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ON (f, g, e, U, v, ..l) -STRUCTUR~

By YONG BAl BAlK

§ O. Introduction.

Yano and Okumura [7J have defined (i, g, u, v,.:l) -structure on an even dimensional
·differentiable manifold. We see that hypersurfaces of an almost contact metric manifold
.and submanifolds of codimension 2 of an almost Hermitian manifold admit an (I, g, u,
v, .:l) -structure.

Yano, Ishihara, Okumura and Yamaguchi have studied submanifolds of codimension
2 of an almost contact manifold. These submanifolds admit another structure. we call
such a structure an (I, E, U, V, e, u, v, .:l) -structure. If the ambient space is an almost
contact metric manifold, the submanifolds admit what we call an (I, g, e, u, v, .:l) -struc­
ture.

The main purpose of the present paper is to study the (I, g, e, Ut v, ),) -structure and
to give some properties valid in manifold with normal (I, g, e, u, v, ),) -structure.

In § 1, we define and discuss (I, E, U, V, e, u, v, .:<.) -structure and (I, g, e, Ut v, .:<.) -struc­
ture.

In § 2. we study submanifolds of codimension 2 of an almost contact Riemannian
manifold as example of the manifold with (f, g, e, U, v, .:<.) -structure.

In § 3, we study submanifolds of codimension 3 of an almost Hermitian manifold as
another example of the manifold with (I, g, e, u, v, A) -structure.

In § 4, we prove that a manifold with normal (I, g, e, u, v, A) -structure satisfying de
=w is a normal contact Riemannian manifold or a manifold with I·structure.

In § 5, we find some properties valid in manifold with normal (I, g, e, u, v, .:<.) -structure
statisfying du=w and dv=rjJw, and we prove that the vectors U and V define infini­

.tesimal conformal transformations under certain conditions.
The last §6 is devoted to prove two theorems which characterize odd dimensional

sphere.

§ 1. (f, g, e, U, P, ),) ~strueture.

Let M be an m-dimensional differentiable manifold of class C~, we assume that there
-exist on M a tensor field lof type (1,1), vector fields E, U and V, l-forms e, U and
.v, and a function A satisfying the conditions:

(1.1) j2X=-X+e(X)E+u(X) U+v(X) V
for any vector field X,

(1.2)

(1. 3)

eo/=O,

uo/=.:lv,

fE=O,

fU=-;(V,
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vof=-?u, fV=?U,(1.4)

and

(1.5) e(E) =1, e(U)=O, e(V) =0,

(1.6) u(E) =0, u(U) =1-?2, u(V) =0,

(1.7) v(E) =0, v(U)=O, v(V)=I-?2.

In this case, we say that the manifold has an (f, E, U, V, e, u, v, ?) -structure. Example
of the manifold with (f, E, U, V, e, u, v, A) -structure will be given in § 2 and § 3.

Moreover, in M with (f, E, U, V, e, u, v, ;() -structure, if there exists a positive definite
Riemannian metric g such that

(1.8) g {X, E) =e (X) , g (X, U) =u (X), g (X, V) =v (X) ,

and

(1.9) g(fX,fY) =g(X, Y) -e(X)e(Y) -u(X)u(Y) -v(X)v(Y)

for any vector fields X and Y of M, then we call such a structure a metric (f, E, U,.
V, e, u, v, ?) -structure ane denote it sometimes by (f, g, e, u, v, ?) -structure.

First of all, we prove

LEMMA 1. 1. Let M'= {P I? (P) =l=-1}. Then the three vector fields E, U and V are­
linearly independent on M'.

Proof. Since ?=I=-I, from (1. 5), (1. 6) and (1.7), we see that the vector fields E~

U and V are non-zero. If there are three numbers a, b and c such that

aE+bU+cV=O,

then evaluating e, u and v at the above equation, we have respectively

e(aE+bU+cV} =a=O,
u(aE+bU+cV) =b (1-;(2) =0,

and
v (aE+bU+cV) =c(1_;(2) =0,

from which we have a=b=c=O. Thus E, U and V are lineaely independent.

LEMMA 1. 2. Let Mo= {P I? (P) =O}. Then (f, E, U, V, e, u, v, A) -structure is an f-struc­
ture on Mo.

Proof. Since ;(=0, from (1.5), (1.6) and (1. 7), we have

(1.10) fE=O, fU=O, fV=O,

from which and Lemma 1.1, we see that the rank of matrix (f) IS m-3.
Operating f to (1. 1) and using (1. 10), we get

PX+fX=O

for any vector field X on Mo. Thus f define an f-structure of rank m - 3 on Mo. which:
is defined by Yano (5).

PROPOSITION 1. 3. A differentiable manifold with (f, E, U, V, e, u, v, ?) -structure is of
odd dimension.

Proof. H the vector fields E, U and ,,- are linearly independent, then there are twoo
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1) u7'=O, 1'*0, 2) u=O, 1'=0.

We consider the first case. In this case, I-forms e, u and v are linearly independent.
We see that the manifold with (f, U, V, u, v,;') -structure is even dimensional [7]. Thus
the manifold with (f, E, U, V, e, u, v, i.) -structure is odd dimensional.

