NOTE ON INFINITESIMAL TRANSFORMATION
IN NORMAL CONTACT SPACE

By Jae Koo Ahn “

Introduction, Recently, S, Sasaki defined the notion of (@, &, 1, g)-structure
of a differentiable manifold[1], and he and Y. Hatakeyama studied its geomet®ic
properties [2]. Furthermore, S, Sasaki, Y. Hatakeyama and M, Okumura defined
a normal contact space and discussed many interesting theorems in this space[3],
In this space, problems concerning infinitesimal transformations were studied by
M, Okumura and S, Tano[4], [5].

In the present note we investigate the relations among several infinitesimal
transfomations,

In section 1, we state the fundamental properties of the normal contact space

and the definitions of these infinitesimal transformations as the preparation of this
note,

We show the results of this note in section 2 and prove them in section 3
successively.

1, Preliminaries, On an N(=2z+1)-dimensional real differentiable manifold,

if there exist a tensor field ¢', contravariant and covariant vector fields §_f and

n. satisfying the relations

(1. 1) & =1, )
(1.2) rank [¢}l=n—1,

(1.3) ¢; &7 =0,

1.4  ¢n=0,

(1.5) 8’ =03 +&

tnen we call the notion (QS"-, g 72}-)' a (¢, &, m)-structure and the manifold a
nanifold with a (@, §, 7)-structure, It is well known that a manifold with a (¢, £,

%) -structure always admits a positive definite Riemannian metric - tensor g;; such
R A i L:" N oy +
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that

(1,6) g Ej.—_—_m.,

(1,7) i D Pn=8ah— e T

We call such a notion (¢, &, N, &;) satisfying above properties 3 (¢, £, 1, g

structure and .the manifold a manifold with a (¢, &, 1, g)-stucture, 1a this note,
we always consider such a Riemannian metric tensor, and thus we use a notatioa

7 in stead of &,
‘Next, let M be a differentiable manifold with a coatact structure

n=n; dxi.

[f we define ¢;; by

—

2¢;=0;m—0,m;, (M;=0/0x),

we can introduce a Riemannian metric g;; such that

)

. (1- 8) ‘ "-' ¢:‘:g}‘r ¢:’rl o

1.9y = E=g"n

»

where 7i, g;; ¢§- define a (@, §, 7, g)-structure,

S. Sasaki and Y, Hatakeyama ietroduce four important tensor fields N j-,-"', N .,

N/ and N, and if N ﬁ-h vanishes, the other three tensors vanish, We call the

contact space with vanishing N J-,-" a normal contact space,

[n a normal contact space, the following identities are always valid[3],

(1,10) Vn=6
(1,11) Ve 0ii=V, V=0, 8= T; &jps
(1.12) 7, R?kjrzﬂf gin~ Mp&jpr

(1, 13)' - v[ vk ¢ Fl =§ﬁfjg;'k T ¢f: & ik
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(1, 14) @i, Ry =0, Rypi =B &in—Pp; 81— Pri &jn+ Pri Lins

where R;,.' is a Riemannian curvature tensor, and V; is the differentiation with
respect to Riemannian connection,

In a Riemannian space, if the vector field v satisfies

(1, 15) £y gﬂEV} UI+V, Uj:O:
(1, 16) £ g:=V, v+ Y, z,r-::2 0g ;>
f
(1.17) e, {i:)=v,v;o"+ R =0,
and
n\__ h 7 k
(1.18) 27 =V, V" + R =0, 0"+ 0,00,

then the vector v is called respectively an infinitesimal isometry (or Killing vec-
tor), an infinitesimal conformal transformation (or conformal Killing vector), an
i~fisitesimal affine collincation znl an infinitesimal prbjectiife transformation,
where ¢ is a certain scalar function called by an associated scalar of the

transiormation and e ; 1S a certain vector field called by an associated vector of

the transformation, If ' admits a conformal Killing, then it holds

(1.19) e, {Ll=v,v,/+R,

— h h
—JJ 5:' +0-, 5';,_'0- g}'!-, (0':-283-0')_

Next, let us recall the identities of Lie derivatives, For any vector field v and

tensor field T,-I-h, we have the following identities:

(1. 20) e, T'=0"v, T,/ +T v, +T_,a v, v —Tﬁ v, ",
(1.21) e,V T =, &, T

=0T, ‘e, {jm} r £{ }+Tj;' £v{aﬁz}'
(1.22) v, (-2, v, =g R,/

In a normal contact space, if the vector field #' satisfies
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(1,23) £, n.=17,
and
(1,24) £,4:=0,

then we call the vector ¢ an infinitesimal contact transformation (7 is an associated
scalar of the transformation) and an infinitesimally ¢- invariant transformation
repectictively, and especially, when 7 vanishes s is called by an infinitesimal
strict contact transformation,

Transvecting (1,23) with 7?£, we have

(1, 25) =0 £ 1.=17"17" V., 0,

2. Results, In this section, we summarize the results of the present note as

followings:

