SOME RELATIONS BETWEEN MEIJER-LAPLACE AND HANKEL
TRANSFORMS OF TWO VARIABLES

By N. C. Jain

1. Introduction.

The ‘author has introduced the Meijer-Laplace transform of two variables [3,4]
in the form

Y m-+1, 0 | a1t+bs, -, Gatda n+1,0
(1.1) F(p, g)=pq f f ¢ (px )G ’ (qx
0 0 ’ ?

m, m+ 1

Xf(x, y)dx dy, R(p, ¢)>0
which is generalisation of the well known Laplace transform of two variables

2, p.657]

—px—qy

(L2 F, =pq [[e " “f(x, ydxdy, R(p, >0
00

Setting 5,=0, i=1, 2, -, m—1:d,=0, j=1, e, n—1:
(4) and b5,,=0, ¢,.1=0, 4,=0, ¢, =0, (L 1) reduces to (1.2) ;

(B) and Cpi1=b,=—m—ky, a,=m—k, ¢, =d,=—my—Rky c,=my=k,

(1. 1) reduces to Meijer transform of two variables [6, p.83]

CO 00 ] —k—l —lpx—lqy
. 1= T2, 272
A9 P p=pef [G0™ 2@ e Witk m P i,

X (@)f(x, y)dxdy, R(p, ¢)>0;

1
(C) and amzzmls am-l-l:O’ bm=_2_—_m1_k1: cn=2m2: cn+1=0’ dﬂzé__mz_kZ’
(1. 1) reduces to [7, p. 49]

0% =l gl 1,1
A9 Fo, o=pa[[ @0 2@ 2 2 W, L @0W, . @)
00 .

Xf(z, y)dxdy, R(p, q)>0,
and shall call it Varma transform of two variables.

We shall denote (1.1), (1.2), (1.3) and (1.4) symbolically

3 bt Rt
F(p, =CGf(x, M1, FO, O=f(x, 3, F(p, @)+ f(x, ¥

ml: mE
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and F(p, q)h%' ”": f(x, y) respectively.
The Hankel transform of order z, and #z, of a function f(x, y) is given by

5, p.47]

(1.5) F(p, = [ /B35y Jut)]w(@nf(x, p)dxdy, R(my, n)>—1,
00

and denote it symbolically as

F(P: Q) :Hﬂhﬂz [f(x!y) :pl q]'
In what follows the symbols (a,), 4(n, a), 4(n, +a) and 4((n, a,))

have been employed to denote the set of parameters a,, a,, -+ , 4, —g——, a;l;l—-,
a+n—1
------ , 3 4(n, @), A(n, —a) and 4(n, ap), A(n, ap),---,A(n, @) respec-

tively, throughout this paper.

2. The following formula (8, p.401] will be required in the sequel.
N (ai) (a”)
-1 A~ ! o, B 4
(2.1 f t G (pt )G (zt & )dt
5 “ 7 @y O (ba2)

A—)(a+B8-57—58)+ A—m)(h+1~Fq—57)

=(2m)

: Lol 1 g S —L\er—

__as+nl, sB+nk SSS(T—‘?)
Xp~°G (’"

sY-+nr, s0+ng p”n"(q"f)
A((sl Gﬁ)), A((#l _Br—a-']' 1)): A(S; aﬁ-l-l)’ '''' ’ A(S, dr)
4((s, ba))’ 4((n, —a,—o+1)), 4(s, bcr+1)’ ...... . A, bﬁ) ’

where
O<h<ry, O0O<I<qg, 0O<La<d, 0By, 2(a+p)>r+o, 2h+D>q+7, |largz|<

(Cf-h@— :12_7 é—-&)n, R(minﬁi-l—-—?—-. min bj)>R(—J)>R(3laf+“g_ f 1)

Z‘=1!2! ...... gk:j=1,2, ------ ’a:g:-l,z’ ----- -’l and f=1’2, ------ ; ﬁ'

3. THEOREM 1.

If
(3. 1) n(p, @=G[f(x, )],

and
7 7.