We considerer the second case. From (1. 5), we see that E is a non-zero vector and
e is a non-zero I-form, then from (1. 1) we get

j2X= - X +e (X) E,

for any vector X. Thus the manifold M is odd dimensional.
Next, if the vector fields E, U and V are linearly dependent, then U and V are

both zero vectors. For, if there are two numbers a and b such that

aU+bV=O, a2+b2'-FO,

then operating f to the above equation and using (1. 3), (1. 4), we get

bU-aV=O.

Comparing the two equations, we have U= 1'=0. Then the (j~ E, U, V, e, u, v, i.) -struc­
ture is an almost contact structure. Thus the manifold .'1 is odd dimensional.

PROPOSITION 1. 4. Let w be a tensor field of type (0,2) 0/ M defined by

(1.11) w (X, Y) =g (fX, Y)

for any vector field X of M. Then w is a 2-form.

Proof. By the definition of wand (1.9), we get

w (fX,jY) =g(fX, Y) -e (fX) e(Y) -u (fX) u (Y) -I'(fX) v (Y)

=w(X, Y) -21' (X)u(Y) -;.-i.u (X)zo (Y).

On the other hand, using (1. 1), we have

w (IX,IY) =g(j2X,jY) =-g(X, fY) +e(X) e (f}') -~ u (X) u (fY) +1' (X) V (fY)
=-w (Y, X) +i.u (X) v(Y) -AV (X) u (Y).

Comparing the two equations above, we have

(1.12) w (X, Y) = -w (Y, X).

DEFINITIO;\. The structure (f, E, U, V, e, u, v, i.) is said to be normal if the Nijenhuis
tensor N of f satisfies

(1.13) S(X, Y)=N(X, Y) +2de(X, Y)E+2du(X, Y) U"7'2dv(X, Y) V=O

for any vector fields X and Y of M.

We consider a product manifold M x R3, where R3 is a 3-dimensional Euclidean
space. Then, (I, E, U, V, e, u, v, A) -structure gives rise to an almost complex structure J
<>u MxR3. For, if we put

where I is unit matrix.

I f
(1.14) (J)=I -e

I -u
\, -v

then we can easily find that J2= - I,

E
o
o

°

u
o
o

V
\o \

-).

o
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If an almost complex structure J is integrable, then the Nijenhuis tenser of J vani­
shes identically, that is,

[JX, JY]-J[JX, Y]-J[X, JY]-[X, Y]=O

for any vector fields X and Y of Mx R3. In this case, from (1.14) we can easily
prove that S (X, Y) =0. Thus we have

PROPOSITION 1. 5. If J is integrable, then (f, E, U, V, e, u, v, 2) -structure is normal.

§ 2. Example I.

In this section, we study submanifold of codimension 2 of an almost contact Rieman­
nian manifold as example of the manifold with (f, g, e, U, v, 2) -structure.

Let M be a (2n +1) -dimensional differentiable manifold with an almost contact.
metric structure (ifJ,~, r;, G) such that

(2.I) q.l2X=-X+r;(X)~,

(2. 2) rP~=O, r; (q.lX) =0, r; (~) =1.

(2. 3) r; (X) =G (~, X),

(2.4) G (q.lX, ifJ Y) =G (X, Y) -r; (X) r; (Y),

for any vector fields X and Y on M.

If in an almost contact Riemannian manifold the tensor defined by

(2.5) S{X, Y) =N{X, Y) +dr;(X, Y)~,

vanishes identically, the structure is said to be normal and the manifold M is called a
normal contact Riemannian manifold. In a normal contact Riemannian manifold we have
the following identities for any vectors X and Y
(2.6) (Vxr;) (Y) =G(d>X, Y).

(2.7) (VxifJ)Y=r;{Y)X-G{X, Y),

where j7 denotes the covariant differentiation with respect to G.
Let M be a (2n-I) -dimensional submanifold imbedded in M with imbedding map i:

M->M. Let i* be the differential of i and X the corresponding vector field for any
vector field X on M, that is, X =i*X. Then the induced metric g on M is given by

(2.8) g{X, Y) =G{X, Y)

for any vector fields X and Y on M. We assume that the vector field ~ belong to the
tangent space of i (M), then there exist a tangent vector field E and an I-form e on.
M such that

(2. 9) ~=E, e(X) =r; (X).

It is easy to see Cl] that we can define a tensor field f of type (1, 1), the vector
fields U and V, I-forms u and v, and scalar field A on M by

(2.IO) ifJX=fX+u (X) G+v (X) D,

(2.1l) q.IC=- U+AD, ifJD=- "V-AG,

where C and D are two mutually orthogonal unit vectors of M normal to i (M) .
Operating (2.IO) with d> and taking account of (2.I) and (2.11), we get
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(2.12) j2X=-X+e(X)E+u(X) U-v(X) V,

(2.13) u (fX) =;(v (X), v (IX) = - AU (X).

Similarly, we have from (2.11)

(2.14) fU=-AV, fV=i.U.

(2.15) u(U)=v(V)=1-i.2 u(V)=v(U)=O.

From (2.2) and (2.9), we get

(2.16) e (E) =1, e (IX) =0,

(2.17) fE=O, e(U)=O, e(V)=O.