(I). In a contact space, if an infinitesimal contact transformation admits an

infinitesimal isomelry, then it is strict and the length of the vector field 7?£' is
invariant under the infinitesimal isometry. |

Next, we consider the normal contact space, and then, do not refer the space

in the followings,

(D). If an infinitesimal isomelry o s infinitesimally ¢-tnvariant, then it admiis
an infinitesimal strict contact trausformation and the length of the wvector v’ £
constant along the curve langented to direction 72"_

(H). If an infinitesimal affine collineation is infinitesimally ¢-invariant, them
it admits an infinttestmal strict contact transformation and an z'nfz'm'téz'mal isometry,

(N). If an infinitesimal projective transformation is infinitesimally ¢-invariant,
then it admils a conformal Killing,

(V). If a conformal Killing is infinitesimally ¢- invariant, then it admits an

‘nfinitesimal i1somelry,

(M), If an infinitesimal contact transformation v is infinitesimally d-tnvariant,
then tts associated scalar T ts represented by

2 a
(2,1) T= N L1 Va? o
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(M). If an infinilesimal contact transformation admils an infinitesimal affine
collineation, then its associated scalar T is represented by (2.1) and coustant along

the curve tangented to direction 77", If an infinttesimal isometry v admits an
infinitesimal contact tranformation, or if an infinitesimal affine collineation admits
an infinitestmal strict contact transformation, then it holds

(2.2) v, v =0,

(M), If an infinitestmal contact tranformation v admits an infinitesimal
projective transformation, then its associated scalar t is represented by (2,1) aid a
direction t,—2 0, is orthogonal to the direction 7. Furthermore if the transformat on

s strict, then it admits an infinitestmal affine collineation,

(K). If an infinitesimal contact transformation admits a conformal Killing,
then it admits an infinitesimal isometry and striclt contact transformatiosn,

3. Proofs., In this section, we prove above results successively,

(I). Let o' be an infinitesimal contact transformation, then we have
£,M,=11,
Since v admits an infinitesimal isometry, we have
! !
£u 72 —T 7? .
Taking Lie derivative of (1,5), we obtain by means of above

¢ £, pi+ol e, =217 7,

Transvecting this with 7°7, we have

3.1 7 =0,

and thus, it is strict,
Form (3,1) and (1,25), we have

(3.2) 7 £,M=0.
Since » admuts an infinitesimal Isometry, we obtain

(3. 3) £, =0,
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(I). Taking Lie derivative of (1.5) and J being infinitesimally ¢@- invariant,

we have
(3.4 7L, Mt £, 7 =0,

Transvecting this with:»;, we have | -

£u TZk 7?]3 1?;_1 £v nﬂ:O-
Since #' admits an infinitesimal isometry, it is reduced into
(3.5) £, 7" +7" n, £,7°=0,
Transvecting this with 7,, we have
n, £, =0,

and thus, we obtain that o' admits an infinitesimal strict contact transformation,
On the other hand, (8.4) is reduced into

g OV, =1V, ) +7 0V, M1, Y, %) =0,
Transvecting this with Tzk and taking account of (1,8) and (1,10), we have
vﬂ ‘;ﬁai—_nﬂ Va ﬂfzo’

: ;
SINCE v

skew-symmetric property of ¢ ., we have

is an infinitesimal isometry, Transvecting this with v’-, by virtue of

v, v;=0,
or
N V,vt=0,

and thus, (I) has been proved,

(). For any vector v", it holds
! ] a 7 § a
(5.6) €, Vi = Vi £, 6;=61 2, (4o}, 2, 7).

From the assumption, we have
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£v vk gﬁ;———'o_
Substituting (1, 11) into this, we have
£, (1;0,=7 g,;) =0,
and it is reduced into
(3- 7) (Ua Vﬂ 7?j+7]ﬂ v} vﬂ) 5;3_ (vﬂ‘vﬂ 7?1: _7?H vﬂ z’,f) gk,
T 7?': (Vk Tr'j + Vj Uk) :0.
Contracting with respect to 7z and 2, we have
(3_ 8) Z)ﬂ Vﬂ 7?J+7fg Vj UEZO, ‘ ‘

Oor

and hence, we have proved former of ().

Next, in consequence of (3,8), (3.7) is reduced into
T (Vpo+ V0 == @ V0" ~1" ¥, 0" ) gye
Transvecting this with 7, we have
(3.9) Vo 0+ V0, =TV, 0,) g4
In consequence of (1.25) and the former of this theorem, we have
V,v;+V,0,=0,

and thus, (M) has been proved.
(V). From (3,6) and the assumption we have by means of (1,11)
(3. 10) (W V147, V000~ @V, 7~ Y, 0) g~ (V0,4 V; 1)
=50, 0+ 0, 03) — $a (0, 03+ 0; 09,

Contracting with respect to 7 and ., we have, in consequence of ¢,=0,

a a N a
v VETZJ—I-TZRVJZJ -_'—‘N___l @j(oﬂ.
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Substituting this into (3.10), we have

‘}vj'!*i 850,04 (0° V1 =17 V08, — T (V0,47 )

=5 (0, 04 +0,04) — ¢, (0,0%+0;0%).
Transvecting this with %, we have

1 a
(3.11) VitV 0= oy 850 it g T Yy 0,

Interchanging 7 and %2, and subtracting these, we have

(% 1;— 97 1) 0,=0,

Transvecting this with 77] , We obtain
P; 0,=0.
Form this, (3,11) is reduced into
Vi0jt V0= 1 Y, 0,) 8450

and thus, we have proved (V).

