L-REGULAR SEMIGROUPS, I

By R.]. Warne

Let E' be an idempotent semigroup (a band). The collection E(R) of .#-classes
of £ may be partially ordered by the following rule: if E,, E,& F(R), E,<E, iff
e< f for all eEEl and fE E, (e=f iff ef=fe=e). E is termed lexicographically
ordered if E(R)={E, n: neE 1 ’, the non-negative integers, « =Y, a semilattice
with greatest element} with £ (n, ) <E(m’ 8) itf n>m or n=m and ¢ <B and E(ﬂ’ o)
E. 5 CEq ang f0oraand 8 non-comparable in Y. A regular semigroup is termed

L-regular if its idempotents form a lexicographically ordered band and E, o and
E, g are contained in the same Z-class of S iff a=4. We determine the struc-

ture of simple L-regular semigroups mod L-semilattices of right groups (theorem 1).

From theorem 1, we deduce the structure of simple E-regular semigroups mod &-
chains of right groups (corollary 1; see also [4]) and the structure of simple L-

inverse semigroups mod L-semilattices of groups (corollary 2: cf [2, theorem
3.3]).

Unless otherwise specified, we use the notation and terminology of [1]. If X is
a semigroup, £y will denote the set of idempotents of X.

We first make some introductory remarks. Let S be a simple L-regular semi-
group. We may label the Y-classes of S as {D,: «&Y} with Ep = {E(ﬂ_ o) - ne=I° }.

From each E, ,, choose an element e, ,,. The #-classes of S contained in D,
may be labeled {Re (, oy : #E1 “} and the #-classes of S contained in D, may be

labeled {Lf = E(n' oy BE IO}, It is easily seen that each #-class (& -class) of S

contained in D is an #-class (Z-class) of D and conversely. By [5, lemma 1.1],
each D, is an E-bisimple semigroup (If £ (R) is order isomorphic to I under the
reverse of the usual order, E is called natfurally ordered band. A bisimple semi-
group S such that E¢ is a naturally ordered band is termed an E-bisimple semi-

group. ). Hence, the structure of each D, is known mod groups [3, theorem I.2].

Let us define t((n' @), (m, ﬂ‘.’)): U {Re(n. Ct‘)an . fEE(m. ﬂ')}' HGEReﬂLf where e, fE ES’
there exists a unique inverse ¢~ of @ contained in R,NL, such that aa~'=¢ and
a Ya=f [1, theorem 2.18]. Let o, denote the greatest element of Y.

In (4], we considered the special case where ¥ was the finite chain 0>1>2> .-
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>d—1 where d is a positive integer. Surprisingly, in most cases the lemmas and
their proofs in [4] may be extended to the more general situation with only small

modifications. In particular, in [4] make replacements “E", .y for “E; ", “€"(, 4
for “e”; 5 "oy’ for “0”, etc. The proofs of lemmas that may be obtained

from corresponding lemmas of [4] in this manner will be omitted. The main struc-
ture theorem (theorem 1) will be a consequence of 12 lemmas.

LEMMA 1. (cf., (4, lemma2]). Leta=R, NL, .Then, eq o et 0.0, (1))

1

and a= " e S, ), ©0,a)) °

REMARK 1, Let a,=ey ,a. Then,asin [4, remark?2], aglza_le(g, )’ a;‘,:e(oj 0 @™

and @ "=a—" ¢y o for n < IV. This comment is used in establishing several of
a »

the lemmas.

LEMMA 2. (cf., [4, lemma 312 a), (n,a0) Yt . (500) © Xt r—minn, 7, @), (n+s

—min(n,r), a)).

LEMMA 3. (cf. [4, lemmas 4-6]) If gt o) 2 o)) LHER ga e Lr,a), (0, ag) if v>k

LEMMA 4. (cf., [4,lemma 7]). If g€t o, ra)) &2 S L(r ), (h+s, a)).
LEMMA 5. (cf., [4,lemma 8] ). Every element of S may be uniquely expressed

in the forma "a" Ero Where gv, E ik, o), (b o)) W0 a_”akgka S t(n, @), (&, ).

