
L-REGULAR SEMIGROUPS. 1 

By R.]. Warne 

Let E be an idempotent semigroup (a band). The collection E(R) of 종-classes 

of E may be partially ordered by the following rule: if E 1• E2ε E(R). E 1 <E2 iff 

e<1 for all e ε E1 and 1르 E2 (e르 1 iff el=le=e). E is termed lexicograPhically 

O7de7ed if E(R) = {E(n, a) : % ε 10
• the non-negative integers. α ε Y. a semilattice 

with greatest element} with E(n， α) <E(m, ß) iff n>m or n=m andα <ß andE(n. α) 

E(η， β) CE(n. α〈β) for α and β non-comparable in Y. A regular semigroup is termed 

L-regular if its idempotents form a lexicographically ordered band and E (n. α) and 
E (m. ß) are contained in the same !Ø -class of S iff α= ß. We determine the struc­

ture of simple L-regular semigroups mod L-semilattices of right groups (theorem 1). 

From theorem 1. we deduce the structure of simple E-regular semigroups mod E­

chains of right groups (corollary 1: see also [4]) and the structure of simple L­

inverse semigroups mod L-semilattices of groups (corollary 2: cf [2. theorem 
3.3] ). 

Unless otherwise specified. we use the notation and terminology of [1]. If X is 
a semigroup. E x will denote the set of idempotents of X. 

We first make some introductory remarks. Let S be a simple L-regular semi­

group. We may label the !Ø-classes of S as {Da: αEY} with E D,,= {E(n.a) : nEf}. 

From each E (n， α) choose an ~lement e (n. a)' The &-classes of S contained in D a 

may be labeled {Re (n. a) : nε10} and the 9'-classes of S contained in Da may be 

labeled {Lf : jiε E(n.a) ’ % ε IO}. It is easily seen that each 경-class (9'-class) of S 

contained in Dα is an &-class (9'-class) of D and conversely. By [5, lemma 1. 1]. 

each D a is an E-bisimple semigroup (표 E (R) is order isomorphic to 1 under the 

reverse of the usual order. E is called natμrally ordered band. A bisimple semi­
group S such that Es is a naturally ordered band is tel'll1ed an E-bisimple semi-

group.). Hence, the structure of each Da is known mod groups [3, theorem 1. 2]. 

Let us define t(Cn, a), (m, a))= U {Re(n.a) nLf: I1εE(m， a)}' If aERenLf where e, If Es. 

there exists a unique inverse a- 1 of a contained in RfnLe such that aa- 1=e and 
a-1 a=1 [1, theorem 2.18]. Let α。 denote the greatest element of Y. 

1n [4]. we considered the special case where Y was the finite chain 0> 1> 2> ... 
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> d -1 where d is a positive integer. Surprisingly, in most cases the Iemmas and 

their proofs in [4] may be extended to the more general situation with only smaII 

modifications. In particular, in [4] make replacements “E기11， 이 for “Et+td”, “e” (t, α) 

for “e” t+nd, “α0" for “ 0", etc. The proofs of Iemmas that may be obtained 

from corresponding lemmas of [4] in this manner wiIl be omitted. The main struc­

ture theorem (theorem 1) wiIl be a consequence of 12 Iemmas. 

LEMMA 1. (cf. , [4, lemma 2]). Let aεRem-ao)nLe〔1·ao). Tke%, e(0,a) aεt((O.a)， (l,a)) 

a%d a-l e(0， α)Et((1， α)， (0, a)) • 

REMARK 1, Let aa=e(O,a)a. Then, as in [4, remark2], 강1=a- 1e(O， a)’ a2=em, a)an, 

and a감 =a-n e(O,a) for n ε 10. This comment is used in estabIis퍼ng severaI of 

the Iemmas. 

LEMMA 2. (cf. , [4, lemma 3]) t((k, a), (n, α)) t((r, a), (s, a)) Ct((k+ r-min(n, r) , a) , (η+5 
-，.η찌(n， r) , α)). 

LEMMA 3. (cf. [4, lemmas 4-6]) 11 gεt((k， a), (k, a))' then ga-rε t((r, a
o
)' (O,a o) zf r>k 

and ga-κ E t((k, a), (0, a)). 

LEMMA 4. (cf. , [4, Iemma 7]). 11 g ε t ((k, a), (k, a))' ga
5 ε t((k, a), (k+ 5, α)). 

LEMMA 5. (cf. , [4, Iemma 8]). Every element 01 S may be α:m'quely expressed 

in theforma-na
k gk，α where gka ε t((k, a), (κ a)) a%d a-”akgka g t((%, g), (κ a)). 