(3.2) F(p, q)=H,,h,,2[(xy)“k(x?, y5) 1 p, ]
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then
22&! 1;‘ I{E +1 0O 00
(3.3) F(pr Q)z T 1 us T2 'lfft;ﬂf)(x, v, p’ q)f(x’ y)dxdy
bu+ 5 q:e:. sotl iy
where
1—s, —s, % 4l ouy?e 1 1 Gut1— Zb.-f——%— 6‘.+1"'§:.'d;+-%-
§x 3,0, = @O0, T BT T (o0) ™ T T T (g™ T

D, 7 (xzﬁczfl)z" A, Fgm—f Dom gt ). A5, 0t b))
Zsumt2r, esmt2a\p @) | 4((25,, @un))

o 2D (y231(2r) ors, FEm—3le -5+ 1), 450t d)
2542, 250+ D\G (250 ° | g5, ) ,

¥,

the Meijer Laplace transform of |f(x, »)| and Hankel transform of | (xy)”, k(xT

T,

y_sr) lexist, (3.3) s absolutely comvergent; 7,, ro, S, S, are all positive integers

7 7
and R(u—Hzl} Sl | Sl a,-)>—%, J=1, ceeee - m+1; p>0, ¢>0, R(n,, ny)> —1,
] !
4 7
2 2 3 .
Rlu+n,- \ ci| > , 1 =1, eeere- , n+1.
( 2 S, s, ) 2

ALY
PROOF. Substituting the value of A(s®, £5 ) from (1.1) in

"y

F(p, 9= f f VDast ], (p)], (@) (s)"h(s ™, t % )dsdL,
00

we have

+.‘ﬂ.uf.!..

G4 Fp o=[[voat T, 0], (ads =t =
00

m+1,0 @t O\ mt1, 0f o | (eitd)
[ffG S S‘ x G £y f(x, y)dxdy]dsdt.,

m, m+ 1 (Gis) (Cas1)

Changing the order of mtegratlon, using the identity [1, p.219]

1, 0 x2 -
(3.5) f(x) G A n _nls
| 2 2

substituting °=S. =T and evaluating the inner double integral by (2.1), the
result (3.3) follows.
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The change in the order of integration is justified as we observe that
(i) s, t-integral is absolutely convergent, if

7\ 7 3
R(u{ 3] {nl_l_:—s—l-a?:) __2_! Z'=]-: 2: """ » m+1, p>0, q>0, R(ﬂl, 732)>-—1,
4 /4
L2 2 3 .
‘R(u' 32_+n2+'_s_cj) _T: .7""1: Dy seese , n+1.
(ii) x, y-integral is so, provided
R(a;+k)>—1, i=1, s , m+1: R(c;+k)>—1, j=1, 2,++, n+1, where f(,

9) =0(x%, yk) for small x and .

For large values of x and y the G-functions involved vanish exponentially (1,
p. 212, (11)]

(11) and one of the repeated double integral is absolutely convergent as the
integral in (8.3) exists.

Particular case:

(a’) Taking bi—_"o, Z.=1. """ y M, am+1=0 ' dj,:O, j=1, seeces, N, Cﬂ-—l—l:O iIl the
theorem, we get:

If

r(p, Q=f(x, ¥)
and

RSN

F(}'), Q) =Hﬂ;,ﬂz[(xy)uk(x 1 ’ ysz) :p: Q]:

then

ou+t -1 472 42 00 00

(3.6) F(p, g)=—2—" " o f f@ﬁ(x, ¥ b, QS (x, y)dzdy
s, 00

where

et iyl oy rey d 1

1—s8,—s, 1 2 Z2
dCx, 3, b Q=) T, N fy, = 2y 32)-2

25 2r, —1 ry 7 1
2s, 2 Ar, Fln -1 1
xG " (_E._) (..__‘_.) (. #37 et )
AN R ¢ 4(2s,,0)
253 2r, | 2T Tyt % 1
x 252,?’2 (_L) ...._........2_..) A(fh'f-zﬂg 231 2-{— u)
2?'2 232 282 q 4(233 0)

r Y2

the Laplace transform of |f(x, »)| and Hankel transform of |(xy)*h(x 5 , yE)l
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exist, the integral in (3.6) is absolutely convergent; r;,, 7, s;, S, are positive

integers and R(u—l—nl { Zi )> g , R(u+n2 | Z‘Z )> g , R(ny, ny)>-—1, p>0,
q>0.

