
PSEUDO UNITARY NORMALS AND GAUSSIAN FORMULAE 

FOR THE SUB-KAEHLERIAN MANIFOLD 

By Sang-Seup Eum 

1.Introduction. 

We consider a Kaehlerian manifold Ktn whose complex analytic structure 

‘ • (ua• μa) (κa =κa*=c0%j. of %a; a,a.v…=1,2, "', m: 

.'=m+a) was given by the relations (1] 

a. ,ß- ,'Y., ••. =1‘, 2·, ---, m ‘: 

(L 1) μα =ya +íya' , ’ μa =ya -iya. 

where (yA)=(ya. ya') (A.B.C •... =1.2 ..... m.1 •. 2 •..... m.) is a system of 0∞，rdi

Date neighborhα퍼S of a real 2m-dimensional Riem때끄ian manifold X2tn • 

By α빼sidering a X2f1, of 0∞rdinate neighborhoods x K = (xR• 샤) (k.i.l. …=1,2,"', n; 
흩， 1， ---=i,5, ---,E; K,I,L, …=l,2, ---， n ， i，칠 ….ñ: 7i =n+k) , immersed in above X2tn. we can 

∞ißsider tbat the K fI whose complex analytic structure (;r)， 향) (ZR=Z훌=conj.of ;r}) 

was given by the relations (1] 

(1.1') Zk=Xk+ix훌， Zk=xk-ix1i 

is also immersed in above K tn. 
For the real Riemannian manifold X 2m , we denote the metric tensor and 

Christoffel symbols by the notations aAB, (a){싫. respectively and for the above 

Kaehlerian manifold Ktn , by hAB• (h)[ /c. moreover for the X2f1, bybJK• [상'L) , 

for the K fI. by gJK. [κ’'L respectively. then we have by (1.2) of (1] 

(1. 2) 
àyC àyD 

hAB (μ)=견uA '-ð강ïïaCD(Y). gJ"(Z) = 

and we have the following relations 

(1. 3) aaß=aa'r. aaß*=-aa얘， bjk=bJ7i, bj1i= -bJk, 

(t 4) 
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haß ’ =2(aaß-iaaß*) , (conj.) 

gJ훌=2(b뼈 一i~1i)， (conj. ) 

(1. 5) (h)[화=(써짜}-i (이{;"{'}， [값={폐 -i {앓L (conj. ) 
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The. main p따pose of this paper is representation of the normaIs to Kn and the 

Gaussian formulae for the submanifold K n of K m by means of the relations [2] 

(1. 6) 

a 
()ya 

d 

() , () 
·」 -r「「 T --i--, 

aμα 

- () I () 
, - • I • ---;rr「;-- , 

()xk 

a = i(싫-순). 
V_ (jμa 

‘ ()ya O 

L= t(옳-옳). 
If we assume that the K n is a complex analytic submanifold of K 111 

‘ • μa=μa(ZI. Z2 •...• zn). μa=μa(εl ， 

then by the relation (1. 1) and (1. 6). we have 없sily 

(1. 7) 

()ya _ ()yα·- l /δμα 上 ()ua 、
견꾀 - ()궁T- 2 \. ()z{'" ()zj ) ’ 

()ya _ ()ya‘ _ i ( ()uα aμα \ 
7갚 -- ()조ì --;2"\경강 깊TJ 

ξ2， ---, 2n) , 

1. e. 

Conversely if the relations (1.7) are satisfied. the Kn is a complex analytic 
submanifold of K 1I‘ --

Therefore we have the following: 
A necessaγy and suf ficient condition that a Kaehlerian manifold Kn which 

was dirctly comþlexified from a real Riemannian manifold X 2n. of coordi
nates xK

• immeγsed in a X 2m of coordinates yA, be a comψlex analytic sub

manifold of Km μIhich was directly comþlexified from X 2m. is the relations 
(1.7). J t 

By means of the relati<>ns (1.2). (1.6) and (1.7) we can easily see 

(1. 8) 
aμα ()Uß 

gjTi= haß 0":'τ-←'ë'\ _ f... • 

Throughout this paper we assume that above Kn is a cmplex analytic submani

fold of Km. 
’ 

2. Pseudo unitary normals. 

Let us denote the 2(m-n) mutually orthogonal unit normals to X 2t1 ’ by 
’ 

NMIA=(NMla. NM1a-). (M.P. ", =1. "', m-n,m-n+1 •...• 2(m-n)) 

then 
aABNMIANpIB=OMP. 