LEMMA 6. 
t((n,a), (n,a)) tf n>m 

t((n, a) , (n, a)) t((m, ß), (m, ß))디 t((m,ß), (m, ß)) zf m>n 

t((η， a^β)， (η， α^ß)) zf m=n. 

PROOF. Using the modifications aIIudecì to above, we may establish that t ((n, a). (n, a)) 

t((m, ß), Cm, ß)) C t cCn, a), (n, α)) if n> m or n=m and α르ß and t C (η， a)， (n, a)) t ((m, ß), (m, ß)) 

ct((m,ß), (m, ß)) if m>n or n=m and β든α as in the proof of [4, lemma 9]. 

Let g ε t((캠)， (r,ß)) and h ε t((r, a), (r, a))' Hence, g2 f(r, ß) for some I(r, ß)ε E(r， β). 

Thus, g e(r, a),t;. f(r, ß)e (r, a). Since f(r, ß) e(r ， α) ε E(r， α^ß)' ge(r， α) e Dα〈β. Hence, 
o -s r 

ge(r, a) E t((5, ß^a), (r, ß^a)) for some s E r. Hence, ge(r, α)=a - a' z for some z ε 

t ((r, a^ß), (r, a，얘)) by lemma 5. Utilizing [3, lemma 1. 5] , 

-~+1) ， -~+1)、
ga ' =g(e(r+1,a

o
) a / 

-(r+ 1) 
=g e(r， α0) e(r+ 1, ao) a 
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-(r+1) 
=g e(η 0:0) a 

-s r , -(r+1) =a - a' (z a V' -/) 
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-(r+1) 
Hence, by [3, lemma 1.5], lemma 3, and lemma 2, ga V' -/ t ((s+ 1, O:n), (0, α。)).

However, ga-(r+l) ε t((r+1, 0:0) , (0, o:o))by lemma 3. Thus. 1"=S and ge(r, α)강((r，째， 
(r , ß^o:)). Hence, gh = g(e(r, o:)h) = (ge(r, o:))h ε t (r， β〈이， (r껴!^o:)) by the remark made 
at the beginning of this proof. 

REMARK 2. By [3, lemma 1. 12], each t((k,o:), (κ 0:)) is a right group and t(새 0:), 

앤 α)) 르t((s，o:)， (s，o:))for all s, k>O. By lemma 2, Er=Es where T=U {t((κ 0:), (tz, α)) 

: κ E10and α ε Y}. For each (1", s) ε JÜ, define ga(r , s)=a -raSga -sa
r 

for g ε T. 

LEMMA 7. (cf. [4, lemma 10]) α (r, s) is an endomo1"phism 01 T and 

1) t((κ 0:), (k,O:)) α (r, s) C t ((r, 0:0) , (r, α0)) il s>k 

2) t ((k, 0:), (k, 0:)) α(r， s) C t((k+ r-s,o:), (k+r-s,o:)) il k르s. α(판 s) z's an inner right 

iranslation 01 T determined by an t"dempotent 01 t((s, 0:
0

) , (s,O:o)), 

PROOF. With the proof of [4, lemma 10] as a guide, Iemma 3, [3, lemma 1. 5] , 

lemma 2, lemma 1, remark 1, [3, lemma1. 13] , lemma 4, and lemma 6 are em­
ployed. 

-k p -7 s -(k+7-mtn(P, r)) P+s-mzn[ P, 7). 
LEMMA 8. a a' a a = a 

LEMMA 9. (cf. [4, lemma 12]). 11 gpo: Et(cÞ,O:),cÞ,O:)) and hsß ε t ((s, β) ， (s, β)(a-k 

-7 s -(k+r-m쩌Cp， r)) p+s-mincp, r) 
a

Y 

gpo:) (a 
. a- hsß) =a 

,. ...~. "a' 
..... 

~.， 

gpo:α (s， r)hsβ ， μIhere gpaα(s， r)hsß 

ε t((s， β) ， (s, ß)) 장 r>p; tφ+s-r， α) ， cp+s-r， a)) zf p>r; t((s， aN)， (ζ α^ß)) zf p=r. 

PROOF. Employ lemmas 2, 6, 7, and 8. 

If X is a semigroup, let e(X) denote the semigroup of endomorphisms of X 

(iteration). 

LEMMA 10. (cf. [4, lemma 13]) The mapPz"ng (n , 1")• a(n, ris an anti-homo’
norp­

hism 01 C, the bz"cychc semigroup into e(T). Lemma 11 (cl. [4, lemma 14]). S르 
{((n , k) , gkα): gko:Et((ι a), (k, a))' n, k ε IO, α E Y} under the mμltψlt"cation ((n , k) , 

gka) ((1", s) , hsβ) = ((n , k)(r, s) , (gkαα (s, r)hsß)) Zνhere juxtaposiUon denotes mμltt'­

plicatz'on in C and T. 