4. THEOREM 2.

If

R(p, @)=G f(x, p),
and
F(p, q):H,,h,h[(xy)Nk(x“%. y )i 4]
then

oIN--T1__ "2 ] O 00

@D Fo, o=2——— ([5G, ¢ % /G pdxdy,
00

N—"1 41 N=—T2 4]
p Sl q Sﬂ

where
_ N—tr o1y ] a.+1--£7b"+1 6.+1—-3_5_%d.+1
o(p, g, -"fsJ’)=(2ﬂ')1 rl---?‘231 5 25, S T2 (27;) = 2_(27’2) =2
2 m+2r +s,, 0 X 2r,  p 25 | 4((2r, @.+bB))
><G2,.1m,2,1m+2,1+251(( 2”1) (21 (@, aue))s A5 £Emt IN-L T i)
Gzrgn O+ 5, O v 2r, 7 2s, | A((2r,, cu+4d.))
X 2r,m, 2r2n+2r2+232((_§£) (—égg) A((2r,, c_+1)),d(sz, i_‘,lg_n2+ %N_% -:—Z—_;_ %),

rs

T e —

the Meijer Laplace transform of |f(x,y)| and Hankel transform of I(xy)Nk(x 51

7y

e ey,

y )| exist, the integral in (4.1) is absolutely convergent, v, 7,, S$; and s, are
postiive integers and

R(ny, 19> —1, R(N————Lg11) <0, j=1,-emn m+1
1° 2 ’ 31 S]_ 7 » J— 1, ’ .

\_ ?'2 72
R(N'— " CZ' : l) <O, ;;:]_=II 2’ ...... , n_l_]_’ p>0, q>0

52 52

PROOQF. Substituting the value of (s % , ¢ B3 ) from (1.1) in

7 T,

———— —

A2 FG, =] [Pt ], @], @O (s . ¢t % )dsdt,
00
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we have

43) F@, q>=«/"p“qffo:N':_f“
00

4.9 F@ q>=w?»&'ff}(x. yyaza| [ f;;z( bs’
00 0 '

N.C. Jain
$ N—To g o
t = 2], ()], (D)
(@u+ba) r. | Cc.+4d.) 1
1,0f ——
)G:;—I-l(t ey )f(x y)dxdyl dsdt.
(a-"'l) (c.+1) i__
Interchanging the order of integration and using the identity (3.5), we have
n, 7, 7, 7,
3, —5) 02\ 4 %, -%
N—=Tr 41 g1 of =7 [t bD\ L1010 r | (c.+d,) Y
Sz 2 G s St G t Sy dsdt
m,m-t1 (o)) n,n+1 (Cors) ]

m+1 0 -
X ‘Gm, n;—l—l(s X

Subituting 32=S, t2=T, using the identity [1, #.209, (9)] and evaluating the
inner double integral with the help of (2.1), the result follows.

The change in the order of integration is justified as we observe that:

(i) the s, t¢-integral is absolutely convergent, if

e 7
R(N————1a.+1)<0, j=1, 2, =, m+l, R(n, n)>—1,
§ Sy 7
?"2 7'2
R(N— s Cz‘}'l) <O: Z:]., 2:- """ y ”'l_]-: p>01 Q>O-
2 2

m, m+1

m+1, 0f 1 (a.)
For small values ¢f s and ¢, G e ,
(Bmt1)

ponentially [1, p.212, (11)].
(i1) the x, y-integral is absolutely convergent, provided

R(a;+k +1)>0, j=1,

where f(x, y)=b(xk‘, yk“) for small x and y.