On the other hand, substituting (2.10) into the equation (2.4), we obtain

(2.18) g(fX,jY) =g (X, Y) -e (X)e (Y) -u(X) u(Y) -v(X) v(Y).

Equations (2.12),....., (2.18) show that a submanifold of codimension 2 of an almost
contact Riemannian manifold admits a (I, g, e, u, v, A) -structure.

Let £7 be the covariant differentiation with respect to g on M. Then the equations
of Gauss and Weingarten are given by

(2.19) VgY=£7xY+h(X, Y) C!-k (X, Y) D,

(2.20) VgC=-HX+l(X)D, VgD=-KX-l(X)C,

where h and k are the second fundamental tensors and l the third fundamental tensor
and Hand K are tensors of type (1, 1) such that

h(X, Y) =g(HX, Y), k(X, Y) =g(KX, Y).

Now differentiating (2. 10) covariantly on the submanifold M, we obtain

Wxr./J) Y+Cf\[£7xY+h(X, Y)C+k(X, YID]

= (£7xf) Y+ f(£7xY) -u(Y)HX-v(Y) KX+[u (£7xY) + (l7xu) (Y) +h (X,jY)

-v(Y)l(X)]C+[v(l7xY) + (£7xv) (Y) +k(X, Y) +u(Y)l(X)]D.

Thus, if M is a normal contact Riemannian manifold, then from (2.7) and (2.9) we
have

(2.21) (l7xf) Y=e(Y)X-g(X, Y)E-h(X, Y) U-k(X, Y) V+u(Y)HX+v(Y) KX..

(2.22) (£7xu) (Y) =-Ak (X, Y) -h (X,jY) +v (X) l (Y),

(2.23) (£7xv) (Y) =Ah (X, Y) -k (X,jY) -u (X) l (Y).

Differentiating (2. 6) covariantly and using (2. 9), we get

(£7xe) (Y) +e(£7xY) =G(rjJX, Y) +77[l7xY+h(X, Y)C+k(X, Y)D]

from which

(2.24) (£7xe) (Y) =w (X, Y).

Substituting (2. 21) ,....., (2. 24) into the equation:

S (X, Y) =f(£7y f) X- f(l7xf) Y+ (l7!xf) Y- (17Iyf) X+[ (£7xe) Y - (l7ye) XJE

+ [(l7xu) Y- (l7yu)X]U+[(l7xv) Y- (l7yv)XJV

we find

(2.25) S(X, Y)=u(Y) (Hf+fH)X-u(X) (HI+fH)Y



(17xv) (1') -I- (f7yv) (X) =2Aag (X, Y).

(f7xU) (1') -I- (17yU) (Xl =-2it,6g(X, 1').
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+v(1') (Kf+fK)X-v(X) (Kf+fK) l'

+ (v(X)l(1') -v(Y)l(X)) U+ (u(Y)l(X) -u(X)l(1')) V.

Now, we assume that the connection of normal bundle of M is flat. Then we can
-choose two locally unit vector fields C and D in such a way that the I-form l vanishes
identically. In this case, if f anti-commute with Hand K, that is,

(2.26) Hf+fH=0, Kf+fK=O,

then we get S (X, Y) =0. Thus we have

PROPOSITION 2. 1. Let JJJ be a submanifold of codimension 2 of a normal contact
Riemannian manifold whose connection induced in the normal bundle is flat. If the
vector field ~ is tangent to M and f anti-commute with Hand K, then M admits a
.normal (f, g, e, u, v, ill -structure.

If the submanifold M is a totally geodesic, then H=K=O. Hence we have

COROLLARY 2.2. Let M be a totally geodesic submanifold of codimenision 2 of a
normal contact Riemannian manifold whose connection induced in the normal bundle is
flat. If the vector field ~ is tangent to M everywhere, then M admits a normal (f, g,
e, u, v, ill -structure.

For a totally umbilical submanifold whose connection induced in the normal bundle
.is flat, we have

h (X, Y) =ag (X, Y), k (X, 1') =,6g (X, 1'), I (X) =0

for any vector fields X and l' on M, where a and ,6 are scalar functions. And conse­
·quently (2. 22) and (2. 23) become

(2.27) (17xu) (1') =aw(X, 1') -it,6g(X, 1'),

.and

(2.28) (17xv) (1') ~,6w(X, 1') +Aag(X, 1'),
respectively. From; (2. 27) and (2.28),
we get

(2.29)

.and

(2.30)

Thus we have

PROPOSITION 2. 3. Let M be a totally umbilical submanifold of codimension 2 of a
normal contact Riemannian manifold whose connection induced in the normal bundle is
flat. If the vector field ~ is tangent to M and it is an almost everywhere non-zero
function, then the vector fields U and V define infinitesimal conformal transformations.

§ 3. Example n
In this section, we study submanifolds of codimension 3 of an almost Hermitian ma­

nifold as example of the manifold with (f, g, e, tt, v, A) -structure.
Let M be a (2n-l-2)-dimensional almost Hermitian manifold and let (F, G) be the
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;almost Hennitian structure such that

(3.1) FZX=-X,

(3.2) G (FX, FY) =G (X, Y),

for any vector fields X and Y on M.
Let M be a (2n-1) -dimensional submanifold imbedded in M with imbedding map

i : M---4M. Let i* be the differential of i and X the corresponding vector field for any
vector field X on M, that is, X=i*X. Then the induced metric g on M is given by

(3. 3) g (X, Y) =G (X, Y),
for any vector fields X and Y on M.