-n p 
PROOF. By lemma 6 and lemma 9, (a "aY 

gpα)rþ=((κ， P)， gpa) is the required 

isomorphism. 

Let T be a semigroup which is a union of a collection of pairwise disjoint groups 
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{T(k,a) : k ε 10, α ε Y , a semiIattice with greatest element αo} such that 

T(k, a) zf k>r 

T (k, a) T (r , ß)디 T(껴 il1’>k 

‘T(r, a < g) if 7=k 
and such that ET is a lexicographically ordered band. We call T an L-semiIattice 

Y of right groups. 

LEMMA 12. (cf. [4, lemma 15]). Let T= {T(s,a) : s E JÜ, α ε Y , a semz"lattice 

μ1ith greatest element α'0} be an L一semz1attz"ce Y 01 rz'ght groups and let C denote the 

bicyclic semigroup. Let (n, r)→α denote an anti.homomorphism 01 C iχto e(T) such 

that lor each SEP , α(s， s) z's an inner right translation 01 T determined by an idem. 

pote%t Of T(s， α0) (i. e. lor all gε T， g α(s， s) = ge lor some e ε ET(띠O))and껴r k. 
r, s εr 

T J T(r, ao) 짜 s>k 
(κ a)α(rlS)IjT(k+r-ι ao) zf k>s. 

0 
Let S= {(n, k) , gk，α): gkaET(k,a) ’ k ε r , a E Y} under the mμltz"P!ica#on ((n, k). 

gka) ((r， s) ， hsß)=((n， k)(r， s) ， gka α(s， r)hsß) where juxtaposi#on denotes mαltψ!i-

catz"on in C and T. Then, S is a sz'mPle L-regular seηzz"group. 

PROOF. Closure and associativity are immediate. The following facts are es‘ 

tablished as in the proof of [3, lemma 1. 15] with the usual modifications: S is 
o simple, E s= {((k, k) , gka) : gka E ET(k.al' k ε 1V , αεY}， ((n, k)gka)‘5fI((r, s), hsß) iff 

n=r and α=ß， and ((n, k) , gka) !Ø((r, s), hsß) iff α=β. Thus, we may write the 

.5fI-classes of Es as{E(k,a) : k E 10， αε Y} where E(k,a) = {((k, k) , gka) : gkaε ET(k.a) • 
Thus, E(k,a) and E(r， β) are contained in the same !Ø-class of S iffα=β. By a st. 

raight forward calculation, Es is a lexicographically ordered band. The !Ø-classes 

of S are {Da: αεY} where Da={((n, k), gkα) : gka C T (k, a)' n, k ε 1 0
}. Since each 

is a regular !Ø-class, S is a regular semigroup. Let β(tι r) =α(r， 씨· 

THEOREM 1. Let S be a simPle L-regular semigrozφ. Then, there exz'sts an L­

semilattice Y 01 right groμ:ps T = U {T (k, a) : k 르 IO, α E Y , a semz"lattz"ce wz"th greatest 

elαnent αo}and a homomorphism(n, r)• ß(", r) 01 C, the bicyclic semigroup z'nto e(T) , 

the semigroup 01 endomorphisms 01 T , sμch that 

(1) lor each k ε 10 , there exists e(κ a,) E ET(k.aol such that g영(k， k) = ge (k, ao) lor 

all g ε T: 

(2) J?or each k , r , s ε IO, 

「
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(T (r, a ,) il s> k 
T(k， α) ßCs， r)디T __ , il k>s 

~ - (k+ r-s, a) 

Furthermore, 

multtj;lication 

S르 {((n , k) , gka): gka ε TCk,a) ’ n, kE/o, 
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α ε Y} under the 

(3) ((n, k), gka)((r, s), hsβ)=((n， k)(r， s)， gka ß(r， s)hsβ) wlzere juxtaposz'tion 

denotes multiplicatt'on z-n C aχd T. Conversely, let T be an L-seηzilattice Y 01 riglzt 

groμ:ps {T (k, a) : k ε IO, α ε Y , a semilattt'ce wtÏlz greatest eleηzent αO}， and 1 et(n, r) 

→β(11， r) be a homomorþhisηZ 01 C z'nto ê(T) such that (1) and (2) m ’e valid. Then , 

((n, k) , gka) : gkαε T Ck, α)， %, keE IO, α ε Y} under the multiPlication (3) z's a sz'mPle 

L~regμlar semz'group. 

PROOF. The theorem is valid by lemma 6, remark 2, lemma 7, lemma 10, 

lemma 11. 