LEMMA 6.
rt((”: Cl'), (ﬂl ﬂ')) t-_f ﬂ>m

Een o), )y Eeom @), m @YY B, B if m>n

L (n, ang), (n, anB)) if m=n.

PROOF. Using the modifications alluded to above, we may establish that t(n, a0), (m, 00))
L(im, 8), (m, ) S L ((n,0), (n,a) T > Oor n=mand a=f and £, a), (n,c)) ¥((m, B), (m, )
Ctm B, (. B) if m>n or n=m and F=ao as in the proof of [4, lemma 9].
Let g St p), ¢, )20k Ly ), 7, a))- Hence, £27f,, g for some fo, s EE(, g
.ThllS, & e(,,l c.r)"&/’ f(r, ﬁ)e(,,, ). Since f(f’ 8) 3(?.’ a) — E(f. aAB)* g'e(,,. o) — 'Da’/\ﬁ Hence,

5

ge(’,’ o) — t((sp ﬁ/\ﬂ'), (?‘, BA“))fOI' sSome 8 & IO. Hence, ge(?’. a):a_ ar VA fOI’ SOMme 2 —

teir ang), (r.ang)y) Py lemma 5. Utilizing (3, lemma 1. 5],

—(r+1)
—& 3(7-,&9) e(?’-{-l,a’u)a
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. —(r+1)
__g e(r: aﬂ) a

—(r+1)

=a  ad(za )
—(r+1)

Hence, by[3, lemma 1.8}, lemma 3, and lemma 2, ga Lees+1, a), (0, a)"

—(r+1)

However, ga — t((?"l‘ L ao), (0, Q’D))by lemma 3. Thus. »=s and ge(r, &)E f((r’ BAG),

. BA)). Hence, gh=g(eq, nh)=(geq, )R St snu. (7, Ay DY the remark made
at the beginning of this proof.

REMARK 2. BY [3, lemma 1. 12], each t((k, @), (k, a)) is a I'ight group and t((k, o),
(k) Et((s. o), (s, @) for all S, k>0- BY Iemma 2, ET= S where T=U {t((ﬂ, a), (n, @)

—r 3 —S T

:ne I%and @ = Y}. For each (7,s) & IV, define g a, o=a aga a for g&T.

LEMMA 7. (cf. [4, lemma 10]) a, . is an endomorphism of T and

Dk, a), ) X, 9 EGaae), @, )y W S>F

2) H (@), b)) X, ) C U tr—s, 00, br=s,c0) T RES- Qs 15 an  inner right
transiation of T determined by an idempoient of s, ), (s )

PROOF. With the proof of [4, lemma 10] as a guide, lemma 3, [3, lemma 1. 5],
lemma 2, lemma 1, remark 1, {3, lemmal. 13], lemma 4, and lemma 6 are em-

ployed.
I EMMA 8. a—k aﬂ .7 a3=a—(k+r—mz'n(ﬁ, 7)) ap+s-—m£n@, 7).
LEMMA 9. (cf. [4, lemma 121). IJ 8o Sl(gp,a), g, 4 kg E1 (s, ), (5, 5)(*

— (B+r—min(p, r))ap+ s—min(p,r)

P —7 S
a g, (@ ahg=a Epa® (s, r)Psp, WheTe &ya (s, rlisg

S fs.8). .80 U 203 Lpiser. o), (ptrs—r,a) U P27 3 (s anp), G, aAB)) ef p=r.
PROOF. Employ lemmas 2,6,7, and 8.

If X is a semigroup, let eé(X) denote the semigroup of endomorphisms of X
(iteration). |

LEMMA 10. (cf. [4, lemma 13]) The mapping (=, r)-;a(,,’ ,)z"s an anii-homomorp-
hism of C, the bicyclic semigroup into ¢(T). Lemma 11 (c¢f. [4, lemma 14]).S=
(7, k), 8pa) : EraS i), B )y T B E I°, a = Yunder the multiplication ((n, k),
Gra) ((7,8), hyg) =((1, k)(7,5), (Zra (s, hsg)) where juxtaposition denotes multi-
plication in C and T.

