 (Ralσ ! m -Ram σ 1/) 8~ g ;"j σ 1 a 
“-

,,2 6" 

- τF;(훈aIσ lari--Ra,7l σ lal)8~ gij 
‘ •• 

+τ끌(Ra 1 σ1 Qm-Ra", 0" lal)8; gij 
-.. 

+ 

-(R' iJk 11m R' iJk 1 011)+ (R' ijk 1", σ II-R'ijkll 0" 1m) . 

In virtue of Ricci identity, we have the following integrability conditions 

of the equations (2.5) : 

(2. 8) 1{'iiklm+8~B'mg iJ =T'iJklm , 
1 

where we have put 

B1m =웅{( .1，σ) 1.,0" 11-(.1， σ) 11σ 1m} 



70 Younki Chaø 

n-

(2. 9) ,,2 /1 

%-2 (효alσ lam n-

n-

(2.10) -(R'/l lm R'jlnll)gikJ (R'Ok l1m R'Uklml) 

+(R'싸 

(2.11) T'iJklm -8;(σhJ 훈kZIm +σ.-a R씬1m) . 

Hence we have the following 

THEOREM 2. The integγability conditions oj the eqμations (2.5) 

are given by the equations (2.8). 

Next, we shaIl find out the conditions that two syrnmetric spaces can 

be in conformal correspondence. We can easily obtain them by substi­

tuting R II-RIJ =0 into the equations (2.5), hence we have the following 

THEOREM 3 , ln 0γder that a symmetric sþace can be maþþed 
conjormally on a symmetric sφace， it is necessary that the junction σ 
satisjies the equations 

(2.12) gU(JjJ l/=LhiJhσ I1 + A'<i Jk' . 

In virtue of (1. 6), (2.12) is written as follows: 

(2.13) 1 
gu샤k σι‘I끼. 

"ι’-←-

n-

- 2RuσJ/ -R'kσ'"‘ -R" ，σ，사gtJ +{2Rιlσ， 1 

+RIJσJh +RιIσ， j+(g，， /Raj+gIJRa，，)σ， a} gik 

+ {2R'kσ， 1 + R ,k(T, i + R i/(J, k + (g i/ Ra k 
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+g/kRQj)σ• o}gI! JJ+4RJi iJkσ./+R/i ikσ• Ji + RTz1 ikσ• ; 

+RJi ‘ilkσ• J+RJiwσ• k (g l! /RQ;;k + gnR"Q ik 

+gflR"/k +gk/R Ji i /) σ• Q . 

Finally, we shal1 find out a condition that both of the scalar curva­

tures of V n and 17 n vanish. 

Multiplying g "k and gii to (2.13) and summ:i.ng over h, k, i, and j , 
we have 

giJ σ‘·j| I= 
"" n 26듀 

? μ-- :、씌 2) +41σ}σ. / 

(2.14) 

+ 8%”-29n2 +14n 12 T> 

피짜ñ--:1")("""n---2'"') “ ’ / , 

and on account of (1. 잉， the equations (2.14) can be reducible as 

follows: 

4꿇)“ =꿇2 (e6'훈샘-6' RQ/)σ •• 

(2.15) 

씩J 
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If 41σ satisfy 삼le following equations: 

(2.16) 
J，σ 
eQ , 1 = 꿇2 CRQ

/ e6' + RO/e-6' ) σ， . 

we have 

(2.17) 

쐐
 

‘ p --u 
% r 

I 

、

e~6' _ 8n8 31n2 + 18n 12 R+ce6' =O , 
n~(n l)(n 2) --. -- - • 

where “ c" is constant. 

On the other hand, a necessary and sufficient condition that there 

exjsts dlσ satisfying the equations (2.16) is 

(2.18) RQc/σmk=효at/(J mJ. ==O , 
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SlOce 
(Rale-~σ.ø)，，，，- (Ra"，e-~σ• a). 1-e-d(Ra1() am ' Ra"，σal) , 

and 

(é훈Olσ， a), m (e~ 'R:m σ， a), 1 = Ï?:ClσmJo . 

From the equation (2.17), R ----， 훈 -0 if 4，σ satisfy the equations 

(2.16), hence we have the fol1owing 

THEOREM 4. 11 41σ satisj y the eqμations (2.18), both 01 the 

scalar cμyνatures 01 the tωo sþaces V. and V" νanish. 

Oct. 1959 

Mathematical Department 

Kyungpook University 
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