A semigroup T which is a union of a collection of pairwise disjoint right groups 

{T k : k E /O} such that T 7 r C T max(k， η and ET is a naturally orderr:d band is 

tenned an E-chain of right groups. Let N denote the natural numbers. 

COROLLARY 1. (Warne, (41). Let S be a s쩌þle E-regμlar semigro때. Then, 
there exz"sts an E-chaz'n T 01 right gro째's {T kd+i : k ε /O , d 르 N , z'E {O.1 •... d-1} 

and a homomorþhz's껴 (n， r)-얘(n， r) 01 C Í1zto ê (T) , sμch that 

(1) lor each k ε /U, there exists ekd E End sμch. that g β Ck, k) =g ekd lor all g ET : 

(2) lor each k, r , s ε Io, 

T ,d zl s>k 

Tkd+ i β (s， r) 디T(k+r-s)d+t tf k> S

Fμrthermore， S르 {((n， k) ， gki): gki ε Tkd+i' n, k E /U , Q<,i <d}under the mμltipli­

cation 

(3) ((n, k) , gki) ((r, s), h쉰)=((n， k) (r, s), gki ßCr, s) hsj) where juxtapositz'on 

denotes multzþlîcation in C and T. 

Conversely, let T be an E-chain 01 껴ght groups {T kd+i : k ε fJ, d ε N , i ε {Q, l , 

., d -1}} and let (n, r)→βC"， r) be a h011Zomorþhism 01 C into ê (T) sμch that (1) 

and (2) are valid. Then, {((n, k) , gki) : gκε T kd+i, n,kE/o, d ε N , t ε{Q， l ， …, 

갱 -1}} under the mμltiplication 

(3) is a sinφle E-regular semigrozφ. 

PROOF. Let S be a simple E-regular semigroup. Then, S has d 9"-c1asses, Do D , 
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" Ðd-
1
, say [4, lemma 1]. We may write E(R) = {End+i=ECηJ i) : nε fJ, z'ε {0, 1, 

d-1}} with ECn, i) <ECmJ) iff n> ηZ or n=ηz and z"> j. By [4, remark 1] , E Cη， i) 

and ECn, j) are contained in the same 9'-class of S iff i=ι Thus, S is a simple 

L-regular semigroup with Y = { 0> 1> …>d-1 }. To obtain the corollary let T(k, i) 

=Tkd+ i andαo = 0 in theorem 1. 

A semilattice E is termed lexicographically ordered if E= {eCη， α) : %ε IO, α ε y , 

a semilattic.~ with greatest element} and eCtl， α)<eCm， ß) iff n>m or n=m anda<β. 

A regular semigroup S is termed an L-inverse semigroup if Es is a lexicographical­

ly ordered semilattice and eCn, a) and eCm, β) are contained in the same 9'-class of 
S iff α=β. A semigroup T is termed an L-semilattice Y of groups if T is a union 

o of a collection of pairwlse disjoint groups {T Ck,a) : k ε [V , α ε Y , a semilattice with 

greatest element} and ET is a lexicographically ordered semilattice. 

COROLLARY 2. Let S be a siηψle L-inverse seηzigroup. Then. there exz'sts an L­

semilattice Y 01 groups T=U {GCn,a): n ε ~， α ε Y , a semilattice μ~ïh greatest ele­

ment αo} and a homomorPhisηz (n, r)→β(ι r) 01 C into ê (T) such that 

(1) lor each k ε ~ , there exists e2 Ck, a,) =eCk, ao) sμch that g β(k.k) =g e(k,ao) lor 

all g εT: 

(2) lor each k, r, s ε ~， 

rtr;rv ” 、 깐 s>k 
G 껴 ζ·{ ”“0/ 
(κ a) fJ (s, r) '-lG(k+r-ε a) il k>s 

Fμrtkermore， S르 {((n,k) , gkct): itk.zε GCκ a)' n, k E fJ, a E Y} under the mμlUpU­

cation 

(3) ((n.k). gka) ((r, s). Izsβ)=((n， k) (r, s). gka βCr， s) hsß) zvhere jμxt깅position 

denotes mμltψUcation in C and T. 

Conversely, let T be an L-semz"lattice Y 01 groups {G Ck• a) : k ε fJ, α EY , a semi­

lattice ψith greatest eleηzent αo} and let (n, r)→ßCη， r) be a homomorPhism 01 c 쩌O 

e(T) sμch that (1) and (2) are va/id. Then, {((n. k), gka): gk，α ε G(k, α). n, k ε [V. 

α ε Y} under the multiPlication (3) is a sz.mPle L-inverse semigroμ:p. 

PROOF. Noting that each t((n, α). Cn, a)) is a grOup if S is an inverse semigroup. 

and utiIizing [1, lemma 4. 8] corollary 2 is an immediate consequence of theorem 1. 
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