PROOF. By lemma 6 and lemma 9, (a_”apgm)gé:((n, D), gm) is the required
isomorphism.
Let T' be a semigroup which is a union of a collection of pairwise disjoint groups
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{T(k, &) kel 0, x <Y, a semilattice with greatest element oy} such that

Thay U Ek>T
T(k. o) T(?.’ 6)C* T(?‘ A 3':f 7'>k

and such that £, is a lexicographically ordered band. We call T an L-semilattice
Y of right groups.

LEMMA 12. (cf. [4, lemma 15]). Let T={T(; 4 : s, acY, a semilattice
with greatest element oy} be an L-semilattice Y of right groups and let C denote the
bicyclic semigroup. Let (n,r)—a denote an anti-homomorphism of C into e(T) such
that for each s<I°, X (s 1S an inner right translation of T determined by an idem-
potent of T (s, a) (i.e. for all g=T, go o =ge for some e = ET@, a,n))and for &,
r,se I

T o C{T("’“ﬂ) ' s>k
k)X, )= \T 4y ps o if k2>s.
Let S={(n, k), &) : EeaET (r oy RET S, ae Y} under the multiplication ((n, k),
gy,) ((7,5), ksﬁ)=((n, k)(r,s), Era(s nhsg) where juxtaposition denotes multipli-

cation tin C and T. Then, S is a stmple L-regular semigroup.

PROOF. Closure and associativity are immediate. The following facts are es-
tablished as in the proof of [3, lemma 1.15] with the usual modifications: S is
simple, Es={((% k), &) * &ix S Ery ook E 1% ST}, (0, 7)g4, )R ((7,5), hyp) iff
n=y and =8, and ((#, k), &4y) D ((7,5), ksﬁ) iff a=0£. Thus, we may write the
F-classes of Eg as{E(, 1 kS I’ o=y} where E )= (" k), 84y) * &4 = Ep, o}
Thus, E( o, and E, g are contained in the same Y—class of S iffa=g. By a st-

raight forward calculation, Eg is a lexicographically ordered band. The Z/-classes
of S are {Da: a<Y} where D, ={((0, k), 8:,) + €po C T(k’ aptRET 0}., Since each

is a regular Z—class, S is a regular semigroup. Let 8, ,y=a(, ,».

THEOREM 1. Let S be a stmple L-regular semigroup. Then, there exists an L~
semilattice Y of right groups T=U{T , o 1 k< I’ a =Y, a semilattice with greatest
element oy} and a homomorphism(n, r)—0B, », of C, the bicyclic semigroup into (T),
the semigroup of endomorphisms of T, such that

(1) for eack k =1°, there exists ey, o\ = Er, , such that g8y =gy 0> Jor
all g =T ;

(2) For each k,r,s = I°,
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Tay i

s Pl
ka) (s, T (hbres, o) if B>s

Furthermore, S={((n, k), gry) " & ET(,?,“), n, kEIO, =Y} under the
multiplication -

B) ((n, k), g4,)((7,5), ksﬁ)=((n, k)(7,8), &u, Ber. s) ksﬁ) where juxtaposition
denotes multiplication in C and T. Conversely, let T be an L-semilaltice Y of right
groups {T(k, a) - k=1 0, a &Y, a semtlaltice with grealest element oy}, and let(n, 7)
=B, ) be a homomorphism of C into (T) such that (1) and (2) are valid. Then,
((n, k), 8pad : E1aSET g oy M kE T , o = Y} under the multiplication (3) is a simple
L~regular semigroup.

PROOF. The theorem is valid by lemma 6, remark 2, lemma 7, lemma 10,
lemma 11.