For large values of x and y, the G-function involved vanishes exponentially [1,
p. 212, (11)].

(iii) one of the repeated double integral is absolutely convergent as the integral
in (4.1) exist.

(a) Particular Case:
Setting 6,=0, 7=1, 2,
theorem 2, we obtain:

If

r(p, q)=f(x, ¥,

+1,0
a" (_L
n,n+1 1

2y 1=03: dj=0, 7=1,

(a.)
) vanishes ex-

(Byt1)

------ , m+1: R (Cz+k2+l)>os

------ , B, ¢, 1=0, In the



Meijer-Laplace and Hankel Transforms of two Varitables 171

and
F(, @ =H,,,hn2[(xy)” Mz S,y %) ip, q]
then
22N— Zl -
— » ’ ’ ’ d d ’
(4.5) P, D= o f fqé(p 2. % 9)f(x, y)dxdy
p g
where
N—T_ 4 1 2 4 1 _
o(p, g, x, J’)=(27r)1—r‘—r=31 B fs, % 2,

2r,+s,,0 x 2r, P 28, - .
XGO'z"+2SI<(§_’TI) (231) 402, 0), A(s,, +% + 5 — g+ 3))

G2r2+sg,0 y r: q e . )
~ o,zr,+2s=((72_) (235) 42r, 0), 4(ss, £+ 55t 2) :

the Laplace transform of |f(x, y)| and Hankel transform of l(:cy)Nk(x_ o,

Ts

y )| exist, the integral in (4.5) is absolutely convergent, 7;, 7, s; and s, are
positive integers and

rﬂ
R(ny, n)>~1, R(N ——
[

1) <0, i=1, 2, p>0, ¢>0.

5. THEOREM 3.

If

h(p, O=H, ,[f(x, 3 ql,
and

F(p, q)=G[(xy)Nk(x_sl—, y?)].
Lhen

B (271_)1 7, —7,
G.1D Flp, 9=—"— f f«/sr 6, ¢, s, Df(s, 1) dsdt,
p | 252q 253
-+1""‘Zb:+N+ +7 Zd.i""N‘}' 2‘&.2 +7

where O(p, q, s, ) =(2r) =l 23‘
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. ((2;1 )27( s )2&.5((2,-,, o =N— ) )))

X G — T
2rim+2r,, 2s,+42rm 231 A(Sh i—ﬂz—‘—),d((zﬁ —a,—b.—N _2L;l__
2r, 25, er . N T2
et (2r2 ) ’ ( t ) A((2re —con=N _272))
or.m+2r, 2s,+2r.m\ \ {4 232 ﬁ(Sa.i—%—), A((ng, e —d,—N— g; )) ’
the Hankel transform of |f(x, v)| and Meijer-Laplace transform of l(xy)N h
7 ¥y
Lx %, vy )| exist, the integral in (5.1) is absolutely convergent, and
4 71
R(N+—o+——+a;+1)>0, i=1, =, m+1, R@)>0, |argpl<-4,
51 S1
7y | 7oy , . T
R(N+—52+— L 41)>0, j=1, s, ntl, R(@>0, |argql <5

PROOF. It is given that

n (@48 (et d.)
(5.2) F(p o quf o 0( px )G +1'0(qy )

m ??I-|—1 (ﬂ-_l_l) ﬂ, ﬂ+1 (c-+1)

fl £

“ xS, y = dzdy.
7, re
Substituting the value of k(xT, y %) from (1.5) in (5. 2), changing the order
of integration which is justified under the conditions stated in the theorem, using
the identity (3.5) and then evaluating the inner double with the help of (2.1),
the result (5.1) is obtained.
(a) Particular case:

Takjng b?,:O’ Z-—_-:]., """ s M, am+1=0: dJZO’ j':]., """ s Cﬂ_[_l:O 111 the
theorem 3, we get:
If
. BY=H, , [f(x. 3 :p. q]
and
Fo, =[G b *, 3]
then