(V). From (3,6), we have in consequence of the assumption and (1, 19)
v*V, ViV, 8 V0 4V, 8LV, 00—V, 60 v, o
= =401 840" $u+ 04 850,~0" B3
and from (1,11), it is reduced into
(3, 12) g2 N Vo ;=8 'V, N -n:V, Vit My &s V; 0’
m/f VJ- z:k—l-gkj n, \Vas Uy

G a
= — . 0;+&;i 0 Poi + 84 0 9 0; ¢’jk-

Transvecting this with gJ ¢ n'. we have

(3. 13) 2V, =(N+ 1)1 7 V. 1.

On the other hand, since v admits a conformal Killing, it holds

(3, 14) Ve 0+ V,0,=20g,,.
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Transvecting this with gc‘b and 7°7°, then we obtain respectively

Vv =Nog,

d

and
N,
7? 7? VC Ub:J,
Substituting these into (3,13), we have
(N—-1)0=0,
or
g=0,

and thus, we have proved (V),

(V). For any vector vi , 1t holds
- Q
(3_ ].D) £ﬂvk12j_vk £Jﬂ72]:——72ﬂ £'v {k}]'

By assumption, from (1,10) and (1,17) this is reduced into

(VJ Uﬂ'l" Vﬂ ﬂj)gﬁg_n} Vk'f"—ka 72.;: —72{‘1 Vk "\7 ,? yﬂ ——L‘S 1?&. Rskjﬂ:

since it holds V,7,=9,.=g,: @,.
Transvecting this with gﬁkj , we obtain from (1,12)
(V; 0,4+ V,0) @~ 1)~ (N—Dr=¢" 7, v, v, "
Using of the Ricci formula, we have
(N=D1=2(V"p,—7 1"V, ).
From (1,25), we have

2

(3. 16) = V, 0

(M), From (3,15), we have by assumption

V'V, V, N+ ¥, 1,V 1+, 7, V; y”—yyj W, T— TV, ;=0

L8 -
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and from (1.10) and (1,11), we have

(3.17) M U= N Uyt By Vi 0 g Vi 0" =7 VT =76, =0,

Transvecting this with c;ékj , We have
(N=D1=2(V, "1 7 Y, v,).
From (1,25), we obtain »

2
TN

a
V, 0.

And transvecting (3, 17) with gkj , we have
n Vv, T=0,

and thus, the associated scalar 7 is constant along the curve tangented to direction

H

7.

Further, if »' admits an infinitesimal strict contact transformation, then we
have -

(3.18) v =0,

Next, if »' admits an infinitesimal isometry, /' admits an infinitesimal affine
collineation and v is strict in consequence of (). Then we obtain (3, 18),
(W), From (3,15) and (1.11), we have by the assumption
(3_ 19) nk 01_7?] vk+¢ﬂf Vk Uﬂ—|—¢kﬂ VJ' Uﬂ'—ﬁj kanfékj
| = =0, N0, M
Transvecting this with gékj , we have from (1,25)
(N-1D1=2(V, v —1),

or

— 2 ﬂ
=N+ Vel

And transvecting (3.19) with " 777 we obtain

(3.20) 7' (t,—20,) =0,
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and thus, a direction 7,—20, is orthogonal to the direction 7.

Next, if the transformation is strict, then it holds
(3.21) 0, 1" =0,
and (3,19) is reduced into
Mp 0= U+ @i Vp 0 h g V00 = =0, ;—0; T
Interchainging fm_' k and 7 and summing up these, we have

O 7?j+taj 7, =0,

Transvecting this with ‘Ok, ‘we have by virtue of (8,21)

‘0.7:0,

and hence, the transformation admits an infinitesimal affine collineation,

_(]K ). 'From (3,15) and (1,11), we have by the assumption
(3.22) My ;=T Ut B Vi 0 A Py ¥ =T VT — T,
'_;_ak N, —0; TN, o gpi
Transvecting this with ¢’”’ , we have
AV, O~ Y, 9,)=(N—1Dr,

From (1,25), it is reduced into |

(3. 23) (N+Dt=2V, ",

oh

On the other hand, since ' admits a conformal Killing, it Lolds
Vk UJ+VJ vk:20-gjk_

Transvecting this by 72k 77j and gkf we have from (1.25) respectively

(3.24) T=0,
and
(3.25) V. v =No.

From (3,23), (3,24) and (3,25), we have

45
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(N+1)t=2No=2 N,
or
=0 and 0¢=0,

and thus, we have proved ().

February, 1963
Department of Mathematics,
Kyungpook Uuiversity, Taegu
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