We can define a tensor field f of type (1,1), the vector fields E, U and V, I-fonns

e, u and v, and scalar functions )."j such that ).;j= - I.j; (i, j=l, 2, 3) on M by

(3.4) FX=fX+e (X)N1+u (X) N 2+v(X) N 3,

(3.5) FN1=-E+).12N2+).13N3,

(3.6) FN2= - [;- A12Nl + ).23N3,

(3. 7) FN3= - V- ).l3Nl- A23N2'

where Nb Nz and N 3 are three mutually orthogonal unit vectors of M normal to i (M) .

Operating (3. 4) with F and taking account of (3. 1), (3. 5) , (3. 6) and (3. 7), we
get

(3.8)

(3.9)

or

j2X=-X+e(X)E+u(X) U+v(X) V,

e (fX) =).IZU (X) +A13V (X), U(fX) = - Al2e (X) + ).23V (X) ,

V (fX) = - A13e (X) - A23U (X),

(3.10)

Operating F to

'(3.11)

(3.12)

(3.13)

'(3.14)

If we put

(3.14)

eof=}.IZU+;'13V, uo/=-}.12e+).z3v, v of=-).13e -).Z3u.

(3.5), (3.6) and (3.7) respectively, we find

fE=-AI2U-AI3V, fU=AI2E-;'23V, fV=AI3E + AZ3 U ,

e (E) = 1- ).IZ2- }.13Z, e (U) = - }.13}.Z3, e (V) = - ).12).23,

u(E)=-}.13}.23, u(U)=1-}.122-).2l, U(V)=-A12).13'

v (E) =-).12).23, v(U) =-).121.13, v(V) =1-).132-1.232,

then we have from (3. 10) - (3. 14)

(3.10) , eof=O, uof=l.v, vof=-).u,

·(3.11) , fE=O, fV=-'V, fV=}.V,

'(3.12) , e(E) =1, e (U) =0, e(V) =0,

(3. 13) , u(E) =0, u(V) =1-).2, u(V) =0,

(3.14) , v (E) =0, v(U) =0, v(V)=1-).2,

respectively. Equations (3.8) and (3. 10) '- (3.14) , shows that a submanifold of
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(3.21)

(3.22)

(2.23)

codimension 3 of an almost Hennitian manifold admits a (I, g, e, u, v, ;l)-structure.
Next, let V be the covariant differentiation with respect to g on M. Then the

equations of Gauss and Weingarten are given by

(3.15) Vg1'=VxY+hdX, Y)N1+h2(X, Y)N2+hs(X, Y)Ns,

(3. 16) VgN1= - H 1J(-112 (X) Ne IdX) N s,

(3.17) VgN2= - H~+ 112 (X) N1-123 (X) N s,

(3.18) VgNs=-HsX+Z1S(X)Nl+123(X)N2,

where Hi are the second fundamental tensors corresponding to Ni respectively, and lir
are the third fundamental tensors.

Differentiating G (Y, Ni) =0 covariantly, we get

G (VgY, Ni) +G (1', VgNi) =0.

Substituting (3. 15) - (3. 18) into the above equation, we get

(3.19) hi (X, Y) =g (HiX, Y) .

Differentiating (3.4) covariantly, we find

(VgF) 1'+F(VxY) +h1(X, Y) N1+h2(X, Y) N 2+hs (X, Y)Ns

= (Vx!) 1'+j(VxY) -e (Y)Ht X-u(Y)H2X-v(Y)HgX

+ (hdX,jY) + (Vxe) Y+e(VxY) +U(Y)Z12 (X) +v(y) lis (X» NI

+ (hz(X,jY) + (Vxu) Y+u(VxY) -e(Y)llz(X) +v(Y)I23(X})N2
+ (hs(X,jY) + (Vxv) Y+v(VxY) -e (Y)lls (X) -u(Y)I23(X»)Ns.

If M is a Kaehlerian manifold, that is, if VgF=O, that we have

(3.20) (f7xf) Y=e (Y) H1X+u(Y)H2X+v (Y)HsX-hdX, Y) E

-hz(X, Y) U-h3 (K, Y) V,:

(f7x-) Y=-hdX,jY) -u (Y)Z12 (X) -v(Y) lIS (X),

(f7xu) Y=-),hs(X, Y) -hz(X,jY) +e (Y)ZIZ (X) -v (Y)Z2S (X),

(f7xv) Y=;\hz(X, Y) -h3 (X,jY) +e(Y)IIS(X) +u(Y)I23(X),

Substituting (3. 20) - (3. 23) into S (X, y), we have

(3.24) S(X, Y)=e(Y) (HJ!-!H1) X-e (X) (Ht!-!H1)Y+u(Y) (Hd-fH2)X

-u(XXHd-fH2) Y+V(YXH3!-fH3) X-v (X)(Hs!-fHs) Y

+ (u (X) 112 (Y) +v (X) 113 (Y) -u (Y) 11z (X) -v (Y) lIS (X» E

+ (e (Y)ZIZ (X) -v (Y)Zzs (X) -e(X)ZIZ(Y) +v (X) 123 (Y) U

+ (e (Y) 113 (X) +u (Y) 12s (X) -e (X)!;s (Y) -u (X) 123 (Y) V.