11—y, —r, 0 OO
(5.3) F(p, g)= (27531 'ff"/;?é(p’ q, S, £)Jf(s, t)dsdt,

N+ Ny Ts
5 2slq +2s2
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where
1 ?"1 NI rﬂ I 1

é(pr q, S, t):(Zrl) | 23?+T(2f2) BTN

xG" " (( o )%(__ﬁ_)%l (e, N “‘2%))

2, 25\ \ P 2s, A(sh o )

. 27 2r
< () ()

the Hankel transform of |f(x, y)| and Laplace transform of |{(xy) Nk(x—s—l_, y 52 )]

exist, the integral in (5.3) is absolutely convergent, 7,, 5 S, and s, are positive
integers and

R(N—I— 4 £ 1)>O R(p, q)>0
28, Sy ‘ ’ » q ’
T2 | TRy
R(N1 232 ' 32 I1)>0'

6. THEOREM 4.

If
h(p! Q)=thni [f(x' J’) 0, ql,
and
__ T
F.0=6[t i >, 3 ),
then
l—r,—r,
(6.1) F(p, 9= (21) ff«/st(f’(ﬁ, g, s, D)f(s, t)dsdt,
pN—z_sl.q 2520 0
where
1 z y 1
-+1""Zb +N—-1 Copt— 28+ N— 2 +
(P, g, S, t)=(27‘1) = 2s, 2 (2?,2) =1 2s, 2
xG2nm+2r1+sl.0 (p )2:'1( s )25‘ 42 ot but N—gt
2rym, 2rym+2r, 423, 27’1 281' A((2r1,a_+,+N 2:: +1))'A(s,, 4_-”_2L)

."'.-'--'-“I'lI

2rsn+2ry+s;, O 3y 4\ %5 ‘1((2?'""'+d'+N— 25, +1)
X G (('_q_) (“‘""“Z) ) >

2ran, 2ran+2ry+ 2s, 25




174 N. C. Jain

71

e

the Hankel transform of |f(x, y) and Meijer-Laplace transform of |(xy) Nk(x i,

7

—'-—_-

Y 2 )| exist, the integral in (6.1) is absolutely convergent; r,, vy, S; and S, are
bositive integers and

, .

R(N=—-+ap41)>0, j=1, oy mtl, RS0, Jarg 5] <5
7

R(N=—Z+e;41)>0, i=1, oy ntl, R@>O0, larg g <.

The proof of this theorem is similar to that of theorem 3. After changing the
order of integration, the identity [1, p.209, (9)] i1s used and then the inner
double integral is evaluated with the help of (2.1).

(a) Particular case:

Substituting 6,=0, =1, -, m, am+1=0:dj=0, J=1, ecveeeym, ¢, 1=0 in the
theorem 5, we obtain:
If
g, =H, , [f(x, )0, 4l
and
N _ T
F(p, =G R 5,9 %),
then
6.2) F(p @)= (2“21—'?'—&, [[v8@. a. s, DFGs, Hdsat,
N—T N-_Ts
b 28, q 25, 0 0
‘where

¢(p, g, S, t)=(271)N— 28, +T(2?"2) 2s, 2
2r,+s,, 0 -
G 17T 9, h p S

S (E Gy N4 t1) A(sl,+;n,))
27rg+ 8,, 0 q 273 #

XGO, 2fﬂ+252<(52r ) (2$2 )

the Hankel transform of |f(x, )| and the Laplace transform of I(xy)Nk(x_ 1,

7a

y _Sr)] exist, the integral in (6.2) is absolutely convergent; 7, 7, s, $, are

A(ZrE,N— ;;2 +1), A(sa, i% ﬂa)>,

7y

positive integers
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RN =T 1) >0, =1, 2 ey RGpy 950

i
Similarly, choosing the parameters suitably as in (B) and (C) of section 1, we

get the corresponding relations for Hankel and Meijer, Hankel and Varma trans-
forms of two variables.

The author is extremely grateful to Dr. R. K. Saxena, for his help and guidance
during the preparation of this paper.

Shri G. S. Institute of Technology &
Sciences,

Indore
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