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The existence of solutions of many optimization problems has a close con-·

nection with the closure of some convex sets in an n-dimensional Eudidean

space E". Suppose that X is a bounded, non-empty Convex set in E". we

define H(p) to be the supporting hyperplane of X which is normal to any

llonzerovectorp in E' and put G(P) =H(p) n X.

It is the purpose of this note to derive a necessary and sufficient condition

for set X to be closed without the convexity conditions of the sets G(P).

We define the distance between two sets G(P) and G(q) as follows:

d(G(p), G(q» = inf {d(x, y) Ix E G(p), yE G(q)},

Theorem. A necessary and sufficient condition for the bounded, non-empty

convex set X to be closed is that

(1) for every nonzero vector p the set G(p) is closed and non-empty;

(2) if Ph pz, ... is a sequence of nonzero vectors converging to some nonzero

vector p then

lim d(G(p,), G(p» = O.
'->00

Proof. The necessary condition: The proof of (1) is obvious. The proof of

(2) is as follows: Since the set G(p,) and G(P) are closed and bounded, there

exists a, which is a point in G(p,) nearest to the set G(p) for every i = 1,

2, .... Let d, = deal, G(P». Assuming that there is a p>O and a subsequence

kh kz,'" of 1,2, ... such that dk, ~ p for all i =1, 2, "', it has a subsequence

a... a•• ... converging to some point a E G(p), because the sequence of points

Ok;, ak•• •• is bounded. For every x E X we have the scalar product of two

vectors a and p

a'p = lim(a.:p.) ;;::; lim(x·p.-)=x·p
;-+<:0 0 J -+00 '

which implies that a E H(p) and contradicts the assumption a E G(p). Thus
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wc have him (G(p;),G(p» =0.
;-+00

The sufficient condition: Let a E Xd
• We know a E R(p) for some non

zero vector p. If a E G(p) let b be the point oi G(P) nearest to a. Since the

set G(p) is closed and a =1= b, there exists an .s>0 such that d(G(p) , G(p.» ~

la-bl/2 where P.=p+.s(a-b). Let x E G(P.) and y E G(p) such that Ix-yt

~ la-bl/2. We have p.·a~p.·x and p.x~p·a; hence(a-b)o(x-a) ~ O. Since

the vector a-b is an outward normal to a supporting hyperplane of the

convex set G(P) at the point b and since yE G(p), we have (a-b) • (b-y)

~O. From the last two inequalities we obtain lx-yl ~ la-bl which con

tradicts the relation lx-yl ~ la-bl/2. Consequently if a E Xd
, then a EX·
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