If the connection of normal bundle of M is flat, then we can choose Nh Nz and N 3

in such a way that the I-forms lij vanish identically. In this case, if f commute with
Hi, that is,

(3.25) Hif- fHi=O, (i=l, 2, 3)

then we get S (X, Y) =0. Thus we have

PROPOSITION 3.1. Let M be a submaniold of codimension 3 of Kahlerian manifold'.
whose connection induced in the normal bundle is flat. If f ccmmute with Hi (i= 1, 2, 3}
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and A12=}.13=0, ,b=o4 in (3.5) - (3.6), then M admits a normal (f, g, e, u, v, 04)­
structure.

If M is a totally umbilical submanifold, then f commute with Hi' Thus we have

COROLLARY 3. 2. Let M be a totally umbilical submanifold of codimension 3 of a
Kahlerian manifold whose connection induced in the normal bundle is flat. If A12=AJ3=0
and 04 23=,1 in (3.5) - (3.7), then ill admits a normal (f, g, e, u, t', i.) -structure.

For a totally umbilical submanifold whose connection induced in the normal bundle
is flat, we can choose unit normal vectors Ni (i=1, 2, 3) in such a way that

hi (X, Y) =hig (X, Y), lij=O, (i, j=l, 2, 3)

and clllsequently (3. 21), (3.22) and (3. 23) become

(3.26) (l7'xe) Y=hjw (X, Y).

(3. 27) (l7xu) Y=h2w (X, y) - h3g (X, Y).

(3. 28) (17xv) Y= h3w (X, Y) +h2g (X, Y).

respectively. These equations give

(3.29) (l7xe) Y+ (l7ye)X=O,

(3. 30) (17xu) Y+ (17vu) X = - 2Ah3g (X, Y) ,

(3.31) (17xv) Y+ (l7yv) X=204h2g (X, Y),

which show that E defines an infinitesimal motion and U, V define infinitesimal con·
formal transformations respectirely.

§4. Manifold (I) with normal (f, g, e, u, v, A) -structure.

In this section, we study a manifold with normal (f, g, e, u, t', i.) -structure satisfying
certain condition.

Let AI be a manifold with normal (f, g, e, u, v, i.) -structure. The structure being
normal, we have

(4.1)

We first prove

SiX, y) = (l7fx!! Y- (l7fYf)X+f(l7yj)X-f(l7xf) Y

+2de(X, Y)E+2du(X, y) U+2dv(X, Y) V=O.

LEMMA 4.1. In a manifold M with normal (f, g, e, u, v, A) -structure, we have

(4. 2) de (X, Y) =de (fX, fY) ,

(4.3) 2du(X, Y) =2du (fX,jY) -A (dv(fX, Y) +dv(X,jY)) - ((I7/xA)v (Y),

- (l7fYo4) v (X) -A ((l7xA) u (Y) - (17)'i.) U (X)),

and

(4.4) 2dv(X, Y) =2dv (fX, jY) +,1 (du (fX, Y) +du (X,jY) + «17/xA) u (y)

- (/7ryA) ~ (X) - A(/7xi.) v (Y) - (l7yA) v (X)).

Proof. Substituting (4. 1) into g (S (X, Y), E) =0, we have

g( (l7fxf) Y, E) -g(l7fYJ)X, E) +2de (X, y) =0,
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or

from which we have
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- g (fY, 17/xE) +g (fX, 17lyE) +2de (X, Y) =0,

- (l7/xe)fY+ (l7/ye)fX+2de(X, Y) =0,

from which we have (4. 2) .

Next, substituting (4. 1) into g (8 (X, Y), U) =0, we have

s;(I7/xf) Y, U) -g«I7/Yf) x, U) +2 (g «l7yJ) X, V)

-g«17xf) Y, V)) +2 (1-}.2) du (X, Y) =0,
or

(V/xA) g (Y, V) +Ag (Y, l7/xV) -g (fY, V/xU) - (V/yA) g (X, V) -g (X, V/Y V)

+g(fX, V/yU) -A. «VyA) g (X, V) +A.g (X, VyU) +g (iX, l7y V))

+A. «17xA) g (Y, U) +g (Y, 17xU) +g (fY, 17xV))
+2 (1- A2) du (X, Y) =0,

from which

A(g (Y, l7/x V) - g (fX, l7y V) - g (X, l7/y V) +g (fY, 17xV)) -2du (iX, fY)

+2du ( X, Y) + (l7/xii) g (Y, V) - (I7/yA) g (X, V)

+A «l7xA) g (Y, U) - (l7yJ.) g (X, U)) =0,

from which we have (4.3).
Similarly, computing g (8 (X, Y), V) =0, from (4. 1) we have (4. 4) .
In a manifold with normal (f, g, e, u, v, 2) -structure, we put the condition

(4. 5) de (X, Y) =w (X, Y) .