By putting 

(2. 1) eM,a=N MI([ +iN Ml ao• 
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~M ，a=Nμlα-iNM ， a* (~M ， a=~M ， a‘) 

by the relations (1.3) and (1. 4) we have easily 

(2. 2) haß ‘ (~M ， a~p ， ß +~p ， a~M ， ß) =OMP 

tJíJ (hα뼈M ， a갑， ß) =웅OMP， 1. e. 

where tJíJ(Z) is the real part of Z, and if M=P then, 

(2. 2') hα싼값 ， a~M ，ß=윷 
therefore we define that 상 ， A are pseudo unitary normals to K 1I • 

Moreover, by the relations 

aAByA, KN M,B=O, ( yA， K= 폈웅) 
‘\ve have 

(2. 3) ha.8 ‘ (Ua.k~M ，ß+ μ ß. 7i ~M ， a) =0 
( dμa 
M. k=7끓 

、

η
 

• 
; 
J m ” 

ν
 

/ , ‘ 
、

1. e. tJíJ( (hαß" Uα. k~M ， ß) =α 

By calcu~ating directly from (1.6) and (2.1) , we have 

• 
8μ7 

= 1 (_맺，11.'.뜨- aN펀|얀) +d쁘빡+ 
2 ‘ ôy"l -òY"l ‘ / . 、 ày'Y* . 

ÒNM1a*ì 
ày‘y / ’ 

à~Ml α -

- à~M ， a 
ày'Y 

A 

therefore we have the following: 

11 the pseμdo μ씬taγy normals ~M ， A aγe CCl1생lex analytic, i. e. 

~M ， a =~M ， a (μl ， 상， ---, μm ), * * 
~M ， a =~M ， a (μl ·, μ2· ， ---, μm‘)， 

then 

(2. 4) 
àNM ， α 

ày'Y 
-핸멜r 

ày"l* 
, àNM ,a 

ày'Y. 
- aNMla-
- 7고'Y " 

and vice νersa. 

For the cOn1plex analytic 값 ， A ， by the assumption of ~1， we have also 

(2. 4') 
àNM ，α - 8NM a ‘ 
7죠k - àx1l• , 핸Ef-=- 브만낀E 

δt흩 àxk • 

By denoting the tensor derivative with respect to y 'Y and xk by ; γ and ;k 

respectively and with respect to u'Y and zk by : 'Y and: k respectively, then in 
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virtue of (2. 4) , (2. 5) and (1. 5) for the complex analytic 

normal vectos 앓IA’ we have 

(2. 5) 
N Mla; 'Y=N Mla*; 'Y* = 윤(~MI써 

NM1a; 'Y*= -NM1a*: 'Y= 슛(~.vla: 'Y -~Mla: 'Y' ), 

N .vla;~=N Ml a *; 7i=응원α:k+~MIα: 흩)， 
(2. 6) 

NM1잭= -N Ml a* ;k=윷(~Mla:k-~MI α: 7i). 

Moreover, 
(2, 7) 

for the following vectors 
?JMPIJ=aABN I4 IA yC,] NPIB;C 

by substituting (2, 5) , we have 

?JMPli=haß '(~Mla μ'Y. 갚PIß: 'Y* +~MIß ttY, i ~Pla: 'Y) 

=2ge(haß* ~Mla μ'Y.ì~PIß: 'Y‘)， 

(2, 8) 

pseudo unitary 

?JMP ， l=ihaß*(一 ~Mla u'Y. 1 ~PIß: 'Y' +~MIß μ'Y， i ~Pla: 'Y) 

= -2i{Y(haß' ~.v la U'Y. ì ~PIß: 'Y'). 

where (Y (Z) is the imaginary part of Z. 
Therefore, by putting 

• • 
(2, 9) μMPli=haß' ~Mlaμ"1_ 쳐PIß: 'Y •• (con j) 

we have the following relations 

(2, 10) 
?JMP1i=μMPli+μMP|1， (f.LMPll = conj. 01 μ.vp !i) 

?J MPll=i(-μμPli+μMPlì) ， 

and 

(2, 11) μMP|l=웅써Pli+i?JMPlì). 