A semigroup I" which is a union of a collection of pairwise disjoint right groups

{T,: k< I’} such that T, T, C T axr,r) @and Ep is a naturally ordered band is
termed an E-chain of right groups. Let N denote the natural numbers.

COROLLARY 1., (Warne, [4]). Let S be a simple E-regular semigroup. T hen,
there exists an E-chain T of right groups {T'p,; ;: k<1 "deN,i= {C, 1.4 —1}
and a homomorphism (n, r)—+5(n, ) of C intoe (T), such that

(1) for each k = I°, there exists €y = Ep,, such that g By y=8 ey Jor all g T ;

(2) for each k,7,s=I°,
, T,, tf s>k
kd—l—iﬁ(s, & T(k+r—s)d+z' if h>s

Furthermore, S={((n, k), 8y;) : & ET g k=1, 0<i<d}under the multipli-
cation

B) ((m. k), &) (7,50, hp)=((n,k) (7,5), & Br, sy hsj) where juxstaposition
denotes multiplication in C and T.

Conversely, let T be an E-chain of right groups {T pz.;: k& I’,de N,i <{0,1,

o, d—1}} and let (n, 7')—+5(H, »y be a homomorphism of C into € (T) such thal (1)
and (2) are valid. Then, {((1, k), g4) ¢ 8= Tyase mEEI’, dEN, i ={0,1, -,
1—1}} under the multiplication

(3) is a simple E-regular semigroup.

PROOF. Let S be a simple E-regular semigroup. Then, S hasd Z-classes, D, D,
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e+, Dy , say [4, lemma 1]. We may write £(R)={E,, +i=E et RE I, i={0,1,
d—1}} with B,  <Eq, ; if #>m or n=m and ¢>j. By [4, remark 1], E,
and £, » are contained in the same Z-class of S iff 7/=7. Thus, S is a simple
L-regular semigroup with Y={0>1>+->d—1}. To obtain the corollary let I 5
=T 4. ; and a3 =0 In theorem 1.

A semilattice £ 13 termed lexicographically ordered if E={e, ,, : #E1 Y, aey,

a semilattice with greatest element} and e, ) <e, g iff #>m or n=m and a<g.

A regular semigroup S is termed an L-inverse semigroup if £ is a lexicographical-

ly ordered semilattice and e, .,y and e, g are contained in the same P-class of
S iff a=p8. A semigroup 7' is termed an L-semilattice ¥ of groups if 7 is a union

of a collection of pairwise disjoint groups {T(k,’r ) - k1 0, o =Y, asemilattice with

greatest element} and £ is a lexicographically ordered semilattice.

COROLLARY 2. Let S be a simple L-inverse semigroup. Then, there exists an L-
semilattice Y of groups T = {G(,,_ x) - NE IO, a &Y,a semilattice with greatest ele-
ment «,} and a homomorphism (n, r)—-+,8(ﬂ’ ) of C into ¢ (T) such that

(1) for each k= I° , Lhere exists ¢ (ko) =€k, ) suchk that g 5@' D=8 et a) for
all g T ;
(2) for each kB, 7, s &= 70 ,
i, /
Cirar B Sl ;j: ;; f
| &+7—s,a)
Furthermore, S={((n, k), Lrx) ° &1, = G(k, ﬂ_.),n,k =1, a =Y} under the multipli-
cation
(3) (k). &po) ((7,8), hgp)=((0,k) (7,5), &py B(y ) Psg) where juxtaposition
denoles multiplication in C and T.
Conversely, let T be an L-semilaliice Y of groups {G(k’ ) - bel),acY,a semi-

lattice with greatest element oy} and let (n, r)-—a-ﬁ(,z, ’ be a homomorphism of C into
e(T) such that (1) and (2) are valid. Then, {((n.k), guy) : 8ra EC iy WRET ’,

o =Y} under the muliiplication (3) is a simple L-inverse semigroup.

PROOF. Noting that each #((, o) (n a)) 18 @ group if S is an inverse semigroup,
and utilizing [1, lemma 4.8] corollary 2 is an immediate consequence of theorem 1.
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