As we have seen in the preceding section, for a submanifold of codimension 2 of a
normal contact Riemannian manifold, we have

(17xe) Y =w (X, Y),

and consequently the condition (4. 5) is always satisfied.

LEMMA 4.2. Let M be a manifoLC with normal (f, g, e, u, v, J.) -structure satisfying

(4.5). Then we have 2=0 or A2=1.

Proof. Substituting (4. 5) into (4. 2) and t~ £ccount of (1. 1), we get

w (X, Y) =w (fX, fY) = - g (X, fY) +u (X) u (fY) +v (X) v (fY)

=w (X, Y) +A=U (X) v (Y) -v (X) u (Y) J.
from which

A[U (X) v (Y) -v (X) U(Y) J=O.
Now putting X = U and Y= V, we have

2(1-1'-=0,

from which we have .1.=0 or }.2=1.

PROPOSITION 4.3. Let M be a manifold with normal if, g, e. u, v, 2) -structure satisfying
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du (X, Y) =w (X, Y).

(4.5). Then the manifold is either an almost normal contact Riemannian manijold or
a manifold with j-structure of rank (2n-2).

Proof. M being a manifold with normal (t, g, e, u, v, ;.) -structure satisfying (4. 5) .
From Lemma 4.1, we have ;.2=1 or ;'=0.

If ;'2=1, then u(U) =v(V) =0, and U=V=O. Thus we have

pX=-X+e(X)E.

Hence the manifold M is a normal contact Riemannian manifold.
If .:1=0, then the vector fields U and V are unit vectors. From (1. 3) and' (1.4) we

have

(4.6) fU=O, fV=O.

Operating f to (1. 1) and using (4. 6), we have

(4.7) PX=-jx.

from which we have P+ j=O and rank of f is 2n-2. Thus normal (f, g, e, u, v, i.) ­
structure is an f-structure of rank 2n-2.

§ 5. Manifold (11) with normal (f, g, e, U, v, ..:<) -structure

In this section, we assume that

(5.1)

and

(5. 2) dv (X, Y) =tf;w (X, Y) .

where 9 is a differentiable function.

LDll\IA 5. 1. Let M be a manifold with normal (f, g, e, u, v, ;.) -structure satisfying
(5. 1) and (5.2). If the junction ;. (1- ;'2) is almost everywhere non-zero, then we have
(5.3) 171';'=- (1-":<2),

(5.4) 17u;'=9(1-;'2).

Proof. Substituting X= U and Y= V into (4.3), we get

2du(U, V) =2du(fU,jV) -;'(dv(fU, V) +dv(U,jV)) - (1-;'2) (I7tu).)

+;'(1-;'2) (171';')'

from which, using (1. 3)

(5.5) 2 (1-).2) du(U, V) -2;'(1-;'2) (171';') =0.

On the other hand, from (5. 1) we get

(5.6) du(U, V)=w(U, V)=g(jU, V) =-),(1-;'2).

Substituting (5. 6) into (5. 5), we have

-2;\ (1-;'2) L2i( (1-;'2) (17\'1.) =0,

from which we have (5.3).
Similarly, Substituting X= U and Y= V into (4.4), we have (5.4).

LDIMA 5.2. Under the same assumptions as those in Lemma 5. 1, we have
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(5.7) Vx).=</Ju (X) -v (X).

Proof· From (4.3), (5.1) and (5.2), we get

2w(X, Y) =2w(fX,fY) - (V/x).) v (Y) + (V/Y).) v (X) -). (Vx).)u(Y) +J. (VyA) U (X),

or

2), (u (X) v(Y) -v (X) U (Y)) - (V/x).)v(Y) + (V/Y).) v (X) -A (Vx).) u(Y) +A (Vr}.) u (X).

Replacing X by U in the last equation, we find

2..1 (1-).2) V (Y) +).(Vv).)v(Y) -A(Vu).)u(Y) +)'(1-A2) (VyA) =0,

from which, substituting (5.3) and (5. 4) ,

2..1 (1-).2) v (Y) -A (1-..12) v (Y) -</J)' (1-).2) u (Y) +). (1-..12) (VyA) =0,

which proves (5.7).

LEMMA 5.3. Under the same assumptions as those in Lemma 5. 1, </J is constant.

Proof. Differentiating (5.7) covariantIy, we have

g (VyVA, X) = (Vyqi) u (x) +</J (Vyu) X - (Vyv) X.

Replacing X by Y in the last equation, and subtracting the original one, we have

(Vy</J) u (X) - (17x9) u) Y +</J «17yu) X - (Vxu) Y) - ( (17yv) X - (Vxv) Y) =0,

from which, using (5. 1) and (5. 2)

(Vyq'l) U (X) = (Vx</J) u (Y).

which implies that

(5.8) 17x9=au (X) ,

for some scalar function a.
Differentiating (5. 8) covariantly, we get

g (VyVq'I, X) = (Vya) u (X) +a (Vyu) X.

Replacing X by Y in the last equation, we get

(Vya)u(X) - (Vxa)u(Y) +a«(l7yu)X- (Vxu) Y) =0,

from which, using (5. 1) ,

(5.9) 2aw (X, Y) = (Vya) u (X) - (17xa) u (Y) .