3 Gaussian formulae , 

The tensor derivatives of y\ k are the following fonns by the relations 

(1, 5) and (2. 4) 

1 ’ 
ya:jk=-y쐐= 숭(μa:ik+μ띄7i)， 
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• * 

(3. 1) 
ya;j1i = yα ;ìk=....:'Z(Uα:샤-μa: ì 1i), 

yα*õjk=-ya;j1i， ya*;j1i =ya ‘ õìk=ya;ik, ya-;ì1i =yα ;)Ti， 

where 

μα:뻐=싫옳+(h)r 앓 μß.j μ7 *-r;kua I , 

and from the equations 

aAB yA;JK yB, L=O 

we have easily 

(3. 2) 
* * 

hαß-(μa:)Ruß.l + κa:1흩 μß.l)=O， 

27 

therefore we can regard that Ua:jk, of a vector in Km , iS pseudo norrnal to Kn. 
The second fundamental tensor of X 2n immersed in X 2m is given by 

(3. 3) flM/JK=yA õJK aAB N M/ B 

and by the relations (3.1) , for the complex analytic vectors 상/A we have 

- -flM/jk= μα :)Rhαß- ~μ /ß+ μa:ì1i ha-ß~M/ß， 

(3. 4) 

flM/j1i =i(μa:j흩 haß* ~M/ß-ua:ì1i ha-ß ~M/ß) ， 

and 

(3.4') flM / ìk = flM !i1i, flM/채= -flM/jk. 

The mean curvare of X 2n in X 2m is given by 

where 

M=~Mp/Np ， 
P 

M p/ =flp/J1cbIK 

and NI'/ are the 2(m n) mutually orthogonal unit normal vectors to X 2n 
’ 

then 
by the relation (1. 4) and (3. ψ) we can easily see 

Mp/=O 

therefore, we have the following: 

When a Riemannian manifold X 2n , immersed in X 2m, is γelated to a com-

þlex analytic sub-Kaehlerian manifold Kn , imηze1’sed in K
2’” ’ by (2. 1), (2. 2) 

and (1.5) , the mean curvature of X2ft vanishes. 

The Gaussian formulae for the submanifold X 2n of X 2m are gevin by 
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(3. 5) yA:JK= í.D.M1JKN MIA 
M 

nnd hy substituting (3.1) anci (3.4) into (3, 5) , we have 
、

띠
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(3. 6) 

μa:채=g8Mlig(￡Mla+삼la) ， 

where we have put 

• 
8 M1 Jk=ua:jkhaß' ~MIß， 

(3. 7) 
‘ 8M1jR= μα:자 ha'ß ~IIIß， 

1. e. 8 M1 jR= 윷(D.Mlik +iD.μ Ij1i)， 8빼= 웅(D.M1jk-파깨). 

The set 01 eqμations (3.6) and (3.7) are the Gaussian lormμlae and the second 

lundamental tensor resþectively lor the sub-Kaehlerian manijold Kn 01 K ’n. 
The tensor derivatives of N MIA are given by 

(3. 9) NM1A:J=- D.MIJK bKL Y\L+ í.'&PlIIJNpIA 
P 

by substituting (2.6) , (2.10) and (3.8) into (3.9) , we have 

(3.10) 
~Mla:k= -8.\l I1ih ghJ μa.1 + Fμpμ 1 1i (~PI α+값la) ， 

~Mla: 1i =-8서 I kh gïd μα.i+g싸Mlk(~Pla+값la) , 

and the set 01 equations (3.10) are the tensor derivatives 01 상 l A. 

’ 

Aug. 1000 

Mathematical Department 

Liberal Arts and Science ColIege 

Kyungpool‘ University 



P,eudo unitary normalß and Gaussian formulae 29 

REFERENCES 

(1] Sang-Seup Eum: Direct comPlexification of a RÎi':r.었서1>:: 1'? anifold int!l !J Kaehleriall 

manifold, Kyungpook Math. Journal Vol.2, No.2 (1959). 

[2] William M. Boothby: H ermitian manifolds ψith zero cμrvature， Michigan Math. Jour

nal Vol.5, No.2 (1잃8). 

[3] K. Yano and S. Bochnor: Cuyvatuye and Betti numben, Ann. of Math. Studies No.32. 

Princeton (1953). 

[4] K. Yano and I. Mogi.: On real reþyesentations of Kaehlerian manifolds. Ann. of Math. 

Vol.61, No.l (1앉15). 