Thus we have a=O because the rank of w is almost everywhere maximum. This
shows that </> is constant.

LEMMA 5. 4. Under the same assumptions as those in Lemma 5. 1, we have

(5.10)

and

(5.11)

(rxu) U+ (Vuu) X=-2).</>u (X),

(Vxv) V + (Vvv) X=2)'v (X) .

Proof. Differentiating u (U) = 1-).2 covariantIy and using (5. 7), we find

2 (Vxu) U=-2)'(</>u(X) -v(X)).

Substituting this into
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2 (Vxu) V= ((Vxu) V+ (VlU) X) + ((Vxu) V- (Vru) X)

= ((l7xu) V+ (VlU) X) +2i.v (X),

"We find
- 22 (rjJu (X) - v (X) ) = (V xu) U..;,- (f7ru) X+22v (X) ,

from which we have (5.10).

Similarly, we can prove (5. 11) .

LEMMA 5.5. Under the same assumptions as those in Lemma 5.1, we have

(5. 12) (17zw) (fY, X) - Vzw) (fX, Y) = - e (X) (17 ye) Z+e (Y) (17xe) Z

-u(X) (V'yu)Z+u(Y) (V'xu)Z-v(X) (j7yv)Z+v(Y) (j7xv)Z.

Proof. Since w (X, Y) is given by

2w (X, Y) = (17xu) Y - (17 yu) X,

we have dw=O, that is.

(5.13) (V'zw) (X, Y) + (j7xw) (Y, Z) + (V'yw) (Z, X) =0.
'On the other hand, computing g (S (X, Y), Z) =0, we obtain

(17txw) (Y, Z) - (17 fYw) (X, Z) +w ( (17yf) X, Z) - w ( (17xf) Y, Z)

+2de (X, Y) e (Z) +2du (X, Y) u (Z) +2dv (X, Y) v (Z) =0,

from which, using (5. 13) ,

- (j7yw) (Z,jX) - (j7zw) (fX, Y) + (V'xw) (Z,jY) + (j7zw) (fY, X)

+W ((j7yf) X, Z) -w ((Vxf) Y, Z) +2de (X, Y) e (Z) +2du (X, Y) u (Z)

+2dv (X, Y) v (Z) =0,

that is,

(l7Zw (jY, X) "- (17zw) (fX, Y) - VyW (Z, fX) -+- rxw (Z,fY) + 'W (V yZ, fX)

+w (Z,J(I7 yX)) -w (VxZ,fY) -w (Z,f(j7 xY)) +2de (X, Y) e (Z)

+2du (X, Y) u (Z) +2dv (X, Yh' (Z) =0.

Substituting

w (Z, fX) =g (X, Z) -e (X) e (Z) -u (X) u (Z) -v (X) v (Z),

we find

(Vzw) (fY, X) - (j7zw) ([X, Y) -e(Y) (Vxe)Z-+-e (X) (l7ye)Z-u(Y) (V'xu)Z

-+u(X) (j7yu)Z-v(Y) (l7xv)Z=o,

which proves (5.12) .

LDI:'-IA 5.6. Vnder the same assumptions as those in Lemma 5. 1, we have

~5.14) (V'zu) Y+ (V'yu) Z=-2A<;:>g (Z, Y) +2 ((j7zu) E+.{<;:>e (Z)) e (Y),

.(5.15) (V'zv) Y+ (J7yv)Z=2..:1g (Z, Y) +2 ((Vzv) ./?;-J-e (Z)) e (Y).

Proof· Substituting U for X and using (1. 3), we get

(V'zw)fY, V) - (j7zw) ([V, y) =e(Y) (J7l·e)Z- (1-22) (Vyu)Z

71
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+u(Y) (Vuu)Z+v(Y) (Vuv)Z,

from which

w(Vzj) U, Y) =-g{jY, (vzt) U)

=g{jY, (VzA) V) +Ag{jY, Vz V) +g(jY,f(VzU))-

(5.14) Vzw(jY, U) -Vzw(fU, y) +w«Vzj) U, y) -w«Vzj) Y, U)

+e (Y) (Vue) Z- (1-..12) (Vyu) Z+u (Y) (Vuu) Z+v (Y) (Vuv) Z.

On the other hand, from (1. 12) we find

(5.15) VZw (jY, U) =VZw (jU, Y),

and using (1. 4)

(5.16)

Differentiating
g (jU,jY) =-AV (jY) =A2u (y)

covariantly, we have

(5. 17) w ( (Vzt) Y, U) = - g (jY, (VzA) V) - Ag (jY, VzV) - ..12 (17zu) Y.

Substituting (5. 15), (5. 16) and (5.17) into (5.14), we have

2..1 (Vzv)jY+ (Vzu) Y+e(Y) (Vze) U-u(Y) (Vzu) U+v(Y) (Vzv) U+A2 (Vzu) Y

=e(Y) (Vue)Z- (1-..12) (Vyu) Z+U (Y) (Vuu)Z+v(Y) (Vuv)Z,

from which

2..1 (Vzv)jY+ (Vzu) Y+ (Vyu)Z+A2«(Vzu) Y- (Vyu)Z

=e(Y) (Vue)Z- (Vze) U) +u(Y) «(VuU)Z+ (Vzu) U) +v(Y) ((Vuv)Z- (Vzv) U),.

or

2..:l(Vzv)jY+ «Vzu) Y+ (Vyu)Z) +2A2w(Z, Y)

=e(Y) «(Vue)Z- (Vze) U) +u(Y) ((Vuu)Z+ (Vzu) U) +2lftv(Y)w(U,Z).

Substituting

2 (Vzv)fY= ((VzV) jY+ (V!yv) Z) + ((VzV) jY- (Vjyv) Z)

= (Vzv)jY+ (V/yv) Z+2lftw (Z,fY) ,

and (5. 10) into the equation above, we get

A(Vzv)jY+ (V!yv) Z) +2Alft (g(Y, Z) -e (Y) e (Z) -u(Y) u(Z) -v(Y) v (Z))

+ «Vzu) Y+ (Vyu)Z) +2A2w(Z, Y)

=e(Y) (Vue)Z- (Vze) U) -ZAlftU(Y)U{Z) +Z).9v(Y)V(Z),

from which

(5.18) (Vzu) Y+ (Vyu)Z=A((Vzv)jY+ (Vjyv)Z) -2Aq)g(Z, Y) -2A2w(Z, Y)

+ZAlfte (Y) e (Z) +e (Y) «(Vue) Z- (Vze) U) .

Similarly, we have

(5.19) (Vzv) Y+ (Vyu)Z=A ((Vzu)jY+ (Vjyu)Z) +2Ag(Z, Y) -2;'29W (Z, Y)

-2Ae(Y)e(Z) +e(Y) «(Vve)Z- (/7ze) V).

Substituting (5. 19) into (5. 18) and using (5. 10), we obtain
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(5.20) (1- ).2) ((17zu) Y + (Vyu) Z) = -2). (1- ;(2) 9g (Z, Y) - 2).39V (Y) V(Z)

-J.2v(Y) ((17zu) V+ (17 vu)Z)

+ (1-;'2) (17ue)Z- (Vze) V-I-2).r"e(Z))e(Y).

On the other hand, substituting E for Y in (5. 18), we get

(5.21) (Vzu) E+ (V EU) Z= (17ce) Z- (V ze) V,

and taking account of (5. 1) ,

Uu (Z, E) = (17zu) E- (rEU) Z=O,

from which, (5.21) is written by

(5.22) 2 (17zu) E= (17ue) Z- (Vze) V.

Substituting V for Y in (5. 20), we obtain

(5.23) (Vzu) V+ (Vvu)Z=-217\!Jv(Z).

Consequently, substituting (5.22) and (5.23) into (5.20), wc have (5. 14) . And
substituting (5.14) into (5.19), we have (5.15).

If we put

(5.24) e (V zV) = - ;,~)e (Z), e (rzF) = .;,e (Z) ,

in (5. 14) and (5. 15), we have respectively

(5.25) (17zu) Y + (17 yu) Z= - 2i.~jg (Z, Y),

(5.26) (Vzv)Y+ (Vyu) Z=2.i.g (Z, Y).

Equations (5.25) and (5.26) show that the vector fields U and F define infinitesimal
conformal transformations respectively.

In this case, using (5. 1) and (5.2), we have

(5. 27) (V zu) Y = - .i.r/Jg (Z, y) -I- w (Z, Y),

(5. 28) (V zV) Y= ;,g (2, Y) .L ~)w (2, Y) .

Thus we have

PROPOSITIO:"J 5.7. Let Ai be a manifold with normal (I, g, e, u, Z', i.) -structure satisfying
(5.1), (5.2) and (5.24). If the function ;, (1- ;,2) is alrtwst everywhere non-zero, then

the vector fields V and V define infintesimal conformal tsansformations respectively.

§~. Odd dimensional spheres

We prove

THEOREM 6.1. Let M be a complete manifold with normal (I, g, e, u, v, ).)-structure­
satisfying (5.1), (5.2) and (5.24). If the function .i. (1-;,2) is alnwst everywhere non·
zero, then M is isometric with an odd dimensional sphere.

Proof. Differentiating (5.7) covariantly, we have

g (Vy (V;'), X) =9 (17yu) X- (Vyv) X

9 being a constant, from which, using (5.14) and (5.15),

(6. 1) g (VY(V.i.), X) = - (1+92) ;.g (X, Y).

Thus, by means of Obata's theorem, M is isometric with a sphere.
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lVxu) Y=w(X, Y).

(6.3)

This shows that

Next, we prove

THEOREM 6.2. Let M be a complete manifold with normal (f, g, e, u, v, A) -structure

.satisfying (5. 24) and

(6.2)

1f A (I-A2) is almost everywhere non-zero, then M is an odd dimensional sphere.
Proof. Diffrentiating u (U) =I-},2 covariantIy, we have

(17xu) U=-A17xA,

from which, substituting Y for U in (6.2), we get

Vx},=-v(X).

(6.4)

Equation (6.2) shows that

(6.5) (17xu) Y - (Vyu) X=2w (X, Y).

Equations (6.4) and (6. 5) satisfy the equations (5. 1) and (5.2) respectively, and
.consequently M is isometric with an odd dimensional sphere.
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